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Preface 


In this book an attempt is made to give a unified account of 
the present state of nonequilibrium statistical thermodynamics 
as a natural generalization of the equilibrium theory. 


From a logical point of view, it would be desirable to develop 
the statistical theory of nonequilibrium processes first, and treat 
the theory of statistical equilibrium as its limiting case. Such an 
approach, however, is scarcely worthwhile at the present time, 
since nonequilibrium and equilibrium statistical thermodynamics 
are at very different stages of development. In Chapters I and I, 
therefore, we give a brief account of the basic ideas of the classi- 
cal and quantum statistical mechanics of equilibrium systems, to 
the extent that this is necessary for the derivation of the basic 
thermodynamic relations for the case of statistical equilibrium. 


The purpose of these introductory chapters is to recall the 
general method of Gibbsian statistical ensembles, since later, in 
Chapters II[ and IV, attempts are made to take over the ideas of 
statistical ensembles to nonequilibrium statistical thermody- 
namics. 


A separate chapter is devoted to classical statistical me- 
chanics, although it would be possible to develop it as the limiting 
case of quantum statistical mechanics when quantum corréctions 
can be neglected. However, we shall not follow this route, since 
classical statistical mechanics is of interest in itself and is per- 
fectly adequate for many problems. The methods of classical and 
quantum statistics have much in common as regards the funda- 
mental formulation of the problem. They come up against very 
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similar difficulties when attempts are made to justify them. The 
passage from quantum statistics to the classical limit is treated 
later, at the end of Chapter II. 


In Chapter III we turn to the study of nonequilibrium processes 
and investigate the response of statistical ensembles to external 
perturbations of the mechanical type. By this, we mean perturba- 
tions arising as the result of switching on an external field, when 
the perturbation energy can be represented in the form of an addi- 
tional term in the Hamiltonian. For the initial condition, we use 
the state of statistical equilibrium. An account is given of fluc- 
tuation-dissipation theorems, dispersion relations and sum rules, 
and of their applications, in particular to a system of charged 
particles. 


Chapter IV is devoted to thermal perturbations which, gen- 
erally speaking, cannot be represented uniquely by means of some 
perturbation energy; for example, we consider perturbations in- 
duced by spatial and temporal variation of temperature, pressure 
or concentration of particles. This case requires a more ex- 
plicit construction of statistical ensembles than does the case of 
mechanical perturbations. 


Using the idea of "quasi-integrals of motion" to simplify the 
description of a system, we construct a nonequilibrium statistical 
operator, which is then applied to different problems: to the de- 
rivation of a system of equations for transport of energy, mo- 
mentum and number of particles in a many-component system, 
and to the derivation of relaxation equations, kinetic equations and 
equations of the Kramers— Fokker — Planck type. It is shown that 
this nonequilibrium statistical operator can be obtained.from the 
extremum of the information entropy, when the fixed quantities 
defining the nonequilibrium state are given not only at a given mo- 
ment of time but at all past times. This chapter is largely based 
on the researches of the author. 


It is assumed that the reader is familiar with the fundamentals 
of quantum and classical equilibrium statistical mechanics, as 
given in the usual university courses. 


The manuscript of the book was read by V. A. Moskalenko, 
Yu. L. Klimontovich, V. P. Kalashnikov, A. E. Marinchuk, L. A. 
Pokrovskii, A. G. Bashkirov, G. O. Balabanyan, M. V. Sergeev, 
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S. V. Tishchenko, and M. Yu. Novikov; the author is grateful to 
these for advice and comments. 


The author is also deeply indebted to Academician N. N. Bogo- 
lyubov for fruitful discussion. of various problems in the theory of 
nonequilibrium processes. 


D. Zubarev 


Introduction 


Nonequilibrium statistical thermodynamics forms the theoreti- 
cal basis for nonequilibrium thermodynamics [1], just as ordinary 
statistical thermodynamics forms the basis for equilibrium ther- 
modynamics. It studies processes of transport of energy, mo-. 
mentum, and particles in different physical systems (gases, liquids, 
solids) on the basis of statistical mechanics. Its problem is to 
derive the equations of nonequilibrium thermodynamics by the 
methods of statistical mechanics "from first principles" (insofar 
as this is possible), i.e., from the equations of quantum or classi- 
cal mechanics, to find expressions for the kinetic coefficients in 
terms of microscopic properties, to substantiate their symmetry 
properties and to prove the fluctuation-dissipation theorems. 


The most highly developed method in the theory of irrever- 
sible processes is the method of the kinetic equation for the dis- 
tribution function, proposed by Boltzmann and substantiated and 
further developed by Bogolyubov [2], Kirkwood [8], Born and Green 
[4], Van Hove [5], and others [6, 7]. This method enables us to de- 
rive the equations of nonequilibrium thermodynamics and to cal- 
culate the kinetic coefficients explicitly; in practice this method is 
very important, but it is applicable only to gases of sufficiently 
low density or with sufficiently weak interaction between the par- 
ticles. Therefore, the problem of deriving the equations of ir- 
reversible thermodynamics from statistical mechanics for more 
general systems arises. 


The usual linear phenomenological nonequilibrium thermo- 
dynamics is applicable to any system provided that the system is 
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in a weakly nonequilibrium state, i.e., close to the state of com- 
plete statistical equilibrium. It should be noted that this is not a 
consistently macroscopic theory. Along with the axiomatic ther- 
modynamic method, it essentially uses arguments on the micro- 
scopic level, namely the fact that the particles obey the equations 
of motion of mechanics. As an example, one can derive Onsager's 
reciprocity relations from the invariance of the equations of mo- 
tion with respect to time reversal. Here, however, only the ex- 
istence of the equations of motion is used, and not their concrete 
form, which is related to the form of the Hamiltonian. Nonequi- 
librium statistical thermodynamics, goes further in this direction, 
starting from the very beginning from the description of the sys- 
tem by a definite Hamiltonian and using the equations of motion 
explicitly. 


Nonequilibrium statistical thermodynamics is a further de- 
velopment of the equilibrium theory; however, whereas the latter 
is a well-developed theory, of which the foundations had been laid 
as long ago as the beginning of the century by Gibbs [8], nonequi- 
librium statistical thermodynamics is still in the process of de- 
velopment and is far from being completed. 


Until recently, there was a widely held opinion, still shared 
by many, that the theory of irreversible processes cannot have its 
own single universal method such as the Gibbsian method, applic- 
able to any system, and that it permits an exact formulation of a 
problem only in the limiting cases of systems for which it is pos- 
sible to construct a kinetic equation. 


The development of the theory of irreversible processes in 
the last ten years (see the reviews [9-13]) demonstrate that con- 
siderable strides have been made toward constructing a statistical 
thermodynamics of irreversible processes for arbitrary systems, 
and the theory is already beginning to perfect its method. This 
gives support to the idea of Callen and Welton which they ex- 
pressed in 1951 in a paper on the general theory of fluctuations 
and generalized noise [14]: "It is felt that the relationship between 
equilibrium fluctuations and irreversibility which is here de- 
veloped provides a method for a general approach to a theory of 
irreversibility, using statistical ensemble methods." In this book 
we make an attempt to give a preliminary summing up of the re- 
sults which have been achieved along this path. 
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We shall study nonequilibrium processes in thermodynamic 
macroscopic systems, e.g., in gases, liquids, and solids, by the 
methods of statistical mechanics. Therefore, we shall assume 
throughout that the system being studied consists of a large num- 
ber of particles and obeys the laws of quantum (or classical) me- 
chanics with a known Hamiltonian. (For an account of equilibrium 
statistical mechanics, see, e.g., [15-19].) 


‘The method of the nonequilibrium statistical operator, on 
which Chapter IV of this book is based, was proposed in papers by 
the author [20]. This method was further developed jointly with 
V. P. Kalashnikov [21], L. L. Buishvili [22], and A. G. Bashkirov 
[23]. A number of important applications of the method have been 
made by L. A. Pokrovskii [24]. 
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Chapter I 


Equilibrium Statistical Thermodynamics 


of Classical Systems 


The statistical thermodynamics of both equilibrium and non- 
equilibrium processes starts from the equations of mechanics 
(quantum or classical) for the aggregate of particles composing 
the system. Integration of this system of equations is practically 
impossible because of the extremely large number of variables, 
but even if this were possible, we should nevertheless be unable 
to establish the initial conditions for such a large number of equa- 
tions, as this lies far beyond the bounds of experimental possi- 
bility. Therefore, to study such systems, we use the methods of 
statistical mechanics, based on the introduction of distribution 
functions in classical statistical mechanics or of statistical oper- 
ators in quantum statistical mechanics. 


In this chapter, we shall examine the basic concepts of the 
classical statistical mechanics of equilibrium systems, i.e., the 
method of Gibbsian statistical ensembles for systems of particles 
obeying classical mechanics. 


§1. Distribution Functions 
1.1. Distribution Functions of Systems of 


Interacting Particles 


We shall consider a system of N identical interacting particles, 
enclosed in a finite but macroscopically large volume V. For sim- 
plicity we shall assume that the particles do not possess internal 
degrees of freedom. 
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In the case of classical mechanics, the dynamical state of each 
particle is defined by giving its coordinate q and momentum p, 
where q and p denote the aggregate of the three Cartesian co- 
ordinates and momentum components, q*, p% (a@ =1, 2, 3), while 
the state of the whole system is defined by giving the aggregate 
of the coordinates q;, ...» dy and momenta p,, ..., py of all the par- 
ticles, or by giving the point (py, ..., Pyy3 Gy, ovr, dy) in the 6N- 
dimensional space. 


The dynamical evolution of the system is determined by 
Hamilton's equations 


where 
H=H (py, .--) Pwi Wve Ini b) 


is the total Hamiltonian (or Hamiltonian function) of the system, 
which we assume to be known. For example, for a system of N 
particles with centrally symmetric pair interaction described by 
a potential ¢(|q ;—4q,,|), the Hamiltonian has the form 


am arty Yoga. (1.2) 


ixék 


The corresponding equations of motion are 


. p . e| OP q,—-4% 
Vi=—, p=- AU ts) _ p, (e=1,2,..., .N), (1.3) 
ixtk 


where F,, is the force with which all the other particles act on the 
k-th particle. The fact that the volume V is finite can be taken into 
account by adding to (1.2) an additional potential function Uy yo--0s 
dx) that depends on the particle coordinates, is constant in the vol- 
ume V and rapidly increases to infinity as the coordinates of any 
of the particles approach the boundary. 


In statistical mechanics, we employ a probabilistic interpreta- 
tion of dynamic processes. Following Gibbs, we consider not the 
given system but an aggregate of a large number (in the limit, in- 
finity) of copies of it, all in macroscopically identical conditions, 
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i.e., we introduce a statistical ensemble "representing" the ma- 
croscopic state of the system. 


By identical external conditions in the macroscopic sense we 
mean that all the members of the ensemble are characterized by 
the same values of the macroscopic parameters (apart from pos- 
sible fluctuations) and by the same types of contact with the sur- 
rounding bodies: reservoirs of energy or of particles, or moving 
pistons. This imposes limitations on the coordinates and mo- 
menta of the particles, which are otherwise arbitrary. 


To each system belonging to the ensemble, there corresponds 
a point (py, ..-) Dyy3 Gy» «++» Ay) in phase space, or, more briefly, 
(p,q). In the course of time, each phase point moves along its 
own trajectory in phase space in accordance with the eq@tions 
(1.1) or (1.3). 


The statistical ensemble is specified by the distribution func- 
tion 


i(p, 9, t), 
which has the meaning of the probability density of the distribu- 
tion of systems in phase space. It is defined in such a way that 


dw=f(p, 9, t)dp dq (1.4) 


is the probability of finding the system at time t in the element of 
phase space dpdq close to the point (p, q), i.e., (Dy, eos Py Ags +2 Ay) 


1.2. Normalization 


The distribution function (1.4) must satisfy the normalization 
condition 


F(p, 9, t)dpdq=1, (1.42) 


since the sum of the probabilities of all possible states must be 
equal to unity. . 


However, such a normalization of the distribution function is 
inconvenient. Classical statistical mechanics is the limiting case 
of quantum statistics at sufficiently high temperatures, when the 
quantum effects can be neglected, and the normalization (1.4a) 
does not correspond to the passage from quantum statistics to the 
classical limit. Therefore, it is more convenient to use a dis- 
tribution function with another normalization. 
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It is known from quantum mechanics that the classical me- 
chanical concept of the coordinates and momentum of a particle 
can be introduced only in the framework of the semiclassical ap- 
proximation, if we are not to arrive at a contradiction with quan- 
tum mechanics. The minimum dimension of a phase cell for one- 
dimensional motion of the i-th particle in the semiclassical ap- 
proximation is equal to Planck's constant h = 27fi, 


Ag? Apt > h. 


Consequently, the minimum dimension of a cell inthe phase space 
of one particle is equal to h?, and in the phase space of N particles 
is equal to h?N, The quantity h®‘ is thus the natural unit of phase 
volume. Jt is therefore convenient to introduce a distribution 
function malized to unity over the dimensionless phase volume 
dpdq/h3N, 


In addition, we must take into account that permutation of iden- 
tical particles in quantum mechanics does not change the state, 
and this property must also be conserved in classical statistics, 
which is its limiting case. Since the number of permutations for 
N identical particles is N!, the element of phase volume must be 
reduced by a factor of N!, since we need only consider different 
states. 


It follows from the above considerations that it is convenient 
to introduce a dimensionless distribution function referred to an 
element of phase volume expressed in units h®N with allowance 
for the identity of the particles, i.e., dpdq/Nth?N. Consequently, 
the distribution function f(p, q, t) is more conveniently defined 
not by (1.4) but by the r elation 


_ dp dq (1.5) 
dw =f(p, q, t) NBN 


In this case, the normalization condition for the distribution func- 
tion has the form 


[ F@. 4, at =1, (1.5a) 


where 


dp dq 


= a (1.5b) 
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is the dimensionless element of phase volume. The integration 
in (1.5a) now corresponds to summation over all the different states. 
It can be shown that if classical mechanics is regarded as the 
limiting case of quantum mechanics, precisely this normalization 
condition is obtained (cf. §14). 


It should be noted that the factor 1/N! in the phase volume was 
introduced by Gibbs [1] before quantum mechanics was discovered, 
in order to avoid the paradox bearing his name, i.e., the increase 
in entropy on mixing identical gases at identical temperatures and 
identical pressures. He distinguished "specific" phases p, q and 
"generic" phases, for which the phase volume is less by a factor 
of Nt, and normalized the distribution functions over the generic 
phases. 


A knowledge of the distribution function f (p, q, t) enables us 
to calculate the average value of any dynamic variables A(p, q), 


(A)=[ Alp, af (p, a, Oa, (1.6) 
where the normalization (1.5a) is assumed. 


§2. Liouville's Equation 
‘2.1. Liouville's Theorem on the Invariance of 
Extension in Phase 


The possibility of introducing a distribution function for the 
probability density is based on Liouville's theorem, a purely me- 
chanical theorem which does not invoke any probabilistic consider- 
ations. 


According to Liouville's theorem, the extension in phase for 
systems obeying the equations of mechanics in the Hamiltonian 
form (1.1) remains constant during the motion of the systems. 
That is, if at the initial moment of time the phase points (p", q°) 
occupied continuously a certain region Gp of initial values in phase 
Space, and at the moment of time t they occupy the region G,, then 
the corresponding extensions in phase are equal: 


{ dp° dq°= | dp dq, (2.1) 
G 


0 G; 
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or, for infinitesimally small elements of phase volume, 
dp dq® = dp dq. (2.2) 


In other words, the motion of the phase points depicting the 
system in phase space is similar to the motion of an incompres- 
sible fluid. 


In order to prove Liouville's theorem, we transform the in- 
tegral in the right-hand side of (2.1) by replacing the integration 
variables p and q by p® andq’. Then 


cs] ’ 
{ dp dq= | 5 & a dp° dq®, 


Gy Go 


where 9(p, q) /a(p", q°) is the Jacobian of the transformation from 
the variables p, q to p’, q®. It has the form of a determinant with 
elements dx, /0x),, where x; is the aggregate of momenta and 
coordinates p;, q; and x4, is the aggregate of ph q}. 


We shall now show that, by virtue of Hamilton's equations, 
the Jacobian is equal to unity, i.e., 


0(p,q) _ 2.3) 
5 (p?, qo) — bs . 


The equality (2.3) can be proved directly by differentiating 
the Jacobian with respect to time (see [2, 20]). Following Gibbs 
[1], however, it is simpler to use from the beginning the property 
of functional determinants 


O(p,q) _ 9(p', gq’) 9O(p, 9) 
0 (p°, 4°) 9 (p*, g°) O(p’, 9’)? 


where p', q' are the values of the momenta and coordinates cor- 
responding to the arbitrary time t'. We shall differentiate this 
equality with respect to t, putting ty) and t' constant: 


dt A(p%,q°) 9 (p%, q°) dé O(n’, 7’) ” 


Since t' is arbitrary, after the differentiation we can put t' =t. 
Then only the terms in the Jacobian standing on the principal diag- 
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onal will give a nonzero resultT 
4 OP) _ OD SV Pe OH 
dt O(p°, q°) A (p®, q®) Op, | 99; 
(cf. [2, 20]). But by virtue of the equations of motion (1.1) 
2 


+! =0, 
Op, F 0q, 


and, consequently, 


4 O79) _9g 
dt 0(p°, 9°) , 


i.e., the Jacobian does not depend on the time. 


By making use of the initial condition 


0 (p,q) _ 
O(p, 9°) at” 


(2.4) 


(2.5) 


(2.6) 


we see that the Jacobian (2.3) is indeed equal to unity; Liouville's 


theorem is thereby proved. 


fIntroducing for the Jacobian the notation  —_~ 


ax; a(p.q) 


D= det ——= > 
axe a(p*, g®) 


where x; = (Pj Uj)s and differentiating it with respect to time, we obtain 
ain = Zs Dik Vite 


where ajx = OX; /0x, and Dj, is the minor of the element a;,. We have 


8 _ 4 x; _ ax; -5 ax, ax) > ax 
tk ~ dt ax° ax® “yp Ax, ax? i "1k ax, ? 
consequently, 
— D=D D,,a =DZ5 >> , 
dt ieolk 9 ay Ox, GOR; 
since 


This, the relation (2.4) is proved. 
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2.2. Liouville's Equation 


In deriving and formulating Liouville's theorem, we have, up 
to now, nowhere used the concept of the distribution function, as 
is natural for a theorem of mechanics. If we now introduce dis- 
tribution functions, as was done in §1, it is possible to give other 
formulations of Liouville's theorem. 


From Liouville's theorem, it follows that the distribution func- 
tion is constant along the phase trajectories, and this may be re- 
garded as one of the formulations of this theorem. 


Indeed, in the motion in phase space of the points describing the 
systems, the number of phase points does not change; all the phase 
points situated at time t in the volume element dpdq will go over 
at time t' into the element dp'dq'. Consequently, 


f(p, 9, thdpdq=f(p’, q’, t’) dp’ dq’, 


and since, by virtue of Liouville's theorem, dpdq = dp'dq', we ob- 
tain 


i(p, a, =P (p, gst), (2.7) 
i.e., f is constant along the phase trajectories, as we wished to 
prove. 


We shall give one more very convenient formulation of Liouville's 
theorem, one which is most often applied in practical problems — 
we shall introduce Liouville's equation for the distribution function. 


Assuming the time t to be infinitesimally close to t' =t + dt, 
from (2.7) we shall have 


(p,q, th=fF(pt+pdt, q+qdt, t+dt). 


Assuming further that the function f is differentiable, we obtain 
a differential equation for it: . 


df _ of of ® OF 7 \_ . 


Taking Hamilton's equations into account, Eq. (2.8) is Liouville's 


equation: 
of NYV/oH of oH a) 
at = Dulac Gp. ~ Bec Bac) 9 
at (an, Op, OP, 4, (2.9) 
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The sum on the right-hand side of (2.9) is called the Pois- 
son bracket for the functions H and /: 


dH of | OH of oH of dH Of, 
{H, N= Lae, "Op, Op, 3q,) = ae ap ~ dp oq? (2e10) 


consequently, Liouville's equation can be written in the form 


ot (H, i}. (2.11) 


This is the basic equation for the construction of statistical 
ensembles for both equilibrium and nonequilibrium cases, and it 
enables us to calculate f at any moment of time t, if it is known 
at time t = t); it also enables us to study the response of statisti- 
cal systems to external perturbations (cf. Chapter II). 


Liouville's equation has the form of a continuity equation for 
the motion of the phase points in phase space. We can obtain a 
simple intuitive interpretation of it if we regard the motion of 
phase points in the 6N-dimensional phase space as the motion 
of a "fluid" with density f. The rate of flow is represented by a 
vector P Ty Py jo eves dn in this space. Consequently, the con- 
dition for conservation of the phase points, i.e., the continuity 
equation in phase space, has the form 


1438 (fe) + aq * (Fax) | = 0, (2.12) 


where the quantity in brackets is the 6N-dimensional divergence 
of the flux vector. Performing the differentiation in the summand 
and taking into account that, by virtue of Hamilton's equations, 
the relation (2.5) holds, we see that equation (2.12) takes the form 
(2.8), i.e., coincides with Liouville's equation. It follows from 
(2.5) that the motion of the "fluid" is incompressible. 


For the case of statistical equilibrium, f and H do not de- 
pend explicitly on time, and Liouville's equation has the form 
{H, f}=0, (2.13) 
i.e., the distribution function in this case is an integral of motion. 


In fact, Liouville's equation is a linear differential equation in 
partial derivatives, while Hamilton's equations are the corre- 
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sponding characteristic system of ordinary differential equations. 
Therefore, the total integral of equation (2.9) is an arbitrary func- 
tion of all the integrals of the system (1.1). 


2.3. The Time Evolution of Distribution Functions 


To study the evolution of distributions functions in time, it is 
convenient to write Liouville's equation (2.11) in the form 
, of 


is=—Lh, (2.14) 
where L is a linear operator defined by the relation 
iLf ={H, fT}: (2.14a) 


itis called Liouville's operator.f 


It is convenient to represent Liouville's equation in the form 
(2.14) because the operator L is Hermitian, and one can use the 
known properties of Hermitian operators. It is easy to see that 
Lis Hermitian. Indeed, for arbitrary functions ¢ (p,q) and 
¢, > 4) vanishing at the boundaries of the phase volume, we ob- 
tain by means of integration by parts of the Poisson bracket 


{ 95, (L9,)4p dq= |, (L"e,,) dp dq. (2.15) 
The relation (2.15) is the Hermiticity condition for the operator L. 


There is a formal analogy between Liouville's equation (2.14) 
and the Schrédinger equation 


+, OV 
ih-=- = HY, 


since L and H are linear Hermitian operators. This analogy has 
been widely used by Prigogine [3] to carry over the methods of quan- 
tum mechanics to classical statistical mechanics. 


From the Hamiltonian (1.2), Liouville's operator L has the 
form 


, Pp, 9 0 
L= yz 3q, 1 Fe (2.16) 


and does not depend explicitly on time. 


fLiouville's operator is sometimes defined with the opposite, sign [3]. 


§2] LIOU VILLE’S EQUATION 11 


Using the Liouville operator (2.14a), we can write a formal 
solution of Liouville’s equation, if the initial value of the distribu- 
tion function at t = 0 is known. This solution has the form 


F(p, q, t) =e F(p, q, 0), (2.17) 


if L does not depend explicitly on time. 


Differentiating (2.17) with respect to t, we see that this func- 
tion does indeed satisfy Liouville's equation 


Herd) — ip eit F(p, g, 0)=iL F(p, 4, f) 
and the initial condition 


I (p, q, t) Leo =F (p, qs 0). 


We shall often apply this formal integration of Liouville's 
equation. 


We shall obtain the equation of motion for the dynamic vari- 
able A(p, q, t), where the latter argument indicates the explicit 
time dependence. For this, we shall differentiate A(p, q, t) with 
respect to time, assuming that p and q depend on time in accord- 
ance with Hamilton's equations. We shall have 


fA = 241A, H}. (2.18) 


We shall show that here the average value of the derivative of 
A is equal to the derivative of the average value. In fact, the aver- 
age value of A(p, q, t) at time t is equal to 


” 


(A)=[ Alo, a. OF (p, 9, fal, (2.19) 
where f(p, q, t) satisfies Liouville's equation (2.11). Differentiat- 


ing (2.19) with respect to time, using Liouville's equation for f 
and integrating the Poisson bracket by parts, we obtain 


ay = [ (4 +4, m) rar, 
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1.€.,; 
44, —(44 2.19a) 
dt (A) = ( di/’ ( 

as we wished to prove. 


If A does not depend explicitly on time, then 
dA . 
7 =A, A} = —iLA, (2.20) 


If the value A(0) of the dynamic variable at t =0 is known, and 
if L does not depend explicitly on time, (2.20) can be solved form- 
ally 

A (t) = e~#Lt A (0), (2.21) 
i.e., using the Liouville operator, we can express the evolution of 
dynamic variables in time. 
The operator e~#" is called the evolution operator. 
It acts on an arbitrary function ¢(p(0), q(0)) converting it to 
p(p(t), q(t), i.e., 


e+ @(p (0), 9 (0))=e(p(t), qh), (2:21a) 
where p(t) and q(t) are the solutions of Hamilton's equation with H 


not depending explicitly on time and with the initial conditions 
p (t) lymo =p (0) and q (t) lead = q (0). 25° 


The relation (2.21a) follows from the properties of the Liouville operator, since 


+, aq 
hg = ap 


and 


d\" d\" 
_} it = —;} n =|— 
whence we obtain 
|| | qt ~i 
ea ilt g(0) = »y a (ar), =q (t), eilt p (0) =p (t), 
- = 


since this is a Taylor series with derivatives determined by the equations of motion. 
Similar properties are also valid for powers of the coordinates and momenta, e.g., 
—iLq? = dq?/dt. The relation (2.21a) for the evolution operator can be proved using 
these properties, by expanding ¢g in a Taylor series in p and q. 
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2.4. Entropy 
The logarithm of the distribution function with a minus sign 
n= —Inf(p, q, t) (2.22) 


plays a special role in statistical mechanics (Gibbs calls —7 the 
phase exponent). The quantity n is convenient because it is addi- 
tive for multiplicative distribution functions and, as we shall see 
below, is related to the entropy of the system. 


It is easy to see that 1, like f, satisfies Liouville's equation: 
Sh ={H, 1}. (2.23) 


This equation, which was obtained by Gibbs, turns out to be very 
useful in the theory of irreversible processes, although much less 
attention is given to it than to Liouville's equation. The conve- 
nience of Eq. (2.23) is associated with the fact that the properties 
of H are much closer to those of 7 than to those of f(p, q). 


The average of the logarithm of the distribution function with 
a minus Sign, i.e., the average value of 7, is called the Gibbs 
entropy. With the dimensionless normalization (1.5a) of the 
distribution function’, the Gibbsian entropy is equal to 


S=(ny=— | lpg. Hin Flo, q, 1) 


Nt ABN ° 


(2.24) 


For a dilute g. ., the states of the different particles can be 
regarded as statistically independent, and therefore the complete 
distribution function is equal to a product of the distribution func- 
tions for the individual particles: . 


N 
M! - N 
| fea =e [] en an) (InNieewinZ), (2.25) 
where the single-particle distribution functions f,(p;,q,, t) have 
the normalization . 
d 
fa (Pr M1, t) Pie = N. (2.26) 


The factor N!/NN in (2.25) is introduced to make the nor- 
malizations (1.5a) and (2.26) consistent. In fact, . 


[Fo q, par=(1 fio, qi; 1) 40500 Ya. 
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For the distribution function (2.25), the entropy (2.24) is 


S = Sp, (2..2'7) 


where 


= fi(pr qt) dp d 
S3= _- {fh (Pi, M1, 2) In HtPE die) Apr aan (2.28) 


is the Boltzmann entropy. 


In the general case, when the multiplicative property (2.25) 
does not hold, the Boltzmann entropy may also be defined by 
formula (2.28), where /,(p,, q;, t) is the single-particle distribu- 
tion function, i.e., the function obtained from f(p, q, t) by inte- 
gration over all the coordinates and momenta except p, and q,: 


dp,dq,...dpy dqy 


filo. a =| fon Gis +++) Puy Ini t) (N — 11 eN-3 


(2.29) 


The function /,(p,, q,, t) has the normalization (2.26). 


Jt is well known from thermodynamics that the entropy of an 
isolated system increases, or in the case of thermodynamic equi- 
librium, is constant. If f,(p,, 44, t) satisfies Boltzmann's kinetic 
equation [4], then the Boltzmann entropy increases, while in the 
case of statistical equilibrium it is constant. However, the Boltz- 
mann definition (2.28) for the entropy gives the correct expression 
for the entropy as a thermodynamic function in the equilibrium 
state only for the ideal gas, and therefore S, may not be ‘dentified 
with the entropy of a system and the Boltzmann definition of the 
entropy is inadequate in the general case. | 


/ The Gibbs definition (2.24) of the entropy is better than the 

, Boltzmann definition, since in the equilibrium case it gives the 
correct expression for the entropy as a thermodynamic function 
(see §§3 and 5). 


The Gibbs definition of the entropy raises no doubts for. the 
equilibrium case. But if f depends on time, we have a different 
state of affairs. In this case, the Gibbs definition of the entropy 
has an intrinsic defect and needs to be made more precise (see 
Chapter IV). 
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It is easy to see that for an isolated system the Gibbs entropy 
does not depend on time and therefore cannot increase. 


Indeed, let the distribution function be f(p", q®, 0) at t =0 and 
f (p, q, t) at time t, where (p, q) lies on the phase trajectory passing 
through (p°, q’) and determined by the equations of motion. Ac- 
cording to Liouville's theorem (2.7), we have 


i (p°, q’, 0) =f (p, q; t). 
The Gibbs entropy at time t is 


=- Jie Oink, q, 12% 


—_ 0 0 09 40 gy) 4P°49° 
[Fo g°, 0)Inf(p°, q®, 0) wa 


since according to Liouville's theorem (2.2), 


dp dq = dp dq’. 


Thus, the Gibbs entropy (2.24) for an isolated system does 
not change with time. 


Gibbs attempted to prove that the entropy of an isolated sys- 
tem can increase in some sense. P. and T. Ehrenfest [5, 6] elu- 
cidated the sense in which this assertion is to be understood. For 
this, they suggested "coarsening" the Gibbs definition of entropy 
by introducing in place of the true distribution function f (p, q, t), 
which may be called the fine-grained density of the distribu- 
tion, a coarse-grained density 


F(p. a. =e | Fp. 9. dp dg, (2.30) 


where the integration is performed over fixed small cells w of 
phase space. From a physical point of view, the coarse-grained 
averaging operation (2.30) corresponds to the fact that observed 
quantities are always averages over a certain region. Quantum 
mechanics establishes a lower bound for the cell w, which cannot 
be smaller than h3N, ~ 


The Gibbs entropy constructed from the coarsened density is, 
generally speaking, no longer constant in time and can increase; 
this is true however small the coarsening. 


16 CLASSICAL EQUILIBRIUM STATISTICAL THERMODYNAMICS [CH. I 


We shall compare the values of the Gibbs entropy calculated 
for the coarse-grained distribution function (2.30) at times t and 
t = 0; we shall assume that at the initial moment the true density 
coincides with the coarsened density: 

F(p°, 4°, 0) =F(p%, 9°, 0). (2.31) 


We have 
Si-So= — | Flp, a, OInF(p, 9, al + 
+ | F(p% 4°, O) In F(p®, g°, 0) aly = 


=- {oq Dini lp, 4, Fl. a Dini (p, g, MAT (2.31) 


(we have used Liouville's theorem and, as is always possible in 
the integrand, we have removed the tilde sign from the distribution 
function except when we take its logarithm). 


For any two normalized distribution functions f and f' de- 
fined in the same phase space, the inequality 


fin (+) av >0. (2.32) 


holds. The equality sign is attained only when f = f'. Taking 
(2.32) into account, we obtain 


S; = So- 
The inequality (2.32) is a consequence of the obvious inequality 


in( 4) > 1-- (>, F>0), (2.324) 


where the equality sign holds only when f = f'. It is easy to see 
that (2.32a) is valid by noting that In x — 1+ 1/x is a positive func- 
tion equal to zero only when x = 1, and then putting x = f/f'. | 


We obtain the inequality (2.32) by multiplying (2.32a) by f and 
integrating over the whole phase space. In fact, 


Frin fara fi(t—f)aro. 


as we wished to prove. 
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We shall assume that f (p®, q®, 0) does not correspond to an 
ensemble in statistical equilibrium; then at time t, 


f(p,a) AF (p, 4, 0) (2.33) 


since, although /f(p, q, t) does not change along the phase trajec- 
tories, phase points from other cells will enter and leave the given 
cell w, and these processes, generally speaking, do not cancel each 
other. A process of "intermixing"™ of space points over the phase 
cells occurs. Using (2.33), we obtain 


S1> So, | (2.34) 


i.e., the entropy for the coarse-grained distribution function can 
now increase. 


The introduction of coarse-grained averaging, however, still 
does not solve the question of the increase in entropy; we must 
convince ourselves that there really is intermixing. The finer 
the scale of the coarsening, the smaller the increase in entropy S, 
becomes, and in the limit w — 0 it tends to zero. But the increase 
in the physical entropy cannot depend on the scale of the coarsening. 


To answer this objection, we note that in applying the coarse- 
grained averaging operation we are taking two limits: the usual 
statistical mechanical limit V — o (N/V = const), and making the 
cell w go to zero. There are no reasons for assuming that the re- 
sults will not depend on the order in which these limits are taken. 
The Ehrenfest coarsening of the distribution functions can be ef- 
fective only if the limit V — is taken first and then w —0, and 
if there is no uniform convergence in the limiting processes. 


It is interesting to recall that Gibbs, in drawing an analogy 
between the tendency to equilibrium in a system and intermixing 
in an incompressible liquid, had already essentially introduced 
the coarsening procedure for the density of the distribution and 
had noted the absence of uniform convergence in the limiting pro- 
cesses (cf, [1], Chapter 12, pages 143-147). 


Thus, the Ehrenfest coarse-grained averaging does not solve 
the problem of the entropy increase, although the idea of averaging 
distribution functions is of undoubted interest. 


Smoothing of distribution functions is possible not only in 
phase space, but also in time. In fact, all observed quantities 
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are average values over intervals of time T of the order of the 
time of observation. Therefore, we can introduce distribution 
functions averaged over the interval T 


T 
Fp a D=+ | Foe+t), at +t))dt (2.35) 
0 


or dynamic variables averaged in a corresponding manner. 


This smoothing of distribution functions in time was widely 
applied by Kirkwood [7] and, apparently, is more effective than 
the coarse-grained smoothing of the Ehrenfests. It is analogous 
to the averaging of the equations of motion in nonlinear mechanics, 
which smooths out the rapid oscillations about the mean trajec- 
tory and helps us to determine the averaged motion [8]. In gen- 
eral, there is a deep relationship between the methods of nonlinear 
mechanics and statistical mechanics. A statistical system tends 
to a state of statistical equilibrium irrespective of the initial 
conditions, which are quickly "forgotten," just as a nonlinear sys- 
tem tends to its limiting cycle. The methods for eliminating the 
secular terms in the construction of kinetic equations are the same 
as those used in the solution of the equations of nonlinear me- 
chanics [9]. 


§3. Gibbsian Statistical Ensembles 


To construct statistical ensembles in the case of statistical 
equilibrium, we need to solve the problem of what integrals of 
motion the distribution function can depend on and what is its form 
for different external conditions macroscopically defining the en- 
semble. This problem was solved by Gibbs, although a rigorous 
justification of the distributions obtained is a complicated problem 
that is still not completely solved at the present time. It is not 
even clear to what extent this rigorous justification is possible. 


For states differing from those of statistical equilibrium, the 
construction of statistical ensembles is a considerably more com- 
plicated problem, and progress in this direction has been con- 
templated only in recent years. Here the problem of actually con- 
structing the ensembles is more pressing than their rigorous for- 
mal justification. We shall discuss these questions in Chapters 
I and Iv. 


6 


§3] GIBBSIAN STATISTICAL ENSEMBLES 19 


According to Gibbs, the distribution function f in a state of 
statistical equilibrium depends only on single~valued additive in- 
tegrals of motion. 


The additivity of the integrals of motion implies that the in- 
tegrals of motion of the complete system are additively composed 
of the integrals of motion of its subsystems. 


Three such integrals of motion are known: the energy H, the 
total momentum P and the total angular momentum M. Conse- 
quently, 


f=f(H, P, M). (3.1) 


The additivity property is fulfilled exactly for P and M(if we 
ignore interaction with the walls), and for H is fulfilled to within 
the surface energy at the interface of the subsystems, which arises 
from the interaction between particles in different subsystems. 


If the total number of particles N in each system of the en- 
semble is not specified, we must regard N as being like a fourth 
integral of motion, since N does not change during the evolution 
of the systems. Thus, in this case, 


F=f(H, N, P, M). (3.1a) 


The integral of motion M must be taken into account if the 
system rotates as a whole with constant angular velocity, and the 
integral of motion P must be taken into account for superfluid 
systems in quantum statistics. 


The number of essential integrals of motion is reduced if we 
consider a system of particles in a motionless vessel. Then the 
total momentum P and angular momentum M are zero in a state 
of statistical equilibrium, and it is not necessary to take the addi- 
tive integrals P and M into account, Consequently, for systems 
with a specified number of particles, 


f=f(H) (3.2) 
or, if the number of particles is not specified, 
f=7(H, N). (3 2a) 


In addition, the function £ must depend on the parameters de- 
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termining the ensemble macroscopically, e.g., the volume V and 
the total number of particles N, if the latter is specified; these 
parameters are assumed to be constant for all the copies of the 
system. 


3.1. The Microcanonical Distribution 


We shall consider a statistical ensemble of closed energeti- 
cally isolated systems in a constant volume V, i.e., an ensemble 
of systems with constant particle number N, each system being 
situated in an adiabatic shell and having the same energy E 
to within AE « E. Following Gibbs, we shall assume that the dis- 
tribution function f(p, q) for such an ensemble is constant in the 
layer AE and is equal to zero outside this layer: 


[Q(E, N,V)J" for E<H(p, q)<E+AE, 
Q outside this layer. 


i(p, 9) -| (3.3) 


Such a distribution is called microcanonical and the corre- 
sponding ensemble is a microcanonical ensemble. The 
macroscopic state of the systems in such an ensemble is deter- 
mined by three extensive parameters E, V, and N. The constant 
Q(E, N, V), which is called the statistical weight, is de- 
termined from the normalization condition (1.5a) and has the mean- 
ing of a dimensionless phase volume — the number of states in the 
layer AE: 

Q(E, N, V)= ain { dp dq. (3.3a) 

E<H (p, YS ETAE 
In the case of classical mechanics, we can go over to the 

limit AE —- 0 and write f in the form 


f=Q7'(E, N,V)6(H (p, q)—), (3.4) 


where 


Q(B, N, V)= Lay | (Hl (p, @) —E) dp dg, 


Q7'(E, N, V)=[Q(E, N, Vv)". 


(3.4a) 


[In formulae (3.3a) and (3.4a), the number of states in the layer 
AE and the density of states at the constant-energy surface are 
given the same notation Q(E, N, V).1 
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In quantum mechanics, the uncertainty relation between the 
time of observation t and the energy, AE -t ~ hi, prevents such a 
limiting process; making AE tend to zero would correspond to an 
infinite time of observation. Therefore, we shall use the rep- 
resentation (3.3) for f and only occasionally use (3.4) to sim- 
plify the calculations. 


We shall calculate the entropy (2.24) for the microcanonical 
distribution: 


S=(ny)=— tay | Fp, aint lp, 9) dp aq. (3.5) 


Putting the expression (8.3) into this, and taking (3.3a) into ac- 
count, we obtain 


S(E, N, V)=1InQ(E, N, V). (3 .5a) 


Thus, for a microcanonical ensemble, the entropy is equal to 
the logarithm of the statistical weight (3.3a). One can show that 
the entropy defined in this way does indeed possess the properties 
of the thermodynamic entropy. We shall return to this qeustion 
in §5. 


The hypothesis that the microcanonical ensemble does in fact 
represent the macroscopic state of a closed energetically isolated 
system, i.e., that microcanonical averages coincide with the ob- 
served values of physical quantities, is one of the basic postulates 
of statistical mechanics. 


The observed values of physical quantities A(p, q) are always 
average values over some observation-time interval +. The prob- 
lem of justifying the possibility of replacing time averages by aver- 
ages over the microcanonical ensemble is called the ergodic 
problem. The problem consists in proving for closed ener- 
getically isolated systems that 


A(p(), q@))dt=— Ly | Fp, Alm a) dpdg, 8.8) 


1 
t 


ous 


where f is the microcanonical distribution. This problem is ex- 
tremely complicated and, despite a number of important results 
that have been obtained, is still not resolved; we shall therefore 
not discuss it, but refer the reader to the literature [6, 11, 12]. 
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The microcanonical distribution is sometimes useful for gen- 
eral investigations, since, of all the Gibbsian distributions, it is 
the one most directly connected with mechanics (all the param- 
eters E, N, V have a mechanical meaning), but it is not conve- 
nient for practical application to concrete systems, since cal- 
culation of Q(E, N, V) is very difficult. 


Rather than consider energetically isolated systems, it is 
much more convenient to consider systems in thermal contact 
with the surroundings. 


3.2. The Canonical Distribution 


We now consider closed systems in thermal contact with a 
thermostat. By a thermostat, we shall mean a system with a large 
number of degrees of freedom, able to exchange energy with the 
given system and so large that its state is practically unchanged 
in this exchange. 


A statistical ensemble of systems with a specified number 
of particles N and volume V in contact with a thermostat is called 
a canonical ensemble. 


Such an ensemble is described by the canonical distri- 
butionf 


ip, g)=Q"'@, V, N)exp(- 2722), (3.7) 


where @ is the modulus of the canonical distribution, which, as 

will be shown below, plays the role of the temperature, and Q(6, V, N) 
is the statistical integral, or partition function,f{ 
determined from the normalization condition (1.5a):: 


Q(0, V, N= i exp (- a aY, where dl = or (3.8) 


The partition function (3.8), constructed on the basis of the cano- 
nical distribution, is a function of the parameters 6, V, and N 
macroscopically defining the ensemble. Two of these, V and N, 


TFor a justification of the canonical distribution, see §3.3. 
£The term "partition function” is more usual in Western literature, and will be used 
hereafter, — Translation Editors. 
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are extensive parameters, i.e., are proportional to V- when 
v/N = const, while the third, 6,is intensive, i.e., has a finite 
value as V — 0, V/N =const. The partition function Q(6, V, N) 
is a fundamental quantity, which determines the thermodynamic 
properties of the system. 


The logarithm of the partition function (3.8) determines the 
free energy of the system: 


F(0, V, N)= — 01nQ@, V, N). (3.8a) 
For real systems, when N is very large, we do not require the 
exact value of the function F(6, V, N); it is sufficient to know the 
thermodynamic limit 
lim 


= i (8, v), 


F (0, V, N) 

Noo N 
V/N=v=const 

i.e., the free energy per particle when the number of particles 


increases without limit at a given density. This function deter- 
mines all the thermodynamic properties of the system. 


A proof of the existence of the thermodynamic limit for the 
canonical ensemble was given by Van Hove [13] and by Bogolyubov 
and Khatset [84]. Van Hove proved the existence of the thermody- 
namic limit for the free energy under not very rigorous restric- 
tions on the interaction potential between the particles. Bogolyubov 
and Khatset proved the existence of correlation functions in the limit, 
which determine the thermodynamic functions inthe limit. Further de- 
velopments in this direction were made by Yang and Lee [14], 
Ruelle [15], Dobrushin [16], and other authors [17a-17e]. These 
papers can be regarded as the beginning of a new field of mathema- 
tical physics, mathematic statistical physics. (See the biblio- 
graphy in Ruelle's book [15].) 


We shall obtain an expression for the average energy, by dif- 

ferentiating (3.8) with respect to 9 and taking (2.19) into account: 
a a (F 

(H) = 03 nQ8, V, N=-e(F) (3.8b) 


The entropy (2.24) of the Gibbs canonical ensemble is 


S=(n)=— J finfar= =F (9h) (3 .8c) 


[here we have used the relations (3.8a) and (3.8b)]. 
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The relations (3.8b) and (3.8c) have the form of thermody- 
namic equalities, indicating that F and S are indeed the free energy 
and entropy. We obtain a more complete thermodynamic analogy 
if we consider a canonical ensemble with slowly varying volume 
(cf. §5.4). 


The canonical distribution (3.7) also enables us to calculate 
the fluctuations. Differentiating (3.8) twice with respect to 1/0 
and using (3.8b), we find an expression for the energy fluctuations 
in the Gibbsian ensemble: 


(H?) — (Hy? = (HH — (HP) = Frigg =P 2G? = orc, (38d) 


where Cy is the heat capacity at constant volume. 


The quantity (H) is proportional to the number of particles 
N, while 6 does not depend on N; consequently, for large systems, 
the relative square fluctuations of the energy are proportional to 
1/N, i.e., are very small. Therefore, the canonical and micro- 
canonical ensembles differ little from each other. (For more de- 
tails on the thermodynamic equivalence of the ensembles, see §13.) 


We have assumed up to now that the system does not move as 
a whole and have considered a single integral of motion — the total 
energy H. In the case when, in addition to the energy, there exist 
other additive integrals of motion ¥,,..., P;,, the Gibbsian dis- 
tribution has the form 


Hp, g)=Q7' ©, Fy voy Feyexp |G — YS FAs (0, a}, (3.9) 


I<k<s 


where ¥, are the new thermodynamic parameters. We do not 
indicate the dependence of Q on V and N explicitly. 


In the special case when the total momentum P and the total 
angular momentum M are taken into account, the distribution (3.9) 
has the form 


F (p, g)=Q"' exp} — 5 lH (p, q)—v-P(p)—o- M(p, he (3.9a) 


where v is the velocity of the system as a whole, and w is the 
angular velocity of its rotation. 
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It is convenient to represent the expression (3.9) in a more 
symmetric form: 


F(p, q)=exp{-O(Fo, Lay Fs) — F Pr(p, gy (3.10) 


O<kegs 


where we have introduced the notation 


Py (p, =H (p, 9), Fo=l/0, D(Fo, ..., Fs)=INQ. (3.10a) 


The thermodynamic potential @(Fo, ..., ¥;) is called the 
Massieu — Planck thermodynamic function. 


For a distribution function of the form (3.10), the thermody- 
namic equalities and expressions for the fluctuations take a spe- 
cially symmetric form: 


o® os 
Po=— oF, Fe=TH’ 


S=04+ YF.) -0-YAe, (3.10b) 
k Rk 


ao 
(Pi) — (Px) = Ser 


where S is the entropy. 


3.3. Gibbs' Theorem on the Canonical Distribution 


The postulates about the microcanonical distribution (3.3) 
and about the canonical distribution (8.7) are not independent. We 
shall now prove Gibbs' theorem on the canonical distribution, ac- 
cording to which a small part of a microcanonical ensemble of 
systems with many degrees of freedom is distributed canonically. 


The combination of a given system with a thermostat that is 
assumed to be much greater than the given system (in its number 
of degrees of reedom) can always be regarded as one large closed 
isolated system. If we take the microcanonical distribution for 
this combined system, then it follows from Gibbs! theorem that 
the system in the thermostat is distributed canonically. 


We shall now prove the Gibbs theorem. 


Let a large system with Hamiltonian H consist of two sub- 
systems (1) and (2) with Hamiltonians H,(p, q) and H,(p', q'), where 
p, q and p', q' are the aggregates of the momenta and coordinates 
of the subsystems. We shall assume the interaction between the 
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subsystems to be negligibly small; then 


H =H,(p, q)+H2(p’, q’). (3.11) 


We shall assume that the subsystem (1) is much smaller than 
subsystem (2), which we shall call the thermostat. We shall fur- 
ther assume that the combined system is distributed microcanoni- 
cally. According to (3.3), its distribution function has the form 


i (p, a; Pp’, “=| Q7'(E) in the layer EXH<E+AE, 


(3.12) 
0 outside this layer 


where the statistical weight Q-1(E) can also depend on the total 
particle number N and the volume V, although we shall omit this 
dependence for brevity. 


In order to obtain the distribution function of subsystem (1), 
i.e., of the small subsystem, we must integrate the total distribu- 
tion function over all the variables of the second subsystem (the 
thermostat), taking into account the normalization factors intro- 
duced in (1.5a), i.e.,; 


. _ I , wf , , ‘_ 
hi(p, q)= Not noXe [ to, q; p ? q’)dp dq 


= 07! (£) —_- dp’ dq’, 
2 


E-H,< Hix E~-H\+AE 


where the integration is performed over the variables p', q' lying 
in the layer 


E—Hy(p, q) SA, (p’, q’)<E—H,(p, q) + AE. 


Taking into account the definition (8.3a) of the statistical 
weight, we note that the distribution function of the first sub- 
system is equal to the ratio of the statistical weight of the second 
subsystem with energy E —H, to the statistical weight of the whole 
system: 


Q, (E — H, (p, 
fi(p, g)= Se, (3.13) 
To calculate f,, we must obtain the asymptotic limit of the ratio 
of the statistical weights of the thermostat and the whole system 
under the assumption that the thermostat is very large. 
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First, we shall give a very simple, but nonrigorous, deriva- 
tion of the canonical distribution (3.7) from the equality (3.13). 


We introduce the entropy 8,(E) of the thermostat and the en- 
tropy S(E) of the whole system using the relation (3.5a): 


S;(E)=1nQ,(E), S(E)=InQ(E) (3.14) 
and rewrite (3.13) in the form 
fi (p, q) = exp {S,(E— H,(p, q)) — S(E)}. 


Because of the smallness of subsystem (1) compared with the ther- 
mostat (H; « E), we can expand the function S,(E — H,) in a series 
in H,, confining ourselves to two terms: 


S,(E~H,(p, q)) & S,(E)— 32 Hy (p, 9). (3.14a) 


Using this expansion, we write f, in the form 
fi(p, 9) =Q™' exp (- we, (3.15) 


where Q is the normalizing factor (3.8), i.e., the partition func- 
tion, and the quantity 


1 8S, (E) _ A In Q(B) 
o=—3F-= 7 UF (3.16) 


plays the role of the inverse temperature. Thus, the system in 
the thermostat is distributed canonically, as we wished to prove. 


To elucidate the nature of the asymptotic tendency of (3.13) 
toward the Gibbsian distribution as the dimensions of the thermo- 
stat increase, we shall give a beautiful and more rigorous proof 
of the Gibbs theorem, due to Krutkov [18]. 


We write expression (3.13) for f, in the form 


2 E-H ’ 
fi(p, 9) = Sa(G oe (3.17) 


where 


22 (E) 


@(£) = AE ? 


o (£E) ==) (3.18) 
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are respectively the densities of states of the thermostat and of the 
total system. 


Since H,(p, q) and H,(p', q') depend only on variables referring 
to the different subsystems, the statistical weight Q(E) of the total 
system can be represented in the form of successive integrations — 
first over the coordinates of the second subsystem at fixed 
H,(p, q) = E,, and then over the coordinates of the first subsystem 
with 0 = E, = E, ie., 

Q(£) = dp dq X 


! 
! 3N, 
Nyth O< Hi. (p, =E, SE 


; 
* te dp’ dq’. — (8.18a) 
E~E\< Aa (0, ‘EE, + AE 
We take the indistinguishability of the particles of the thermo- 
stat and of the system into account separately, since we are not 
permitting the possibility of exchange of particles between them. 


It follows from (3.18a) that the density of states w of the total 
system is related to the densities of states w, and w, of the first 
and second subsystems by an integral relation of the convolution 


type: 
E 
o (E) = J @, (E — Ep) @, (Ey) dE». (3.19) 


The relation (8.19) can be regarded as an integral equation for 
w,(E). We shall solve it by means of a Laplace transformation. 
Multiplying (3.19) by e~£ , integrating over E from zero to in- 
finity and going over to the variables E, = E — E, and E,; we obtain 


Q (A) = Qi (A) Q: (A), (3.20) 


where 


Q(4) = |e o(E)dE, 
0 (3.21) 


oo 


Q(a)= [e*o,(E)dE (k= 1, 2) 


0 


are the Laplace transforms of the densities of states (3.18). We 
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find the densities of states by inverting the Laplace transforms 
(3.21): 


atios 
| 
Ox (E) —_ Oni eh Q, (A) dn (k = | , 2), 
a—jo 
atioo (3 22) 
o(E)=s | eQM)da, 


where a > 0 is areal positive constant. 


We shall assume now that the second subsystem (the thermo- 
stat) consists of n- 1 identical weakly interacting parts, each 
of which is the same as the first subsystem. Then, by virtue of 
(3.20), 


Q(A) =12, A), Qo (A) = 10, (IP, (3.23) 


and the solutions (3.22) take the form 


atioo 
o (Ege | PQ alta, 

abies (3.24) 
o)=a7 | HQ altar. 


We estimate the expressions (3.24) for the densities of states 
asymptotically as n — o using the method of steepest descents 
[19]. We write the second integral of (3.24) in the form 


a+to 


a(B)=s [ emma, (3.25) 


where we have introduced the function 
1 (A) =2 + In Q, (A). (3.25a) 


The function (A) is assumed to be analytic in the region Re A > 0 
of complex values of A. From the properties of analytic functions, 
the function y(A) can have neither a minimum nor a maximum, and 
its extremum corresponds to a saddle point. The saddle point A, 
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is determined from the conditions 


Eh) 
x A= FT Q,t) 0, (3.26) 


Wt a? 
1" (ha) = gaz Qi A), > % (3.26a) 


where A, is the only real root of Eq. (3.26). We assume that the 
conditions for applying the method of steepest descents are ful- 
filled. Below, we shall see that the condition (8.26a) is fulfilled. 


We introduce a new real variable ¢ , 
A=”. + EE, 


and expand (A) in a Taylor series about the saddle point up to 
terms quadratic in &: 


1 (da + HB) 4, (11) — 2 
consequently, 
carey I 2 
w(E) == { exp | ny, (0) _ fu). eh de = On etx (Ad) V mW) 
_ (A, > 0), 
and finally, 
n | B 
w (E) = eME (Q, (A,)] Vann" a) (3.27) 
For w,, we obtain completely analogously 
— ohE n—| es ce 
@.(E) = e* [Q, (A,)] Vin(n—l)x" (i) (3.274) 


Putting (3.27) and (8.2'7a) into (3.17), we find 
fi(p, q)=Qr' (Ar) exp (— ArH, (p, 9)), (3.28) 


which coincides with the canonical distribution (3.7) with modulus 


l 
0 =a: (3.29) 
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The condition (3.26) at the saddle point coincides with the 
thermodynamic equality (3.8b), while the inequality (8.26a), as 
can easily be seen using (3.8d), means that the energy fluctuations 
are positive, and is consequently also fulfilled. Thus, the Gibbs 
theorem is proved. 


In the derivation we have given of the canonical distribution, 
the system and thermostat are regarded as identical in nature. It 
is also possible not to make this assumption, but to assume that 
the thermostat and the system under consideration are described 
by different Hamiltonians, provided that the thermostat is suffi- 
ciently large and its interaction with the system is small. In this 
case, the Gibbs theorem remains valid, as follows from a simple 
argument [cf. (3.13)-(3.16)]. 


The Gibbs theorem can also be proved in other ways, e.g., by 
Khinchin's method [20, 21], which is based on applying the central 
limit theorem of probability theory. The construction of the dis- 
tribution functions of statistical ensembles can also be approached 
in another way, based on information theory [22, 23], which we 
shall discuss later, in §4. 


3.4. The Grand Canonical Distribution 


Earlier we considered closed systems in contact with a ther- 
mostat. A more general case of contact of a system with its sur- 
roundings is also possible. We shall consider an open system in 
a thermostat, which can exchange not only energy with its sur- 
roundings, but also particles. For example, there may be per- 
meable walls between the system and the reservoir of particles. 
Then the energy and number of particles in the system are not 
constant, but we assume the volume to be fixed. The statistical 
ensemble corresponding to an aggregate of such systems in ther- 
mal and material contact with their surroundings is called a 
grand canonical ensemble, 


Such an ensemble is described by the grand canonical 
distributionf 


fy (P, )=Q"'@, p, V)exp{-— POY 1, (3,30) 


For a justification of the grand canonical distribution, see formulas (3.36)-(3.39) 
below, and §9.3. 
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where yp, is the chemical potential, and Q(6, uy, V) is the partition 
function for the grand ensemble, determined from the normaliza- 
tion condition 


1 I 
»> Wi | fa (p, 9) dp, dq, ... dpy dqy =1, (3.30a) 
20 


pad 


which is the natural generalization of the normalization (1.5a) to 
systems with a variable number of particles. Consequently, 


Q0, 4, V)= Sy | exp (- 2 9-"") ar, (3.31) 


N20 


where 


_ 4p, dq, ..- dpy dq, 
N! ABN ° 


The partition function for the grand canonical ensemble is a func- 
tion of the parameters 6, 4, and V macroscopically determining 
the ensemble. One of these, V, is an extensive parameter, and 
two, @ and p, are intensive. We have denoted the partition func- 
tion for the grand ensemble by the same letter Q as the partition 
function of the canonical ensemble, but they should not be con- 
fused, since they are functions of different variables. f 


Using (3.30), one can find the average value of any dynamic 
variable: 


(4)= ¥ f Alp dip, gy. (3.32) 


N20 


The logarithm of the partition function (3.31) determines the 
thermodynamic potential 2(9, u, V) for systems with a variable 
number of particles: 


Q(8, wn, V)= — 81nQ (6, u, V). (3.33) 
fTThe partition function for the grand ensemble is sometimes denoted by &(8, yp, V). 


We shall use the notation Q for partition functions for all the Gibbsian ensembles, in- 
dicating the type of ensemble by the arguments on which Q depends. 
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The existence of the thermodynamic limit 


lim 
VY > 00 
VAN) =const 


Q (8, », V) 
V 


was proved by Yang and Lee [14], with certain limitations on the 
form of the interaction potential (cf. also [15-17d]). 


We obtain expressions for the average energy and average 
particle number by differentiating (8.31) with respect to @ and p: 


(H) - a 55 In Qe, n, V)=-8 55 (F) 
oa) _ (3.33a) 
6.V 


The average of minus the logarithm of the distribution func- 
tion (3.30) is the entropy of the Gibbs grand canonical ensemble: 


S=(n)=- XY J tuto aly = {PO Wy 8 -(S)., 34) 


(we have used the relations (3.33) and (3.33a)). 


Using the grand canonical distribution, one can calculate the 
fluctuations in the energy and particle number in a grand en- 
semble. Differentiating (8.31) twice, with respect to » and 6, 
we find 
9 2 2M) 


(N*) — (NYP = 


; (3.35) 
((H — pN)) — CH — any = 0° 55 ((H) —p(N)). 

The relative smallness of these fluctuations shows that the 
grand canonical ensemble differs little from the canonical and 
microcanonical ensembles, but it is considerably more convenient 
for calculations, since it is not necessary to take into account the 
supplementary conditions that the particle number and energy be 
constant. 


For systems with a variable number of particles, a Gibbs 
theorem also holds, according to which a small part, with varying 
number of particles, of a microcanonical ensemble of systems 
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with many degrees of freedom is distributed in accordance with 
the grand canonical ensemble. 


A combination of a given system and a thermostat that is also 
a particle reservoir can be regarded as one large isolated and 
closed system. If the microcanonical distribution is used for the 
whole system, it follows from the Gibbs theorem that the open sys- 
tem in the thermostat is distributed in accordance with the grand 
canonical ensemble. 


Let a large system with Hamiltonian H and particle number N 
consist of two subsystems (1) and (2) with Hamiltonians H, and H, 
and with particle numbers N, and N,. If we neglect the interaction 
between the subsystems, then 


H=H,+ Hy, N=N,+N,. 


We shall assume that subsystem (1) is much smaller than (2), 
which, as before, we shall call the thermostat. 


We assume that the combined system is distributed micro- 
canonically: 


Q7'(E, N) inthe layerE<H<E+AE, (3.36) 
fy = 0 outside this layer 


We find the distribution function of subsystem (1) by integrating f 
over the variables of the second subsystem: 


B-Hi<H2< E-HitAE 


Fy, ~ J ht aN ys (3 es) 7) 


where 


_ dp; dqi one dpy, dq, 


dl y, 
M Not Hee 


Using (3.36), we find that the distribution function of the first sub- 
system is equal to the ratio of the statistical weight of the second 
subsystem with E — H, and N — Ny to the statistical weight of the 
whole system: 


Q,(E—H; (p,q), N—N 
Fy,(p, q) = EF MD (3.38) 
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Using the relation (8.5a), we introduce the entropy S, of the 
thermostat and the entropy S of the whole system 


S,(E, N)=1nQ,(E, VN), S(E, N) = InQ(E, N) 
and write (3.38) in the form 
Fu.(p, 4) =exp {S:(E— Hi, (p, q), N—N,)— S(E, N)}. 
Taking into account the smallness of the first subsystem in com- 
parison with the thermostat (H, « E, Ny « N), we expand the 
function S,(E — H,, N— N,) in a series in H, and Nj, confining our- 


selves to two terms: 


O81 py _ 8: 


S,(E-H,, N-N,) =8,(E, N)- 53 41- SF M. 
Using this expansion, we write Fy, in the form 
Fy (p, 9) = Qi‘ exp{ -A ash (3.39) 
where 
p-ae Go -e (3.892) 


i.e., 6 is the temperature and p the chemical potential. 


One can also give a more rigorous proof of the Gibbs theorem 
for the grand canonical ensemble [24], analogous to the proof 
given in the previous section for the case of the canonical en- 
semble. In place of the integral relation (3.19), we shall have a 
similar relation, in which in addition to integrating over the en- 
ergy, we perform a sum over the particle number N, a variable 
which takes only positive integral values. The problem thus re- 
duces to the solution of an integral equation of the convolution type 
in continuous and discrete variables, and tothe asymptotic es- 
timation of the solution obtained. We shall not give this deriva- 
tion here, but refer interested readers to the paper by Shubin 
[24]. Later, in §9 of Chapter II, we shall give a similar proof 
of the Gibbs theorem for the case of quantum statistics. 


3.5. The Distribution for the Isobaric-Isothermal 


Ensemble 


Until now, we have assumed the volume of the systems to be 
fixed; we shall now assume it to be variable, with the pressure 
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and particle number fixed. This may be realized by means of a 
movable piston maintaining a constant pressure. 


An ensemble of systems with constant particle number and 
given pressure in contact with a thermostat is called the Gibbs 
isobaric-isothermal ensemble. We shall discuss 
briefly the properties of this ensemble. 


Together with its surroundings, the system canbe regarded as 
one large closed system with constant energy and volume. Let E, 
and E, be the energies of the first and second subsystems, i.e., 
of the given system and. the thermostat, and V, and V, their vol- 
umes, with 


E=E£,+ Ep, V=V,+V_2 (EZ, < E, V; < V2) (3.40) 
assumed to be constant. We can apply the microcanonical distribu- 
tion to the combined system and then find the distribution function 


of the first subsystem by integrating over the coordinates of the 
particles of the second subsystem. 


Repeating the arguments of §3.3, we obtain for the distribu- 
tion function of the first subsystem 


Q, (E—H1, V-V : 
fi(p, q)= Ea = exp {Sy (E-H,, V-V)—S(E, V)}. (3.41) 
Expanding S, in a series in E,; and V,, we obtain, since the first 
subsystem is small, 
fi(p, q)=Q7'(8, p, N)exp{~ Deer | (3.42) 


where 


OS, (E, V) 


Po 
6 ov - (3.42a) 


The parameter p, as we Shall see below, plays the role of the pres- 
sure. (We are also using the symbol p for momenta, but this should 
lead to no confusion.) 


Thus, we have shown that the distribution for an iso- 
baric-isothermal ensemble has the form 


Ky (p, @)=Q7' (0, p, Nyexp{- ater | (3.43) 


where we have omitted the subscript 1. 
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Here Q(6, p, N) is the partition function for the isobaric en- 
semble, determined from the normalization condition, which we 
can take, for example, in the form 


[iv@, gat av=t, (3.43a) 


Consequently , 


FT (p, V 1 
Q(0, p, N)= | exp{-229+2" baray, (3 4gp) 


With this normalization f,, has the dimensions of an inverse 
volume. A dimensionless normalization of f, is also possible. 


The partition function for the isobaric-isothermal ensemble 
is a function of the parameters 6, p, and N macroscopically deter- 
mining the ensemble; two of these parameters, 6 and p, are in- 
tensive, and one, N, is extensive. One must not confuse Q(@, p, N) 
with Q(0, V, N) and Q(@,u, V) introduced earlier. 


Using (3.43), we can calculate the average value of any dy- 
namical variable A(p, q): 


(A)= [ Alp a)fv(p, gat av. (3.44) 


The logarithm of the partition function (3.43b) determines 
the thermodynamic potential 6(6, p, N) for isobaric-isothermal 
systems, or, simply, the thermodynamic potentialt 


@ (0, p, N)= — 81InQ@, p, N). (3.45) 


Differentiating (3.43b) with respect to @ and p, we obtain ex- 
pressions for the average energy and average volume: 
2 29 /(@ 
(H) + pV) = 0-5 InQ@, p, M=-eS(F) 
_ 0 _ (a® (3.46) 
V)=- O35 InQ(@, p, N)= (Fle 


The average of minus the logarithm of the distribution func- 
tion (3.43) is the entropy of the isobaric-isothermal ensemble: 


__ vay (H+ p(V)-® ao 
S= J ivinfyar ay =D +e 0 = Seo. (3.47) 


T2(6, p, N) should not be confused with the Massieu—Planck function (3.10a), since 
they depend on different variables. (@ is often called the Gibbs free energy in 
Western literature. — Translation Editors.) 
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The relations (3.46) and (8.47) show that @ plays the role of _ 
the thermodynamic potential, and the parameter p that of the pres- 
sure. The second derivative of ® with respect to p determines 
the volume fluctuations: 


(v2) —(V=— 6 oe =—6 OV) (3.48) 


Sometimes, one can also introduce a generalized Gibbsian 
ensemble for systems in a thermostat with variable volume and 
variable particle number [25, 26]. Then the ensemble is char- 
acterized by three intensive parameters, 0, uw, and p, i.e., by the 
temperature, the chemical potential and the pressure. This is in- 
convenient, since the parameters 6, 4, and p are not independent, 
but are connected by a relation uw =pu(p, 6). Therefore, we shall 
not use the generalized ensemble, which has no advantages over 
the other ensembles. To describe an ensemble of systems, it is 
always convenient to have at least one extensive parameter, as 
in the Gibbsian ensembles cited above. 


The different Gibbsian ensembles are thermodynamically 
equivalent, i.e., thermodynamic functions calculated using them 
coincide for large systems in the limit V ~ 0, N-- 0, V/N = 
const. Therefore, whether one uses one ensemble or another is a 
question of practical convenience. As we have already said, the 
most convenient is the grand canonical ensemble, since it does 
not require us to take any supplementary conditions into account. 
For the calculation of fluctuations, the different Gibbsian en- 
sembles are not equivalent, and lead, generally speaking, to dif- 
ferent results. The reason for the thermodynamic equivalence of 
the statistical ensembles lies in the smallness of the fluctuations 
of energy, particle number and volume [(3.8d), (3.35), and (3.48)]. 
We can also give a more rigorous proof of the thermodynamic 
equivalence of the statistical ensembles by comparing the thermo- 
dynamic functions calculated for them [26, 27]. We shall return 
to this question in §13. 


§4. The Connection between the Gibbsian 
Distributions and the Maximum of the 
Information Entropy 


The concept of entropy in statistical mechanics is closely re- 
lated to information theory. We shall examine this connection 
in the present section. 
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4.1. The Information Entropy 


The information entropy, or, simply, the entropy, is a mea- 
sure of the uncertainty in the information corresponding to a sta- 
tistical distribution [22, 23, 28, 29]. 


Let p; be a discrete distribution of probabilities of events. 
The quantity 


H=- pa Dp ln pps (4.1) 


where 


DSpe=l, (4.2) 
k=1 

is called the information entropy. It is also known as 
the Shannon entropy. 


In fact, the quantity H is equal to zero if any of the p, is 
equal to unity and the remaining p,, are zero, i.e., when the result 
of the experiment can be predicted with certainty and there is no 
indeterminacy in the information. The quantity H takes its largest 
value when all the p, are equal, i.e., whenp,=1/n. It is obvious 
that this limiting case possesses the greatest uncertainty. The 
entropy H is additive for a group of independent events with prob- 
abilities u; and v,, since if p;, = u,v, , then 


— 2 Pie Pie = _ Dy 4; 1n wy — 2 0g In vp, 


4.3 
Diu, = Dy, =1. (43) 
R ke 


It was proved by Shannon [28, 29] that the information entropy 
defined by (4.1) with the required continuity and additivity prop- 
erties is unique within a constant factor. 


For a probability distribution of a continuous variable x with 
density f(x), the information entropy is 


i=7 f f(x) In f(x) dx, (4.4) 


where 


[ f@de=l, 
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The information entropy (4.4), like (4.1), is additive for inde- 
pendent events, i.e., if 


I(x, y) =f, (x) ie (y), 
then 


— { [F(x y) Inf (x, 9) dx dy=— [F.C Inf, (2) de— | fo(y)In fay) dy. 


For the distribution f(p, q) in phase space, the Gibbs entropy 
(2.24) is also the information entropy, i.e., 


S;=(n)=— [ finfar (4.5) 


with the normalization 


[fara (4.6) 
for ensembles with a specified number of particles, or 
Si=-—) [ fuinfy ay (4.7) 
N>0 


with the normalization 


M finaly =1 (4.8) 


N20 


for ensembles with a variable number of particles. 


It is completely natural to treat the entropy in statistical 
mechanics as the information entropy, since statistical mechanics 
must not go beyond the limits of the restricted possibilities of 
measurements on macroscopic systems. If we use the language 
of information theory, we can say that the maximum quality of the 
information contained in the distribution function must be main- 
tained. As we Shall see below, the distribution functions for the 
Gibbsian ensembles satisfy this requirement. 


The definition of entropy in the form (4.5) obviously only has 
meaning in the region of applicability of classical statistics; it 
can be regarded as the limiting case of the quantum-mechanical 
expression. Thus, in classical mechanics we introduce the con- 
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cept of a probability density with invariant measure dI,, since 
the concept of a probability and its measure are contained nat- 
urally in quantum mechanics. 


We shall consider the extremal properties of the Gibbsian 
distributions, which Gibbs established long before the creation of 
information theory [1]. These are easily obtained from the auxiliary 
inequality (2.32) 


{ rin(Lyarso, (4.9) 


where f and f' are any two normalized distributions, defined in 
the same phase space. The equality sign in (4.9) holds only when 
f =f'. In formula (4.9) and below, we drop the subscript N from 
ar. 


4.2. Extremal Property of the Microcanonical 


Distribution 


We shall now prove that of all the distributions with the same 
number of particles in the same energy layer, the microcanonical 
distribution (3.3) corresponds to the maximum value of the in- 
formation entropy (4.5) [1]. 


Let f be the distribution function of the microcanonical en- 
semble, and f' an arbitrary distribution function defined in the 
same phase space and within the same energy layer, such that 


[rats [far=1. 
Putting f and f' into inequality (4.9), we obtain 
_ [Ping at <- [ finfar=—inf { far= - [ finfa®, 


where we have used the constancy of f in the energy layer and 
the normalization condition for f' and /. 


Thus, we have proved that of all the distributions with a given 
particle number in a given energy layer, the microcanonical dis- 
tribution corresponds to the maximum information entropy. The 
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other Gibbsian ensembles possess similar extremal properties, 
but under different conditions. 

4.3. Extremal Property of the Canonical 

Distribution 


If systems describable by a canonical ensemble are in contact 
with a thermostat, this means that they are characterized by a 
given average energy. 


We shall show that the canonical distribution (8.7) corre- 
sponds to the maximum of the information entropy (4.5) for a 
given average energy 


(H) = [ fa? (4.10) 
and with conservation of the normalization 
[ fal =1. (4.11) 


We shall find the extremum of the functional (4.5) under the supple~ 
mentary conditions (4.10) and (4.11). Following the usual method, 
we seek the absolute extremum of the functional 


— { finfal—p { frat —2 f fal, 


where @ and A are Lagrange multipliers determined from the con- 
ditions (4.10) and (4.11). From the requirement that the first 
variation of this functional vanish, we find 


f=Q7'(6, V, N)exp(— BH), (4.12) 
where 

Q (0, V, N)= | exp(— pH) aT, 
which coincides with the canonical distribution (3.7). 


We have shown that (4.12) corresponds to the extremum of 
the functional (4.5). We now show that this extremum is a maxi- 
mum, 
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Let ft be a normalized statistical distribution corresponding 
to the same average energy as the canonical distribution f 


[ PHar= { frat, 


In other respects, f' is arbitrary. Putting (4.12) into the in- 
equality (4.9), we obtain 


—{finfat<— ff infal=inQ+p [ fHal =inQ+p [frar, 
i.e., 
— { Pinf at <— f finfa’. 
Consequently, the canonical distribution corresponds to the maxi- 
mum of the information entropy for a given average energy. 
If the average values of any n quantities Y¥,, which may also 
include the energy, 


(Pyy= [| FPeav (k= 0, 1, ..., 2-1), (4.13) 


are specified, then from the condition for the extremum of the in- 
formation entropy (4.5), using the same method as above, we im- 
mediately obtain the distribution 


j=" exp|— S79), (4.14) 


which coincides with (3.9), if the Px are integrals of motion. If 
the ¥, are not integrals of motion, then (4.14) does not satisfy 
Liouville's equation and cannot describe a statistical-equilibrium 
ensemble. We shall consider such distributions in Chapter IV. 


4.4, Extremal Property of the Grand Canonical 


Distribution 


If systems describable by the grand ensemble are in contact 
with a thermostat and a particle reservoir, this means that they 
are characterized by specifying the average energy and average 
number of particles. We shall show that the grand.canonical dis- 
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tribution (3.30) corresponds to the maximum of the information 
entropy (4.7) for specified average energy 


CH) =f Htva (4.15) 
average number of particles, 
y= J Nf at (4.16) 
and with conservation of the normalization 
Xf fvat=1. (4.17) 


As above, we seek the absolute extremum of the functional 
—Vftuintyat—py f tetas f tena ay f frat, 
N N N N 


where 8, v, andA are Lagrange multipliers. From the extremum 
condition, we find 


- ff—pN 
v=Q ‘exp ~ Gh" i (4.18) 
where 


Q (8, B, v=) | expf- caw Var, 
N 


which coincides with the grand canonical distribution (3.30). 


It follows from the inequalities (4.9) that the extremum is a 
maximum. In fact, we have 


ony fy 
‘In af >0. 
x! fi nF 0 
Putting (4.18) here in place of f,, , we obtain 
~Yfrmintar<-> | rintyar 
N N 
fe _. H , uN 
=~ Jt (-me— gag) ar 


= B ftal-mo Aaya 
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where we have used the conditions (4.15), (4.16), and (4.17). Con- 


sequently, 
—Y fi hiotat<-) f tylnfy at, 
N N 


i.e., the grand canonical distribution (4.18) does indeed correspond 
to the maximum of the information entropy for a specified average 
energy and average number of particles. 


Finally, by the same method it is easy to show that the dis- 
tribution (3.43) for an isobaric-isothermal ensemble corresponds 
to the maximum of the information entropy 


- { fylnfy at av (4.19) 


under the supplementary conditions that the average energy and 
average volume be constant: 


(H)={ Hfydlyav, Wy=f Vid av. (4.20) 


The proof of this assertion is in no way different from the proofs 
given above. 


The extremal pr*erties that we have considered in this sec- 
tion for the Gibbsian ensembles enable us to introduce these en- 
sembles in a somewhat different way. Information theory has 
borrowed many of its ideas from statistical mechanics. Now, 
when information theory is a well developed theory, one can, fol- 
lowing Jaynes [22, 23], regard its concepts as primary concepts 
and use them in statistical mechanics. We can postulate the ex- 
istence of the invariant probability measure (1.5b), and then, re- 
garding ‘statistical mechanics as information theory, obtain all the 
Gibbsian distributions from the condition that the information en- 
‘tropy be a maximum [22, 23]; all the calculations that we have 
given remain valid. 


This method of deriving the statistical distributions must not, 
however, be-regarded as a rigorous foundation for statistical me- 
‘ @hanics; fundamental questions are simply not considered. But, 

‘ in any case, the use of the extremal properties of the information 
, @ntropy is a very convenient heuristic method for finding the dif- 


46 CLASSICAL EQUILIBRIUM STATISTICAL THERMODYNAMICS (CH. I 


ferent distribution functions. This method is suitable in both classi- 
cal and quantum statistical mechanics. It is especially convenient 
for the nonequilibrium case, and we shall use it frequently (cf. 
Chapter IV, §§20 and 27). ) 


§ 5. Thermodynamic Equalities 
5.1. Quasi-Static Processes 


Up to now, we have obtained thermodynamic relations by 
simply differentiating the partition functions for the various en- 
sembles with respect to the variables on which they depend. To 
construct a complete system of thermodynamic equalities, we 
must consider the process of infinitely slow variation of the ex- 
ternal parameters determining the given ensemble, i.e.,a quasi- 
static process, since equilibrium thermodynamics studies 
precisely such processes. Meanwhile, without any theoretical 
justification, we shall take it that quasi-static processes exist. 
In Chapter IV, we shall consider the influence on statistical en- 
sembles of varying the external parameters, and shall make the 
concept of a quasi-static process more precise, 


Let the external parameters a, a, .... a, characterize macro- 
scopically a statistical-equilibrium state of the dynamical systems 
under consideration. Such parameters may be the volume of the 
vessel, the intensity of the external electric or magnetic field, etc. 


We assume that the ensemble is in a state of statistical equi- 
librium. If the external parameters change, then, generally speak- 
ing, the distribution function of the ensemble will also change. We 
imagine that the external parameters a, a@,, ..., a, change so 
slowly that they can be assumed to be practically constant over a 
period of the order of the time it takes for the system to relax 
to the equilibrium distribution. It can then be assumed that at 
each moment of time, the system is in a state of statistical equi- 
librium. We shall call such a process of variation of the external 
parameters quasi-static. 


If the parameters d,, ..., a, are regarded as generalized co- 
ordinates, the corresponding generalized forces are 


A; = - Oa.’ (5.1) 
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For a quasi-static process, the observed value of the generalized 
forces is equal to the average value over the equilibrium statistical 
ensemble: 


(Aya = (BB) == Fite, gy He ar. (5.2) 


If, for example, the volume V of the system is chosen as one of 
the external parameters, then the corresponding generalized 
force is the pressure, 


— (th a) (p, DY (5.3) 


Below, in §5.3, we shall give the explicit form of the dynamic va- 
riable dH(p, q)/ aV. 


5.2. Thermodynamic Equalities for the Microcanonical Ensemble 


In systems describable by the microcanonical distribution 
(3.3), the pressure can be calculated by differentiating the statisti- 
cal weight (3.3a) with respect to the volume, i.e., by differentiating 
the corresponding phase integral with respect to variable limits 
of integration. For this, it is more convenient to use the §-func- 
tion form (3.4a) of the statistical weight: 


dp dq 
NI ABN” 


Q(B, N,V)= | 0H (p, 9)-£) (5.4) 


Here, we assume that H(p, q) depends on V through the potential 
U,@),.which represents the influence of the walls and incréases 
sharply toward the boundaries of the volume V, and that the limits 
of integration are infinite. Differentiating (5.4) with respect to V, 
we obtain 


dQ 0 3 aH (o, 
ov" = {4 oH@.g-Har=- [ ZoHp, g)— BE) HD ap 


or, since 8H(p, q)/ aV does not depend on E, 


0Q o OH (p, 
Ba - Zh [ou g—-H Meera. 
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Using (3.4), we can rewrite this equality in the form 


Q(E, N, V) O OH (p, ° 
OE AT) = — (QE, N, v) (=), (5.5) 


whence it follows that 


ty) _ OH (p, q) OH (p, q) 
oy InQ(E, N, Vy=— (AD) pg INQ (E, N,V)—3E (sp): 


(5.5a) 
The first term in the right-hand side of (5.5a) is finite as 
N — © (V/N =const), since the entropy S = In Q is proportional 


to the volume, while the second term falls off like 1/N and can 
therefore be omitted. Consequently, 


sr inQ(e, N, vV)=— (APD) 2 inge, N,v), — (5.5b) 


which, using (5.3), can be written in the form 


OS(E, N, V) 


po . _ 
6 = 3r InQ(E,-N, V)= a 


a 5 (5.6) 


where the quantity 


| (E, N,V 
= oy inQe, N, vy= SEV (5.6a) 


plays the role of the inverse temperature. 


From the relations (5.6) and (5.6a), we can obtain a complete 
system of thermodynamic equalities for the microcanonical en- 
semble. 


The differential of the entropy 


S(E, N, V)=InQ(E, N,V) 
is equal to 


dS = oo dE +8 =a = dV +§ ar = dN (5.7) 


or, taking (5.6) and (5.6a) into account, 


O@dS=dE+pdV—wdN (5.8) 
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where 


oN? (5,8a) 


and p. is the chemical potential. 


Consequently, 1/6 is the integrating factor for the left-hand 
side of Eq. (5.8); therefore, in agreement with macroscopic ther- 
modynamics, the quantity 6 = kT, where k is Boltzmann's constant, 
can be identified with the temperature on the absolute scale, and 
S with the entropy. Equation (5.8) has the form of the usual ther- 
modynamic identity, expressing the first and second laws 
of thermodynamics. Thus, all the thermodynamic relations 
can be derived from the microcanonical distribution. 


5.3. The Virial Theorem 


We have defined the pressure as the average value of the 
generalized force 9H(p, q)/8V, which is a dynamic variable, i.e., 
a function of the momenta and coordinates of all the particles. 
We Shall find a more explicit form of this dynamic variable. As 
before, we shall start from the microcanonical ensemble, al- 
though all the derivations can also be carried through analogously 
for any of the Gibbsian ensembles. 


We write the statistical weight (5.4) in the form 


Q(E, N, V)= i 8(H (p, q)— BE) Pe, (5.9) 


{ } 


where we assume that H(p, q) does not depend explicitly on V, 
while the term Uy(q) describing the influence of the walls is taken 
into account by restricting the range of integration in such a way 

_ that each of the q; lies in the volume V (we have indicated this by 
the symbol {...V... }). 


It is convenient to describe the variability of the volume by 
introducing the parameter A® multiplying V: 


Q(E, N,V) = ( d(H(p, gq) -—E dp dq 
: (eee AV woe) HP, 9) im pen (5.9a) 


We change the integration variables, scaling up by a factor of A: 
q=aq,  paarip’. (5.9b) 
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This is a canonical transformation that leaves the phase volume 
dpdq unchanged and makes the limits of integration independent 
of A: 


Q(E, N, 18V) = { o(H(E, )- ) ar 
(i Vewd A ‘4)— Nt Aen 


Differentiating this expression with respect to A, we obtain 


a _ bg OE Mi) - , a 
or, putting A =1, 
(Se), —_ we ay HE, ng) (5.10) 
On the other hand, 
(sr), = 57 (5.10a) 
consequently, 
(sr), ~ aay H(E, na) ; (5.11) 


Comparing (5.11) with (5.5), we find an explicit form for the dy- 
namic variable —9H(p, q)/ 8V corresponding to the pressure: 


pq) _ st 8 ofp 
—~ey. BV H(§ nq) (5.12) 
For example, if H has the form of the Hamiltonian (1.2) of a sys- 
tem of particles with pair interaction (not necessarily radially 
symmetric), we obtain directly from (5.12) 


H(p,9) 2woe, iu ; 
-— oT =a Marte »y (q:— 94) + Fis, (5.13) 
i ixi 
where 
_ _ 9% (91-4) 


Og F 
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is the force of the pair interaction between the i-th and j-th par- 
ticles. 


The formula (5.13) gives the required explicit representation 
of the dynamical variable describing the pressure. 


The average value of the dynamical variable (5.13) leads to 
an expression for the —— 


p= 3V ru -"6V =) (qi — qi): F;;), (5.14) 
ix] 


~ 


which is called the virial theorem. The quantity 


= gi 49) Fi) 


ix| 


is called the virial. 


Consequently, according to the virial theorem, the pressure is 
equal to two-thirds of the kinetic energy density plus one third of 
the virial density. This theorem remains valid if by (...) we mean 
averaging over any of the Gibbsian ensembles, and not only over 
the microcanonical ensemble. It is also valid for the case of 
quantum statistics, if by (...) we mean averaging over a quantum 
ensemble (cf. §11.3 of Chapter II). For a classical canonical en- 
semble, it is easy to calculate the average kinetic energy: 


2 
»y (Pi) _ 3N 4 (5.14a) 
and the virial theorem gives 


= TT Pigs ar »> ((9i — 9;) - Fi;). (5.14b) 


i-] 


This form of the virial theorem is valid only in classical statistics. 


The relation (5.14a) can be rewritten in the form 


(i) a 8 
om = 70= AT, (5.14c) 


i.e., in classical statistics the average kinetic energy associated 
with one degree of freedom is the same for all degrees of freedom 
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and is equal to 


For the harmonic oscillator in classical statistics, the potential 
energy is also uniformly distributed over the degrees of freedom, 
and we also have 6/2 for each degree of freedom. 


5.4. Thermodynamic Equalities for the 
Canonical Ensemble 


In the case when the ensemble is described by the canonical 
distribution (3.7), the average value of the derivative of the Hamil- 
tonian with respect to the parameter a, is equal to 


( eH qT = 


(aa) = eF | e—H/6 oa dl = — Oe” 
i i 


Oo 
Oa, 
= — gerie 9 e7-Fii — (3c) . 

Oa; 0a, o-N 


Consequently, the observed value of the average generalized force 
corresponding to change of the parameter a; in a quasi-static 
process at constant @ and N is equal to 


(A) = — (si, i (5.15) 


or, in the particular case when @; =V, 


p=- (7) (5.16) 


It is now easy to obtain all the thermodynamic relations for 
the case of a canonical ensemble. The free energy F of a system 
is a function of 9, a@,, ...,a, and N. Consequently, 


dF = (30). N a + » (ae,), N da; + (aw), A) aN, O10) 


or 


dF=— Sd0— 2 (A;) da; + waN; (5.17a) 


a 
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here we have used the relations (3.8¢) and (5.15) and have intro- 
duced the chemical potential 


= (Sr), (5.18) 


In §13, it will be proved that the » from (5.18) and from (5.8a) co- 
incide in the thermodynamic limit. 


Using (3.8c), we can write the relation (5.17) in the form 


d(H) =d(F+0S)=8dS — 2 (Ai) da; +pdN. (5.19) 
Consequently, 1/6 is the integrating factor for 


d(H) + D\(A,) da; —pdN: 


é 
therefore 6 =kT canbe identified with the temperature of the 
thermostat on the absolute scale and S with the entropy. 


Equation (5.17a) contains the complete system of thermody- 
namic relations, which can be expressed not only in terms of the 
free energy F, but also in terms of other thermodynamic poten- 
tials. 


The thermodynamic equality (5.17a) can be rewritten in the 
form 


d(F+ > (A,) a:) = d= ~Sd0+Da,d(A)+pdaNn, (5.20) 


where 


O=F+ x (A,) a; (5.21) 


is the thermodynamic potential for isobaric-isothermal systems 
(a function of the variables 6, Aj and N), which we introduced 
earlier for the particular case a; = V, (A,) =p. In this case, 


O=F + pV. (5.22) 


The thermodynamic potential @ is often called, simply, the thermo- 
dynamic potential (in a restricted meaning of the words) or the 
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Gibbs potential, and denoted by G(@, p, N). The passage from F to 
®@ is a Legendre transformation for thermodynamic functions. 


It follows from (5.20) that 4 =@/8N. On the other hand, the 
function 6 depends on only one extensive variable N, and since 
the thermodynamic limit 


. ® 
lim +> 
N-> 00 
(V¥N=sconst 


must be finite, 6 must be proportional to N and have the form 
® = N/f(6, p). Consequently, 


L= 


=| 


(5.23) 


The thermodynamic equality (5.17a) can also be written in 
the form 


d(F —pN) =dQ = — Sd0— >\(A;) da, — N dp, (5.24) 
i 


where 
Q= F—pN (5.25) 
is the thermodynamic potential in the variables 6, a;,and p.t 
The passage from F to Q is also a Legendre transformation. 
Taking (5.21) and (5.23) into account, we obtain for Q the ex- 
pression 


Q=F-O=- (Ai) ar. (5.26) 


In the particular case when there is only one external pa- 
rameter V, 


Q= — pV. (5.27) 


Consequently, after introducing quasi-static processes, we can 
obtain all the thermodynamic functions from one canonical dis- 
tribution. 


TDo not confuse (5.25) with the statistical weight (3.39a), which is denoted by the same 
symbol. 


a 
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5.5. Thermodynamic Equalities for the Grand 
Canonical Ensemble 


A similar derivation of the thermodynamic equalities can also 
be performed for other ensembles, e.g., for the grand canonical 
ensemble. In this case, 


/9H\ _ 07 —(4—unye 97 ap _. [98 
\aa,/~ ° Yie da, = (oa), * 
N 6, u 


Consequently, the average generalized force is equal to 


AQ 
A) = — (22), (5.28) 
( i) (5 ), 
or, in a particular case, 
_ AQ 
p ~~ (3 \, a (5.29) 


The thermodynamic potential Q is a function of 6, MH, aq, o:se 
Therefore, 


(Zo), +B (,), M+ (Ge), 0 


or, if we use the relations (3.33a), (3.34), and (5.28) 


dQ= — Sd6— X(Ai) da, —(N) dp. (5.31) 


Thus, we have obtained a thermodynamic relation that coin- 
cides with (5.24) if we put (N) =N. 


§6. Fluctuations 


6.1. Quasi-Thermodynamic Theory of 
Fluctuations 


The Gibbsian statistical ensembles enable us to calculate the 
fluctuations of any dynamical variable in a state of statistical 
equilibrium. We have already considered the fluctuations of cer- 
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tain quantities, e.g., the energy fluctuations (3.8d) in a canonical | 
ensemble, the fluctuations of particle number and energy (8.35) 
in a grand canonical ensemble, and the volume fluctuations (3.48) 
in an isobaric-isothermal ensemble. In all these cases, we were 
interested in fluctuations of quantities on which the distribution 
function of the ensemble depended explicitly. In a microcanonical 
ensemble, the energy and particle number are specified and, con- 
sequently, do not fluctuate, although pressure fluctuations occur 
in this ensemble. 


The calculation of fluctuations for an arbitrary dynamical 
quantity is a problem that is no less complicated than the calcula- 
tion of its average value; we must therefore set limits on the prob- 
lem. One might be interested in the probability distribution of the 
fluctuations of different quantities, with the thermodynamic func- 
tions of the system assumed known. This is the problem posed in 
the quasi-thermodynamic theory of fluctuations; we shall now give 
an account of this theory, following the work of Green and Callen 
[30]. A simplifying feature in the theory of fluctuations is their 
relative smallness. 


Let £1, £5, «+, €, be physical variables characterizing the 
system; they are not necessarily integrals of motion.f We assume, 
however, that the average values (¢, ) can characterize some 
state of incomplete statistical equilibrium. We must determine 
the thermodynamic functions of this state. 


Following Leontovich [2], we define the free energy of a non- 
equilibrium state characterized by specifying the average values 
( &,) as the free energy of the equilibrium state in the auxiliary 
fields that constrain the system to be in equilibrium at the given 
values of ( &, ) . We shall use this device repeatedly below. 


We shall consider the most complete possible equilibrium at 
given values of (£, ). This means that we must use a statistical 
ensemble in which the average values of the quantities £, 


(Ee) = | Ex f(p, gar (6.1) 


are specified, and in which the information entropy (4.5) is a maxi- 


fin [30], the quantities €), are assumed to be integrals of motion. 
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mum. For ensembles with unspecified N, (6.1) implies summation 
over N as well as integration. 


In our case, the conditions (6.1) must be added to the usual 
conditions of constancy of the average energy (4.15), constancy of 
the average particle number (4.16), and conservation of the nor- 
malization. 


Repeating the arguments of §4, we obtain 
f=Q™'exp|—B(H — uN — BD auks)t, (6.2) 


where the a, are parameters thermodynamically conjugate to (£,) 
and determined from the equations (6.1). 


The partition function Q, which can be determined from the 
normalization condition for the ‘distribution function (6.2), is a 
function of 6, M, and a, or of 9, p, and (£,) and determines 
the thermodynamic functions in a state of incomplete statistical 
equilibrium with specified (£1) as a function of 6, uw, and (&, ). 
Below we shall not indicate the possible dependence of Q on the 
volume V. 


Generally speaking the distribution function (6.2) does not 
satisfy Liouville's equation if the (é, ) are not integrals of mo- 
tion, but it turns out to be suitable for the calculation of fluc- 
tuations. 


The physical meaning of the distribution function (6.2) of sys- 
tems in incomplete statistical equilibrium is that we are regarding 
such a state as a state of statistical equilibrium, although in some 
auxiliary fields a, that constrain it to be an equilibrium state [2]. 


It is convenient to rewrite the distribution function (6.2) ina 
more symmetric form, similar to (4.14): 


j=exp| 0%... F)-— DFM, (6.3) 
=0 
where 
F=f, PA, =H, 
F | = Bh, P, = N, (6.3a) 


F , = — Bap_), Pr=En_y (k = 2, By vey n). 
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The function 


D (Fo, «.., Fx) = NQ(Fo, ..., Fa), (6.4) 


determined from the normalization condition for (6.3) 
ee = YY J exo — rare a. (6.5) 
N k 


is called the Massieu— Planck thermodynamic function. It is con- 
nected with the entropy (4.7) by the relation 


S=O+ >) F,(P,;) (6.6) 


k=0 
and makes it possible to represent all the thermodynamic relations 
in a specially symmetric form. 


For example, the average values and fluctuations of the quan- 
tities A, are 


oo 
(Pe) = — 5g;" 
(P,P, —(P) (Py = = — 11) Px) 


‘OF :0F OF 5 OF 5 
It is also easy to calculate the higher correlations in an analogous 
way [30]. 


Using the entropy (6.6), we can write the distribution function 
(6.3) in the form 


joep|-s-ra—wu}, (6.8) 
where 
f= Sy [ex Yoe%— (ey bar. (6.9) 
N R 


Differentiating (6.9) with respect to the (¥,), we obtain an- 
other form of the thermodynamic equalities 


as 
a(Pr) =F, (6.10) 
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since the terms arising from the differentiation of ¥;, with re- 
spect to the (P,), vanish. The formulas (6.7)-(6.10) serve as a 
starting point for the calculation of the probability distribution of 
fluctuations of the quantities Pr. 


6.2. The Gaussian Distribution for the Probability 
of Fluctuations 


We turn now to the calculation of the probability of a fluctua- 
tion of the quantity Y,.. In the formulas (6.3) and (6.8), the quan- 
tity PY, is a dynamic variable, i.e., a function of the momenta and 
coordinates p, q of all the particles. 


Following Einstein [31], from (6.3) we construct a macroscopic 
distribution function, assuming that the ¥, have certain fixed 
values. 


We introduce the macroscopic distribution function W: 


W dP, ... dP, =QdP, ... dP,exp| — O (Fo, bens F »)— DFP \, 


(6.11) 


which gives the probability that the parameters fo,..., 7, lie in 
the regions dfo, ..., dPx close to the values Po, ..., Pn. We now 
treat the #, not as dynamic variables, but as ordinary quantities, 
while keeping the previous notation. The quantity 2 has the mean- 


ing of the number of states in the regions dP», ..., df, close to 
Fo, ..., Pn. We must now normalize the function W not in the phase 
space, but in the space of the values Po, ..., Pai 

[Vo vevy Pn) APy «2. APn = 1, (6.12) 


The quantity Q can be estimated with the help of the entropy 
S of the microcanonical ensemble in which the parameters 
Po, ..., Pn are specified to be in the regions dP),...,dP, close 
to the values Po,..., Pn: 

=In & 
s=In gs (6.13) 

where QQ») is a normalization constant, unimportant for the present, 
which we shall determine later. 
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Taking (6.6) and (6.13) into account, we write the macroscopic 
distribution function (6.11) in the form 


W = Qo exp} s—S —~ LF (Fe—(Fa))\, (6.14) 


where §S is the entropy in the quasi-equilibrium grand canonical 
ensemble (6.3). 


We shall make a comment that is important for what follows. 
Because of the thermodynamic equivalence of the statistical en- 
sembles, the entropy in the ensemble (6.3) is the same function of 
(Po), ..., (Pn), aS the entropy in the corresponding microcanonical 
ensemble is of Yo,...,PAn,, i.e., S and s are the same functions, 
but of different variables. Therefore, s —S can be expanded in 
aseries in ?,—(P/,) and, because of the smallness of the fluc- 
tuations, we can confine ourselves to the second-order terms. 
Using (6.10), we obtain 


Il a’S 
s—S = LFA +7 Lawyawy AP; AP x, 
: k 1 


AP, = Py, —(Pr)- 


(6.15) 


Putting (6.15) into (6.14) and noting that the linear terms cancel, 
we obtain the distribution function for the fluctuations: 


1 as 
w= Aexp| >, LTH ATHY OFM | (6.16) 


[the constant A is determined from the normalization condition 
(6.12)]. Consequently, the probability of fluctuations of the quan- 
tities Y, is determined by the Gaussian distribution 
(6.16). 


We write the Gaussian distribution (6.16) in the form 


V= Acxp| ~ ae Lhasete (6.17) 
1k 
where 
as 
Mie he=— SR atHy? A AP=Pi— FP, (6 17a) 
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or, after calculation of the normalization constant A, 


- Jer exp|~ 9 2m NinXiXe | (6.18) 


where A is a determinant with elements 1 ,,, which we assume to 
be positive and nonzero, and n + 1 is the number of the variables x;. 


Using the Gaussian distribution function (6.18), we can cal- 
culate all fluctuations. We write (6.18) in the form 
W = AeW* Hors *n), (6.18) 
where 
K(X, ..-) X,) = > »» NipXiXp = > Ai xx (6.18b) 
i,k 
is a quadratic form; A is the tensor A;,, x is a vector with com- 


ponents x; and the symbol : denotes the complete contraction of 
two tensors, 


We shall calculate the average value over the Gaussian dis- 
tribution of the product of x; with X,, 


_ OK 619 
Xe 3p (6.19) 


Integrating by parts, we obtain 


ra) 
A [ eke, 2K ax Les dx,=—A| "ar eKdx, wes AXn == Oip. 
k 


Consequently, 
OR\ 
(Be) = OX) = Sip (6.20) 
or 
pa (XiXm) hink = Siz, (6 21) 


i.e., the product of the matrix (x;x;) withA,,, is equal to the 
unit matrix, 


Thus, the mean square fluctuations are determined by the 
matrix that is the reciprocal of A m: 


(xm) = (7) (6.22) 
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We shall show that A is a positive-definite matrix. We re- 
duce (6.21) to diagonal form by going over from x to x' by means 
of a canonical transformation; then 


(ei Py=a>) (6.22a) 


and, consequently, A;; > 0, as we assumed earlier. 


The formula (6.22) gives the squared fluctuations calculated 
by means of the Gaussian distribution. On the other hand, the for- 
mula (6.7) gives the exact value of the fluctuations calculated by 
means of the Gibbsian distribution (6.3): 


fom) 
(X,X~) = OF OF; (6.23) 


It is easily seen that these values coincide. Indeed, the matrices 


670. a- ars 
OF 1 0Fy 7 ~ O(Fi) 0 (Pa) 


are mutually reciprocal. Using (6.7) and (6.10), we obtain 


_VY__ao aS _ Vi OFi) OF k_ _ O(Fi) _ 
md GF OF 4 OF) (Fx) Md OF OP) (Fm) ™ (B24) 


This means that the Gaussian distribution (6.18) gives the exact 
value of the square fluctuations of the quantities x;. For fluctua- 
tions of higher order, this is no longer true, and higher terms of 
the expansion (6.15) of the entropy must be taken into account. 


We shall go no deeper into the theory of fluctuations in this 
chapter, but refer the interested reader to the literature [2, 26, 
32, 33]. We shall repeatedly return to questions concerning fluc- 
tuations, since they are intimately connected with irreversible 
processes, 


This section concludes our brief survey of the basic concepts 
of classical statistical mechanics. 


Classical statistical mechanics is applicable at sufficiently 
high temperatures, when quantum effects can be neglected. In 
other circumstances, it can lead to erroneous conclusions. For 
example, the equipartition of energy between the degrees of free- 
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x 


dom, which follows from classical statistics, is not valid at low 
temperatures. And even in the region where it is applicable classi- 
cal statistical mechanics, as we have seen in §1, borrows some of 
its postulates from quantum statistics. For example, the assump- 
tion of the existence of a minimum cell h®N in phase space, and the 
factor 1/N! that takes into account that states differing only by a 
permutation of the particles are identical, are introduced into 
classical statistics from outside. These effects are taken into 
account completely naturally in quantum statistical mechanics, 

the basic principles of which we describe in Chapter H. 


Chapter IT 


Equilibrium Statistical Thermodynamics 
of Quantum Systems 


We shall give a brief survey of the basic principles of the statis- 
tical mechanics of quantum systems for the equilibrium case, to 
the extent that this will be required for the following development 
(cf. [1-4]). 


§7. The Statistical Operator 


7.1. The Pure Ensemble 


Until now, we have considered classical statistical mechanics, 
in which the state of systems are described by a point (p, q) in the 
6N-dimensional phase space, and the evolution of the state in time 
by Hamilton's equations (1.1). The dynamic variables, e.g., the 
energy (1.2) and the total momentum, were functions of the coor- 
dinates and momenta q, p, i.e., functions of the state of the dy- 
namic system. 


Quantum statistical mechanics originates from the basic con- 
cepts of quantum mechanics, in which the situation is completely 
different. In quantum mechanics, the state of a dynamic system 
is described by a wavefunction W(x, ..., Xj, t), or, more briefly, 
W &, t), which depends onthe time and on the coordinates x, ..., Xj 
of the particles, or on another system of simultaneously mea- 
surable quantities. 


65 
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The evolution of the state in time is determined by the Schré- 
dinger equation 


in 2 = HY, (7.1) 


where H is a self-adjoint operator acting on the wave function ¥, 
and fh is Planck's constant. 


For example, for a system of N identical particles of mass m, 
with no internal degrees of freedom and interacting through a po- 
tential ¢(|x |), the Schrédinger equation has the form 

, ov hi? l 
aie x Vitg Ue), (7.2) 
I<j<n [uk 


where 


2 
Vi = 0 
I<a<3 (axf? 


is the Laplacian. 


The Schrédinger equation completely determines & at any 
time t, if ¥ is known at the initial time t =0. For example, for 
an isolated system, when H does not depend explicitly on time, 


lt 


W(t) =e" W (0) (7.3) 


is the formal solution of the Schrédinger equation. 


In quantum mechanics, the dynamic variables are not func- 
tions of the state of the dynamic system, but are linear self-ad- 
joint operators, acting in the space of the wave functions. Their 
spectra determine the possible observable values of the physical 
quantities. Therefore, specifying the state of the system, i.e., Vv, 
does not imply exact knowledge of the dynamic variables. The 
wave function & enables us to calculate only the mean value in the 
state © of any dynamic variable represented by the operator A: 


A= (Y", AY), (7.4) 


where the wave functions are normalized to unity 


Ce", W)=1, (7.5) 
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© 


and the brackets denote a scalar product of the functions in Hilbert 
space, i.e., 


(Y*, d) = [ H"(x) O(x) dz; (7.6) 
x denotes the set of coordinates x,, X), ..., Xy- 


The function & (x), generally speaking, depends also on the 
time t, i.e., we Should write (x, t), but we omit the argument t. 
If the state is also characterized by spin variables 04, ..., Oy > 
then in (7.6) in addition to the integration we must also sum over 
the spin variables. 


The formula (7.4) gives only probabilistic predictions about 
the observable values of any physical quantities. Only in the 
special case when ¥ is an eigenfunction of the operator A does 
formula (7.4) give the exact value of the quantity A in the state v. 


A state which can be described by a wave function is called a 
pure state. The corresponding statistical ensemble, i.e., a 
large number of noninteracting "copies" of the given system, each 
in the given quantum state under the condition that averages are 
calculated from formula (7.4),is calleda pure ensemble. 

A pure state is usually simply called a quantum-mechanical state. 
It corresponds to complete, maximum possible information on the 
quantum-mechanical system. The whole of quantum mechanics, 
with the exception of certain problems in the theory of measure- 
‘ment [2, 5-9], is based on the application of pure ensembles. 


The expressions for the mean values of dynamic quantities 
in a pure ensemble are conveniently represented by means of a 
projection operator. 


We write the linear operator A in the matrix x representation, 
defining it by means of matrix elements, 


AW (x) = { A(x, xX) P(e) dx’. (7.7) 
Putting (7.7) into (7.4) we obtain 
A= { A(x, x) P(x’, x) dx dx’ = Tr (AP), (7.8) 


where 
P (x, x’) = V(x) B(x’) (7.8a) 
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is called a projection operator which thus represents the 
pure ensemble. 


This name is connected with the fact that the effect of the oper- 
ator on any function ¢ projects it on to the direction of © in 
Hilbert space. In fact, 


Pq = | P(x, x) o(x/)dx’ =(¥", g) ¥ (x). (7.9) 
The functions ¥ are assumed to be normalized. 


The projection operator is Hermitian, as follows from (7.8a): 


P* (x, x.) =P I(x’, x). 
In addition, it has the property 


7’ =F, (7.10) 


which follows from (7.9). This property is obvious, since after 
one projection operation, all the subsequent projections on to the 
same direction give the same result. 


Also, 
TrP7=1, (7.11) 


always, which follows from (7.8) if we replace A by the unit oper- 
ator, or from (7.8a) using the normalization (7.5). 


We shall show that all the eigenvalues of the projection oper- 
ator are zero except one, which is equal to unity. 


The Hermitian operator # can always be brought to diagonal 
form. Then its eigenvalues will also satisfy Eq. (7.10), and, con- 
sequently, will be zero or unity. But by virtue of the normalization 
condition (7.11), the projection operator can then have only one 
eigenvalue, equal to unity. Therefore, all the eigenvalues of the 
projection operator are equal to zero, except one which is equal 
to unity. 


The condition (7.10) together with the Hermiticity condition 
can be regarded as a definition of the projection operator, and 
consequently also of a pure state. 


Knowledge of the wave function &,(x, t) enables us to calculate 
the probability of a transition from a state U,(x, t) to any state 
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W, (x, t) in time t: 
| We) =|(H0), WOE, 
which can be written using projection operators: 
Ws (t) = i P(x, x, LY Po(x', x, dx dx’ = Tr(P, (1) P(t), 
where 


P(x, 2, 0=¥ (4) (x, =], 2) 


are the projection operators corresponding to the states %, and ¥,. 


For a pure ensemble, minus the mean of the logarithm of 7 , 
which vanishes: 


—(UnFY)=— tr (Alnf)=0. 


corresponds to the information entropy (4.1). In fact, if we diag- 
onalize # , the product PnniIn Anz is zero, since Ann is either 
zero or unity, and x Inx is taken to be zero at x =0. Thus, fora 
pure ensemble, the degree of indeterminacy in the information is 
zero, i.e., it corresponds to complete, maximum possible infor- 
mation about quantum-mechanical systems. 


Quantum statistical mechanics is in some sense simpler than 
classical, since it already contains the concept of probability, but 
the quantum-mechanical pure ensemble is found to be inadequate 
in quantum statistics, since, as a rule, we do not have at our dis- 
posal complete information about the systems under study, which 
consist of a large number of particles. 


7.2. The Mixed Ensemble and the Statistical Operator 


Quantum statistical mechanics used a statistical ensemble of 
a more general type than the "pure" ensemble considered above, 
namely a mixed ensemble (or "mixture"), which is based on 
an incomplete set of data on the system (cf. [1-10]). 


We shall consider a large number of identical noninteracting 
copies of the given system; these copies can be in different quan- 
tum states. 
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In a mixed ensemble, only the probabilities w,, wo, -.. of 
finding the system in the different quantum states Wj, U,, ... are 
defined. The mean value of any physical quantity represented by 
the operator A is defined in a mixed state by the expression 


(A) = pa Ww, (Pi AY,), (7.12) 
with 


k (7.12a) 


Here, (&{ , Aw) is the quantum-mechanical mean value of the 
operator A in the state &,. The supplementary conditions (7.12a) 
mean that the total probability for all quantum states is unity, and 
that a probability cannot be a negative quantity. 


The pure ensemble is a particular case of the mixed en- 
semble, in which all the probabilities w, are zero except one which 
is unity. Then (7.12) goes over to (7.4). 


In a mixed ensemble, in contrast to the pure ensemble, the 
different quantum states do not interfere, since in the definition 
of the averages (7.12) for the mixture, the mean values and not 
the wave functions are combined. If the system were described by 
a wave function in the form of a superposition of states %,, inter- 
ference cross-terms connecting the different quantum states, of 
which there are none in (7.12), would be present in the expression 
for the averages (7.4). 


To study mixed ensembles, it is convenient to introduce the 
statistical operator proposed by Neumann [2, 3] and also, for a 
Special case, by Landau [11]. We write the linear operator A in 
the matrix x-representation (7.7). Putting (7.7) into (7.12), we 
obtain ' 


(A) = f A(x, x) p(x’, x) dxdy’, (7.13) 


or 
(4) =Tr (Ap), (7.14) 


where 


p(x, x’) = Dw, ¥, (x) Fe’) (7.15) 


§7] THE STATISTICAL OPERATOR 71 


is the statistical operator in the matrix x-representation, or den- 
sity matrix. The density matrix (7.15) depends on 2N variables 
Xj ees Ky Xt5 wees xi i.e., on the same number of variables as 

the distribution function in classical statistical mechanics, which 
depends on the 2N coordinates and momenta.qj, ..-) Qy73 Pys «+s Pye 


The statistical operator p obeys the normalization condition 
Tr p =1, (7.16) 


since 


Tr p= | p (x, xydx= Vw, (¥, Ys 
k 


and from the normalization conditions for the wave functions and 
the probabilities w, , it follows that 


(w,, W,)=1, Dw, =I. 


The normalization condition (7.16) also follows from (7.14), 
if we replace A by the unit operator. This normalization condition 
is the quantum analog of the normalization (1.5a) of the distribution 
function. 


Formula (7.14) is convenient in that the trace of a matrix is 
invariant under unitary transformations of the gperators. There- 
fore, formula (7.14) does not depend on the representation of the 
operators A and p; it is valid for any representation, and not only 
the matrix x-represention, of the operators. In practical problems, 
other more convenient representations are usually used for the 
operators, 


For example, in a discrete matrix n-representation, 
(A) = p> AmnPam 
mn 


where A,,, are the matrix elements of the operator in the n-rep- 
resentation, and p,,, is the density matrix in the n-representation. 


The density matrix (7.15) is Hermitian: 
(x, x)= (x’, x), (7.17) 


which follows directly from its definition (7.15). 
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Using the projection operator (7.8a), we can write the density 
matrix (7.15) in the form 


p= LwPv, Lwe=1, D0, (7.18) 


where /y, is the projection operator onto the state W,. 


We shall show that the density matrix is positive-definite, i.e., 
has no negative eigenvalues. This property follows from (7.18), 
since a sum of positive-definite matrices is also positive-definite, 
and the projection operator, as we saw earlier, is positive-definite. 
Incidentally, the fact that the eigenvalues of p are positive can 
easily be proved directly. 


Since p is Hermitian, we can write the condition that its eigen- 
values be positive-definite in the form 


(A) = Tr (pA’) 20, (7.19) 


where A? is an arbitrary Hermitian operator. In fact, by diag- 
onalizing p, which is possible since it is Hermitian, we can write 
(7.19) in the form 


> Onn Ank Abn = > Onn| Ank P = 0, 
nk nik 


whence it follows that p,, = 0. The property (7.19) is fulfilled for 
the density matrix (7.15), since 


(A?) = pa Wp (Aan = 2 WpArmAme = 2 Wp | Agm P= 0, (7.19a) 


and, consequently, the density matrix is positive-definite. 


It is not difficult to see that any positive-definite Hermitian 
operator satisfying the normalization condition (7.16) can be rep- 
resented in the form (7.18). For this, we must bring it to diagonal 
form, and then represent it as a sum of matrices of which all the 
diagonal elements are zero except one. The positive eigenvalues 
of the operator, whose sum is equal to unity by virtue of the nor- 
malization, will play the role of the w,, while the remaining ma- 
trices will be projection matrices. 


§8] THE QUANTUM LIOUVILLE EQUATION 73 


We shall show that all matrix elements of the statistical oper- 
ator are bounded. The trace of the square of the statistical oper- 
ator is 


Tr e? = > 1 Omn P. 
m,n 


We note that in a diagonal representation this quantity is less than 
unity, since in this case, because the eigenvalues p,, of the sta- 
tistical operator are positive, 


Brie<(Bru) =! 


Taking into account that the trace is independent of the representa- 
tion, we obtain 


Tr P= 2 lOmin P<. 


This inequality means that all the matrix elements of the statistical 
operator are bounded. 


§8. The Quantum Liouville Equation 


8.1. The Liouville Equation in the Quantum Case 


We shall consider the time evolution of the statistical opera- 
tor for an ensemble of systems with Hamiltonian H, which can de- 
pend on the time. The density matrix at time t has the form (7.15), 
but now the &, depend on time: 


p(x, x’, = p2 w, V(x, P(e, O, (8.1) 
where the w; do not depend on t, since they correspond to the dis- 


tribution of probabilities att =0. The function ¥, (x, t) are solu- 
tions of the Schrédinger equation satisfying the initial condition 


WV, (x, t) bao = WV, (x), 


where the ,, (x) are some set of wave functions defining the sta- 
tistical operator at t = 0: 


o(x, x’) = x w 0, (x) Yr’). 
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Because of this initial condition, the nonstationary solutions of the. 
Schrédinger equation depend on the quantum number k. 


If a fraction w;, of the dynamic systems were in the state 
& 1, (x, 0) at the initial moment of time, then at time t there will be 
the same fraction of systems in the state (x, t). 


The change of the state ¥,,(x, t) in time is determined by the 
Schrodinger equation (7.1) 


in SFO _ HW, (x, 2), (8.2) 


which, using (7.7), we can write in the matrix form 


OW pg (x, t , 4 ’ 
OF | (x, x) Wee dy (8.3) 


th 
Consequently, the density matrix (8.1) satisfies the equation 
+. O ’ , uw “u * 
in WD LV (H(z, x) Fy (2%, OVE, 

k 

_ w, Y, (x, t) V, (x”, t) A (x”, x’)) dx” = 


= [Hos 2) ol", x, oe x" DH(x", x))dx", (8.4) 


where we have used the Hermiticity property of the Hamiltonian 
H" (x, x’) = H (x’, x). (8.5) 


Thus, we have obtained the equation of motion of the density 
matrix — a quantum Liouville equation — in the matrix form (8.4). 
This can be written conveniently in the operator form 


. 
in-3r = LH, ol, (8.6) 
where 
I 1 
oy LH, p] = = (He — eH) (8.7) 


is the quantum Poisson bracket. 


The quantum Liouville equation (8.6) is analogous to the classi- 
cal Liouville equation (2.11) for the distribution function f(p, q, t). 
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In place of the classical Poisson bracket (2.10), it contains the 
quantum Poisson bracket (8.7). There is, however, an essential 
difference. The density matrix p(x, x', t) is a complex function 
of the set of coordinates xj, ..., X) and Xj, ..., Xy of the particles, 
while f(p, q, t) is a real function of the set of coordinates and 
momenta. As shown by Wigner [12], there exists a closer an- 
alogy between the density matrix p(x, p, t) in the mixed coor- 
dinate-momentum representation and the classical distribution 
function (cf. §14). 


In the case of statistical equilibrium, p and H do not depend 
explicitly on time, and the quantum Liouville equation has the form 


[H, oe] =9, (8.8) 


i.e., in this case, the statistical operator p commutes with the 
Hamiltonian and, consequently, is anintegral of motion. In classi- 
cal statistical mechanics, the equilibrium distribution function, 

as we saw in §2, is also an integral of motion, as can be seen from 
(2.13). a 


The commutativity of the operators p and H and their Her- 
miticity show that they have a common set of eigenfunctions. 
Therefore, in the case of statistical equilibrium, the density ma- 
‘trix can be represented in the form 


p(x, x’) = x w, F(x) YE) (8.9) 
where the &;, (x) are the eigenfunctions of the Hamiltonian 


HW, = E,¥;. (8.10) 


In quantum mechanics, not all the eigenfunctions are per- 
missible wave functions of the system, but only those which satisfy 
the necessary symmetry properties. 


For a system of particles with zero or integral spin (in mul- 
tiples of fi), only the wave functions that are symmetric with re- 
spect to simultaneous interchange of the coordinates and spins of 
the particles are permissible. In this case, we say that the par- 
ticles obey Bose statistics. 


For a system of particles with half-integral spin (in units fi), 
only wave functions that are antisymmetric with respect to inter- 
change of the coordinates and spins are permissible. In this case, 
we Say that the particles obey Fermi statistics. 
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In the expression (8.9) for the density matrix, the summation . 
is assumed to be only over the permissible, and not over all, quan- 
tum states of the system. 


The Liouville equation (8.6) enables us to find the statistical 
operator for any moment of time, if it is known at the initial mo- 
ment. 


Let the statistical operator p(0) att =0 be given. Then at 
time t, the statistical operator has the form 


0 (t) = e~ttihy (0) etHt/a (8.11) 


if the Hamiltonian H does not depend on t. In fact, differentiating 
(8.11) with respect to time, we see that p (t) satisfies the Liouville 
equation (8.6). In addition, p (t) satisfies the initial condition 

p (2) 5 = 0 (0). (8.11a) 


The expression (8.11) is a formal solution of the Liouville equa- 
tion (8.6). It is analogous to the expression (2.17) in classical sta- 
tistical mechanics. We shall use this formal device for integrating 
the Liouville equation frequently later. 


If the Hamiltonian H, depends explicitly on time, the Liouville 
equation can be formally integrated with the help of the evolu- 
tion operator U(t, 0), a unitary operator satisfying the equa- 
tion . 


ou 


ih MO) HU (t, 0), where U* (#), t) = U-" (ty, to), (8.12) 


and the initial condition 
U (0, 0)=1. (8.12a) 
The statistical operator at time t has the form . 
e(t)=U (é, 0)9 (0) U~' (, 0). (8.13) 


In fact, p (t) satisfies the Liouville equation 


Oo (t 1 
20) TH, 9 (t) (8.14) 


and the initial condition (8.11a). 
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8.2. The Schrédinger and Heisenberg Pictures 
for Statistical Operators 


Until now, we have used a representation in which the statis- 
tical operator p depends on time, while the dynamic variables do 
not depend on time (through the coordinates and momenta); they 
can depend on time only through external fields. This corresponds 
to the Schrédinger picture in quantum mechanics. 


It is sometimes more convenient to use the Heisenberg pic- 
ture, in which p does not depend on time, but the dynamic vari- 
ables depend on time through the coordinates and momenta, in 
addition to the possible dependence on time as a parameter through 
external fields. 


The mean value of any dynamic variable is equal to 
(A) = Trip (t) A). (8.15) 


Substituting p (t) into this from (8.11) [or (8.13)] and using the cy- 
clic invariance of the trace, we obtain 


(A) = Tr(e (0) A(f)), (8.16) 
where 

A(t) = eiltt/h Ae -iktlt (8.17) 
or 
; A(t) =U~'(t, 0) AU (t, 0) (8.174) 


is thé operator Ain the Heisenberg picture; U(t, 0) is 
the evolution operator (8.12). The formula (8.15) corresponds to 
the Schrédinger picture, and (8.17) and (8.17a) to the 
Heisenberg picture for the operator A. 


We shall obtain expressions for the time derivative of a dy- 
namic variable in the Heisenberg picture in the general case. 


Differentiating the identity (8.15) with respect to time, we find 
dip av dp aA 
a7 “A= Tr (A+ 4). 


Substituting 9p /dt from Liouville's equation (8.6) into this, we 
obtain 


(aya tr {(S444 14, m)p} 
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or 
4 (Ay= tr (449) = (4), (8.18) 


where 
da _ 0A 
dt ot 
is the time derivative of the dynamic variable A. This same rela- 
tion can be obtained by differentiating (8.17) and (8.17a) with re- 
spect to time. The formulas (8.18) and (8.19) are analogous to the 
formulas (2.19a) and (2.18) of classical statistical mechanics. 


+4 1A, H] (8.19) 


If the dynamic variable A does not depend explicitly on time, 
its derivative is equal to 


<= IA, Al. (8.20) 


Below, we shall make wide use of the equations of motion for 
dynamic variables. 


8.3. The Entropy Operator 


In quantum statistical mechanics we can introduce an entropy 
operator 


analogous to minus the logarithm of the distribution function in 
classical statistical mechanics, (2.22). 


As we saw earlier, the statistical operator p is Hermitian 
and positive-definite. Consequently, its logarithm is Hermitian, 
and the entropy operator 7 is positive-definite. In fact, if w,, 
Wo, --- are the eigenvalues of the operator p, withO = w, =1, 
then —In w,, —In wy, ... are the eigenvalues of 7 , since the eigen- 
values of a function of an operator are equal to the same function 
of the eigenvalues. 


It follows from the inequality w, = 1 that —In w,; = 0, i.e., 
that the eigenvalues of 7 are positive, but not necessarily bounded, 
although 2) w,!nw, is always bounded. 


The entropy operator 7 has the property of additivity, i.e., 
if the operator p is a direct product f of operators p, and p, 


0 =P; Po, (8.22) 


The direct product A(X) B of a matrix A =[@j,] and B-= [bj',"] is the matrix A®B = 
[cjg] where cjg = ajybitk' (j = ii' and Z = kk’), 
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which denotes the direct product of the corresponding matrices, 
then 


n= mF Me (8.23) 
where 7 =—Inp,7,=—In p,, and 7, =—In py. 
The entropy operator 7, like p, satisfies Liouville's equation 
inS0 =[H, n), (8.24) 
as can easily be seen directly. For example, if p satisfies Eq. 
(8.6), then p2 satisfies the same equation 
th = op =[H, pp], (8.25) 


since the Poisson bracket has the property 


[H, pp] = LH, p]o +e LH, 0). 


Equation (8.24) sometimes turns out to be very convenient, since 
H and7 are Hermitian additive operators. 


8.4. Entropy’ 


Minus the mean of the logarithm of the statistical operator, 
i.e., the mean value of the entropy operator, is called the Gibbs 
entropy, 


S = (n) = — (Ino) = — Tr (p Ing). (8.26) 


This definition corresponds tothe Gibbs definition (2.24) of 
the entropy in classical statistical mechanics, and is its quantum 
generalization. 


From the properties of the statistical operator considered 
in §7.2, it follows that the entropy (8.26) is a positive-definite 
quantity. In fact, in a diagonal representation, it has the form 


S=— D Pan in Onn = 0, (8.27) 
since, according to (7.19), the eigenvalues of the statistical oper- 
ator cannot be negative, p,, = 0. 


Only in the particular case when the statistical operator de- 
scribes a pure state do we have S =0. 


The entropy (8.26) possesses the property of additivity. If p 
describes statistically independent ensembles, and is the direct 
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product (8.22) of p, and p», then 
S = S, + S), (8.28) 
where 


S=—(np), S;=— (np), S,=— (np). 


The entropy defined by means of formula (8.26) for an isolated 
system does not depend on time. 


In fact, the statistical operator at time t is connected with its 
value at t = 0 by the unitary transformation (8.13): 


p(t) =U (t, 0)p(0)U~'¢t, 0). (8.29) 


For example, U (t, 0)=e7##'/*, if the Hamiltonian does not depend 
on time. 


Then we have 
S(t)= — Tr{U (£, 0) (0)U~'(t, 0) In(U (¢, 0) p (0) U~' (, 0))} 
=— Tr{U (¢, 0)p (0) U~'(t, 0) U (é, 0) In(e(0)) U-' (¢, 9}, 
since 
In(U (#, 0) (0) U~'(, 0)) = U (#, 0)In(p (0)) U~ |, 0), 


which is true in generalfor any function of the operator and can 
be proved by expanding ina Taylor serie, Taking into account that 


U (t, 0)U~'(t, 0) =1 


and that operators in the trace gan be cyclically permuted, we 
obtain 


S(t)= — Tr {p (0)Inp (0)}= S (0). (8.30) 


On the other hand, it is well known from thermodynamics that 
the entropy of an isolated system can increase. Therefore, for 
nonequilibrium processes it is sometimes suggested [14] that the 
entropy to be associated with the thermodynamic entropy is not 
(8.26), but the entropy calculated with the help of the "coarsened" 
statistical operator p, averaged over a small region AT of quan- 
tum-mechanical states, the coarse-grained statistical operator 


- 1 
°= Ar Trap (8.31) 
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The coarse-graining operation (8.31) for the statistical operator 
is analogous to the coarse-graining operation (2.30) for the dis- 
tribution function in classical statistical mechanics. For the 
coarse-grained statistical operator (8.31), the entropy 


S;= — Tr (6 (#) Ing (4)) (8.32) 


can now increase. 


Let the state at t = 0 be described by the coarse-grained sta- 
tistical operator 


p (0) = 6 (0). 
The corresponding entropy is 
Sy=— Tr(6(0)In6 (0)). (8.33) 


At time t, the entropy calculated using the coarsened statistical 
operator is given by (8.32), so that 


S,—S=— tr GING) + TH(H (0)1n 5 (0)) 

=— Tr(o()Inp (t)) + Tr (0(#) Inp (#)) (8.34) 
[cf. (2.31a)], since, according to Liouville's theorem, 

Tr(p (4) Inp(#)) = Tr(p (0) Inp(0)). 


For any two statistical: operators, the inequality 


Tr (ep Inp) > Tr (pInp,), (8.35) 
holds, the equality sign being attained only when p =p,. The in- 
equality (8.35) follows from the obvious inequality 

1 
Inx2>1l-—, x«>0, (8.36) 


where the equality sign holds only when x = 1. 
Putting x = ppj! into (8.36) (p and p, are positive-definite 
operators) and averaging the inequality over p, we obtain 
Tr{e In (per ')} > Tr {e(1 —p,e~')} =9, (8.37) 


since both operators are normalized and the operators in the trace 
can be permuted cyclically. The inequality (8.37) coincides with 
(8.35), as we wished to prove. 
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If we put p = p(t) and p, =p (t), it follows from (8.34) and 
(8.35) that 


S; = Sp. 


We assume that p (t) does not describe a state of statistical 
equilibrium; then, generally speaking, 


0 (t) # (Zt) (8.38) 
and 


Si >So; (8.39) 
i.e., the entropy S, can increase. 


The above comments on the coarsening of the statistical 
operator do not solve the problem of defining the entropy of a non- 
equilibrium state. The concept of the entropy of a nonequilibrium 
state will be examined in Chapter IV. 


§9. Gibbsian Statistical Ensembles 
in the Quantum Case 


The basic ideas, expounded in §3, of the theory of Gibbsian 
statistical ensembles can be carried over directly to quantum 
statistical mechanics [1-3]. 


In a state of statistical equilibrium, the statistical operator 
can depend only on the additive integrals of motion of the quantum 
Liouville equation (8.6). Three such integrals of motion are known: 
the total energy, represented by the Hamiltonian operator H (in- 
dependent of time), the total momentum P, and the total angular 
momentum M, All these quantities are dynamic variables in the 
quantum-mechanical sense, i.e., Hermitian operators acting in 
the wave function space. 


Consequently, in accordance with the basic idea of the Gibb- 
Sian ensembles, p is a function H, P, and M: 
p= (H, P, M). (9.1) 


If the number of particles N in the ensemble is not specified, it 
must be treated as the fourth integral of motion: 


[N, H] =0, 
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where N is an operator taking the integral positive values 0, 1, 
2, ee.» Then 


e=o(H, N, P, M). (9.2) 


If we consider systems in a motionless vessel, then P = 
M = 0, and it is not necessary to take account of these integrals 
of motion. Consequently, for systems with a specified number 
of particles, 


p=o(H), (9.3) 
and for systems with an unspecified number of particles, 
e=e(H, N). (9.4) 


In addition, the statistical operator can depend parametrically 
on the quantities which are specified for the systems in the ensemble, 
e.g, on the volume V and the particle number N, in the case (9.3), 
or in the case (9.4), on V. 


9.1. The Microcanonical Distribution 


In quantum statistical mechanics, the microcanonical distribu- 
tion can be introduced exactly as in classical statistical mechanics 
(cf. 3.1). For this, we shall consider an ensemble of closed, en- 
ergetically isolated systems with constant volume V and total par- 
ticle number N, each having the same energy E to within AE « E. 
We assume that for such systems all the quantum-mechanical 
states in the layer E, E+AE are equally probable. Such a dis- 
tribution, when 


Q-'(E,N,V) fa E<E,<E+AE, 
0 outside this layer, 


o(E)=| (9.5) 


is calleda microcanonical distribution, and the corre- 
sponding ensemble is called the microcanonical ensemble 
of quantum statistics. 


The microcanonical distribution (9.5) is the quantum general- 
ization of the distribution (3.3) of classical statistical mechanics. 
The difference lies in the fact that the statistical weight Q(E, N,V) 
is no longer simply equal to the phase volume (3.3a), but is the 
number of quantum-mechanical states in the layer E, E+AE for 
a system with particle number N and volume V. This follows from 
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the fact that the probability w(E,,) must be normalized to unity: 
> w (E,)=1. (9.6) 
Rk 


As in Chapter I, we assume the quantity AE to be a small, 
but finite, quantity, since in quantum mechanics fixing the energy 
exactly would require an infinite observation time, in accordance 
with the energy ~time uncertainty relation. AE can be chosen, 
for example, to be the average magnitude of the energy fluctuations 
of the system. 


A theoretical treatment of an ensemble of completely isolated 
systems, an idealized limiting case, can be given. This model is 
convenient in that all the discussion given in §8.1 and at the be- 
ginning of this section on the properties of isolated systems is 
exactly applicable to it. For completely isolated systems, Q(E, N; V) 
is equal to the multiplicity of the level of energy E in a system 
with particle number N and volume V. If N is large, the number 
Q(E, N, V) is very great. 


The statistical operator (8.9) corresponds to the micro- 
canonical distribution (9.5). In matrix form, it is 


e(x,x)=Q'(E, N,V) DB We (x) WE (%’), (9.7) 


1<k<Q 


where x is the set of coordinates (and spins) of the N particles, 
and Wj, ..., W are the eigenfunctions of the Hamiltonian operator 
H, corresponding to the energy E. The statistical operator (9.7) 
can be written in operator form: 


p=Q7'(E, N,V) A(H — E), (9.7a) 


where H is the Hamiltonian of the system, and A(x) is a function 
differing from zero only in the thin energy layer 0 =x <AE, 
where it is equal to unity, and is zero outside this layer. 


From the quantum Liouville theorem (8.6), it follows that 
the microcanonical distribution is stationary. It must, however, be 
emphasized that the assumption of equal probability of quantum 
states with the same energy for a closed isolated system, though 
by no means self-evident, is the simplest assumption. The prob- 
lem of justifying this hypothesis is known as the quantum-mechani- 
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cal ergodic problem. We shall not discuss these questions here, 
but refer the reader to the literature [13, 14]. 


An extremal property of the microcanonical distribution can 
serve as an argument inits favor. Of all the distributions in the 
same energy layer, the microcanonical distribution is the one 
corresponding to the maximum entropy (cf. §10.1). The extremal 
property of the microcanonical distribution in classical statisti- 
cal mechanics has already been discussed in 84. 


We shall calculate the entropy for the microcanonical dis- 
tribution. In a diagonal representation, 


S = (y) = — Tr (oInop) = — Dw, Wp (9.8) 


or, Since all the w;, in the layer E, E + AE are the same and equal 
to Q71(E, N, V), we obtain 


S=inQ(E, N,V), (9.9) 


i.e., the entropy for the microcanonical ensemble is equal to the 
logarithm of the statistical weight. Formula (9.9) corresponds to 
the Planck definition of entropy, which is valid, generally speaking, 
for the equilibrium state and the microcanonical ensemble. 


The microcanonical distribution is inconvenient for practical 
application, since to calculate the statistical weight it is necessary 
to investigate the distribution of eigenvalues ofthe Hamiltonian H, 
and this is a very complicated problem. Rather than consider 
energetically isolated systems, it is more convenient to consider 
systems in thermal contact with the surroundings. 


9.2. The Canonical Distribution 


We shall consider quantum-mechanical systems with constant 
particle number and constant volume in contact with a thermostat. 
The thermostat is assumed to be so large that its state is prac- 
tically unchanged by exchange of energy with the systems of the 
ensemble. A statistical ensemble of quantum-mechanical systems 
with specified particle number N and constant volume V in con- 
tact with a thermostat is called a canonical ensemble in 
quantum statistics. Such an ensemble is described by the canoni- 
cal distribution 


w (E,) =Q”'(8, V, N)exp(— E,/6), (9.10) 
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where 6 is the modulus of the canonical distribution, playing the 
role of the temperature, and Q(6, V, N) is the statistical sum 
(partition function), determined from the normalization condition 
(7.12a): 


Q (8, V, N)= pa exp (— E,/6). (9.11) 


In the partition function (9.11), the summation is performed over 

all the quantum-mechanical states permitted by symmetry; states 
belonging to a degenerate level. are assumed to be different. For 
the justification of the canonical distribution in the quantum case, 
see §9.3. 


The logarithm of the partition function (9.11) determines the 
free energy 


F(6, V, N)=— 91nQ(0, V, N) (9.12) 
as a function of the parameters 9, V, and N. 


The canonical distribution (9.10) is much more convenient 
than the microcanonical one, since the sums (9.11) over the eigen- 
values can sometimes be calculated without knowledge of the 
eigenvalues themselves. In calculating the partition function, we 
need only take into account: the supplementary condition that the 
particle number be constant, and not, as in the calculation of the 
statistical weight in the microcanonical distribution, the condition 
that the particle number and energy be constant; it is therefore 
much simpler to work with the canonical, rather than the micro- 
canonical distribution. 


The density matrix 
p(x, x’)=Q7' (6, V, My De FH W, (x) WE (x), (9.13) 
k 


where x is the set of coordinates (and, possibly, spins) Xj, ..., Xj 
of the particles and the & ,,(x) are the eigenfunctions of the Hamil- 
tonian H, corresponds to the canonical distribution (9.10). 


We shall introduce the operator exp(-H / @), stipulating that it 
acts not in the whole wave function space, but only in the space of 
the wave functions permitted by symmetry. Then (9.13) and (9.11) 
can be rewritten in a more compact operator form: 


0=Q71(0,V, Nye te a FP, (9.14) 


Q(0,V, Ny=Tre = Y f Fae 2? We (x) dee. (9.15) 
Rk 
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The expression (9.15) for the partition function is very convenient 
since, because of the invariance of the trace with respect to the 
representation of the matrices, it does not depend on the choice 
of the functions ¥ , (x), which may even be noneigenfunctions of H. 


Until now, we have assumed that the system is not moving as 
a whole and has a single additive integral, the energy H. In the 
case when there exist integrals of motion Y,, ..., Ps, in addition 
to the total energy H, the statistical operator has the form 


p= O10, Fry nny Kewl — 5 ~ p> at (9.16) 


l1<ck<s 


where ¥\, ..., ¥s are new thermodynamic parameters, deter- 
mined from the conditions 


(Pn) = Tr (pF). (9.16a) 


9.3. Gibb's Theorem on the Canonical Distribution 


In quantum, as in classical statistical mechanics, the postulates 
on the microcanonical distribution (9.5) and on the canonical dis- 
tribution (9.10) are not independent. Here also, there is a Gibbs 
theorem on the canonical distribution, according to which a small 
part of a microcanonical ensemble of quantum systems is dis- 
tributed canonically. The proof of this theorem is very similar 
to the corresponding proof of the Gibbs theorem in the classical 
case, given in §3.3. 


We shall treat the combination of the given system and the 
thermostat as a single energetically isolated closed system with 
Hamiltonian 


H =H, + fa, (9.17) 


where H, is the Hamiltonian of the given system, and H, is the 
Hamiltonian of the thermostat, which is assumed to be consider- 
ably larger than the given system, i.e., to have a much larger 
number of degrees of freedom. We assume the interaction between 
the system and the thermostat to be very small, but nonzero, since 
it must maintain a constant energy for the combined system. In 
fact, the thermal contact with the thermostat is effected through 
the walls of the vessel and is therefore a small surface effect. 


The wave function of the Hamiltonian (9.17) of the combined 
system can be decomposed into a product of the wave functions of 
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the thermostat (system 2) and of the system 1 under consideration: 


Win (x, y) = Vp (x) ¥; (y), (9.18) 


where ¥ ,,(x) are the eigenfunctions of H,, and ¥;(y) are the eigen- 
functions of H,; x andy are respectively the sets of coordinates 
of the system under consideration and of the thermostat. 


The energy levels of the combined system are equal to the 
sum of the levels of the systems 1 and 2: 


Ein, = E, + Ey, (9.18a) 


where E;, are the energy levels of system 1, and E; are the energy 
levels of the thermostat. 


In accordance with (7.15), the density matrix of the combined 
system has the form 


o(xy, x’y’) = pa Dip Vig (X y) Vi, (Xs y’)s (9.19) 


where w;, is given by the expression (9.5). 


‘We shall obtain the density matrix of system 1 by calculating 
the trace of the total statistical operator over the coordinates of 
the thermostat: 


7 ff Y * 7 
p(x, x)= Tryp (xy, x’y')= YW [ Yig (, 9) Vig (2 9) ay, 
i,k 


whence, using (9.18) and assuming the eigenfunctions to be nor- 


malized, we obtain . 


p (x, x’) = x w, V(x) ¥, (x), (9.20) 
where 
Wp = > Wipe (9.20a) 
é 
Consequently, in order to find the probability distribution of 


the states in system 1, we must sum the probability distribution 
in the combined system over all the states of the thermostat: 


w= YY whth-ge Yh (9.21) 


i i 
(£;+£,=£) (E;,~E—Ep) 
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[We omit the arguments N and V of Q(E) for brevity.] We can 
write this expression for the probability distribution of states in 
the given system in the form 


w (E,) = See ctatee (9.21a) 


where 2,.(E — E,) is the number of quantum states of the thermo- 
stat corresponding to the level E — E,, and Q(E) is the number of 
states of the combined system corresponding to the level E. For- 
mula (9.21a) is the quantum analog of formula (3.13). 


To calculate w(E,), we must obtain an asymptotic estimate 
for the ratio of the statistical weights of the thermostat and of 
the combined system by assuming that the thermostat is very 
large, as was done in the case of classical statistics for the ratio 
(3.13). 


First, we shall give a simple, though not rigorous, derivation 
of the canonical distribution. 


Introducing the entropy S,(E) of the thermostat and the en- 
tropy S(E) of the combined system using the relation (9.9), we 
write (9.21a) in the form 


w (E,) = exp {S)(E — E,) — S (B)}. (9.22) 


Taking into account that the system 1 is small compared with the 
thermostat, i.e., E, <« E, we expand S,(E — E,) ina series in E, 
and confine ourselves to two terms: 


2S, 


S,(E— Ey) & S,(E)- 2 


Ep. 


Taking this expansion into account, we rewrite (9.22) in the form 


Ep 


w(E,)=Q" exp(— 3). (9.23) 
where Q is the partition function (9.11), and 


1 AS,(E) _ a lnQ (E) 
= of > OF (9.23a) 


is the inverse temperature. Thus, a small part of a microcanoni- 
cal ensemble is distributed canonically. 
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We shall now give a more rigorous proof of the Gibbs theorem, 
analogous to the proof by Krutkov given in §3.3. 


We calculate the number of eigenfunctions of the whole system 
with energy E. Each eigenfunction of system 1 with energy E, can 
be combined with any of the eigenfunctions of system 2 (the ther- 
mostat) with energy E — Ej. Q,(E,) eigenfunctions of system 1 cor- 
respond to the level of energy E;. Q,(E — E,) eigenfunctions of 
system 2 correspond to the level of energy E— E;. Consequently, 
the total number Q(E) of eigenfunctions of the system, corre- 
Sponding to energy E, is 


Q(E)= 2X 2, (E:) (EE). (9.24) 


The relation (9.24) can be regarded as an equation for Q,, if Q and 
Q, are assumed known. This equation is the quantum analog of 
the integral equation (3.19). 


Multiplying (9.24) by exp(-A E) and summing over all E, we 
obtain 


> eMQ(E)= S eH DD 
<E:< 


0S E<% 0S E<o 0 


Q» (Ey) Q, (E — AN 


E 


Changing the order of summation in the right-hand side of the 
equation, we have 


>» e™MQeey= » > e-*£Q, (Ey) Q; (E— E)). 


‘OS E< oo OS E2:< 0 ErxQE <oo 
Making a change of variables E, = E- E,, we obtain 
a 


Q (A) = Q: (A) Qs (A), (9.25) 


where 


Qay= DY e™MQ(E), QaQd)= e*FQ(E) (9.26) 


OSE < 00 OS E<00 


(a =1, 2). 


A 


To estimate the statistical weight, it is necessary to invert 
Eqs. (9.26). 


We shall show that for a discrete spectrum, the number of 
eigenvalues with energy in the interval from 0 to E is equal to 


atioo 
1 


Te =7 | v#omF, (9.27) 


a—jo 
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where a is a positive constant, and 
Qa)= By e#Q(E)= Yee, (9.28) 
0<E<o k - 


Formula (9.27) expresses a theorem on the inversion of the par- 
tition function. 


Putting (9.28) into (9.27), we obtain 
P(é)= x F (E— Ey), (9.29) 


where ¥ (x) is the discontinuous function: 


at+ioco Ax 0 for x < 0, 
F (x)= ai 5 dN=) '/2 for x=0, (9.29a) 
a—ico l for x>0. 


Thus, '(E) gives with very good accuracy the total number of 
eigenvalues less than E, since for the zero of energy we can al- 
ways choose the lowest eigenvalue. In applying (9.29) to calculate 
the number of eigenvalues, we can certainly neglect the error in-- 
troduced by the value of ¥ (x) at x =0, since the number of eigen- 
values is very great. 


The number of eigenvalues in the energy interval (E, E + AE) 
is, clearly, 


Q(£) =f (E+ AE)—T(£), (9.30) 
and, consequently, using the expression (9.27) for T'(E), we obtain 


atic 


Q(£) = — {eh (E+ AE) — eE} Q (A) 


a-{co 


dv 
>. (9.31) 


Formula (9.31) gives the required inversion of the sum (9.28). 


Using (9.31), we obtain the inversions of the sums (9.26): 


a+ foo 


1 eh AE _ | 
Q(e)=g, | #2 —eayan, 
a—tfoco 
I atico LAE ; ou (9.32) 
é _— 
Q3(£) = a5 eh ——___— Q1 (A) di. 
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In accordance with the basic idea of the Gibbsian ensembles, 
we how assume that system 2 (the thermostat) consists of n- 1 
identical weakly interacting parts, each of which is identical with 
system 1. The combined system consists of n such systems, n 
being assumed to be very large; in the limit, n — 0. We recall 
that system 1 consists, in turn, of a large number of particles. 


It follows from (9.25) that Q(A) can be factorized into a prod= 
uct of n equal factors Q,(A): 


~ 


Q (A) = [2 (A)]”, (9.33) 
and analogously for the thermostat: 
Qe (a) = [Q, (a)]"™- (9.33a) 


Therefore, the expressions (9.32) for the statistical weight take 
the form 


a+ioco 


, 1 eX AE _ | n 
o(eyas [ etait, 
a—joo 


TC | (9.34) 
Q(B) f &@ F119, aah! da. 


a—ioo 


We shall estimate these expressions asymptotically as n —~ o 
by the method of steepest descents. It is convenient to write the 
first integral in (9.34) in the form 


a 
a+fo 
1 ny (A) ef AE_y 7 
Q(E)=z | emda, . (9.35) 
where 
x (A) = A= + In Q, (A). (9.35a) 


Repeating the same arguments as were used inthe classical 
case [cf. (3.25)], we find asymptotic estimates for the statistical 
weights: 


= ME n 
Q (E) hy V ny” Aa) eME1Q,(A,)]", 

ee eed no1 (9.36) 
Q, (E) = hy Vintn— |) x" Oa) emEIQ al, 
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where the parameter A, is determined from the condition (3.26) 
for the existence of a saddle point. 


Substituting the resulting estimates (9.36) into (9.21a), we see 
that the expression for w(E,) does not depend on the quantity AE 
and has the form 


w(E,)=Q7'(0, V, Nye Fel, (9.37) 


where 
g-t 
=~ (9.374) 


is the temperature, and 


Q (6, V, N)= de Q,(E) = De Fe® (9.37b) 


k 


is the partition function. 


Thus, if the combined system is distributed microcanonically 
then a small subsystem of it is distributed in accordance with the 
canonical distribution. 


9.4. The Grand Canonical Distribution 


We shall consider quantum-mechanical systems with constant 
volume, in contact with a thermostat which also serves as a re- 
servoir of particles. The thermostat is assumed to be so large 
that its state is practically unchanged by exchange of energy and 
particles with the systems of the ensemble. A statistical en- 
semble of quantum-mechanical systems with given volume V in 
contact with a thermostat and a particle reservoir is called the 
grand canonical ensemble in quantum statistics. Such 
an ensemble is described by the grand canonical dis- 
tribution 


wy (Ex) =Q”' (8, p, V) exp(— aoe), (9.38) 


where 6 is the absolute temperature, and Q(@, L', V) is the par- 
tition function for the grand ensemble, determined from the nor- 
malization condition 


D wy(E,)=1 (9.38a) 
Rk, N 
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and equal to 
‘ _ 
Q(6, u, V) = Yexp(- #5"), (9.39) 
NLR 


Here, we assume throughout that E,, depends on N, i.e., E, = Ex n> 
although we do not indicate this explicitly. For the justification of 
the grand canonical distribution see §9.5. 


In the partition function (9.39), the summation is performed 
over all the accessible quantum-mechanical states and over all 
positive integer values of N= 0. We have denoted the partition 
functions of the grand ensemble (9.39) and of the canonical en- 
semble (9.11) by the same letter Q, but we indicate the difference 
between them by the variables on which they depend.t 


The logarithm of the partition function (9.39) determines the 
thermodynamic potential Q(6, uw, V): 


Q(0, wn, V)= — 01nQ(6, p, V). (9.40) 


Corresponding to the grand canonical distribution (9.38), we 
have the density matrix 


p(x, x)= dew (A=AET EE) Fe), (9.41) 


where x is the aggregate of the coordinates and spins of the par- 
ticles, and &;,(x) are eigenfunctions of the Hamiltonian H and of 
the operator N, i.e., ¥ (x) =%, y (x). Since the operator H com- 
mutes with the operator for the total particle number N, the func- 
tions ¥,,(x) can be simultaneously eigenfunctions of the operator 
N also. 


We introduce the operator e-(#-4)" acting in the space of the 
permissible wave functions of the system; here we are regarding 
N as an operator, although we are retaining the previous notation 
for it. Then the formulas (9.41) and (9.39) can be written in a 
more compact operator form: 


p= et HF ENO (9.42) 


oF ary gH BNO »> | Wy (x) eo FMW, (x)dx, (9.424) 
kN 


fT The partition function of the grand ensemble is sometimes denoted by (0, yp, V). 
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where %;,(x) is an arbitrary complete set of the functions permitted 
by the symmetry of antisymmetry requirements, but not neces- 
sarily satisfying the Schrodinger equation. Formula (9.42a) is 
convenient because of the invariance of the trace with respect to 
the representation of the operators. 


Until now, we have considered systems consisting of only one 
sort of particle. It is easy to generalize the grand canonical dis- 
tribution to systems consisting of several sorts of particles. We 
may imagine that the system is in thermal and material contact 
with s large reservoirs of particles and energy, with semiper- 
meable partitions allowing only one sort of molecule to pass. The 
statistical operator of such an ensemble will have the form: 


Q+ DS peWa-H 


0 =exp | SS ; (9.43) 


where #, is the chemical potential for particles of type a. 


9.5. Gibbs' Theorem on the Grand Canonical 
Distribution 


For an ensemble of quantum-mechanical systems with vari- 
able particle number, a Gibbs theorem analogous to the correspond- 
ing theorem in classical statistics holds: a small part of a micro- 
canonical ensemble of quantum-mechanical systems with many 
degrees of freedom, if the number of particles in it is not constant, 
is distributed in accordance with the grand canonical. ensemble 
(9.38). 


We shall give a proof of this theorem. 


Let a system with energy E and particle number N consist 
of two weakly interacting subsystems with energies E,, E, and 
particle numbers N,, N, respectively; then 


E=E,+£, N=N,+N>.. (9.44) 
We assume that the second subsystem (the thermostat and par- 
ticle reservoir) is much larger than the first, 


E,;<E, N,<No. 


Since the combined system is isolated and closed, we can 
apply the microcanonical distribution (9.5) to it. Repeating the 
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arguments used in deriving the canonical distribution in §3.3, we 
find the distribution of probabilities Wn, (Ey) in the first, small 
subsystem by summing the microcanonical distribution of the com- 
bined system over all the states of the second subsystem. Thus, 
we obtain, in complete analogy with formula (9.21a), 


Q, (E— £,, N—N4) 


WN, (£1) = Q(E, N) ’ 


(9.45) 


where 22, is the statistical weight of the second subsystem and 2 
is the statistical weight of the whole system. An elementary proof 
of the Gibbs theorem follows immediately from this. Expressing 
the statistical weights in (9.45) in terms of the entropies of the 
second subsystem and of the whole system by the relation (9.9) 
and expanding the exponent in E; « E, Ny « N, we immediately 
obtain the grand canonical distribution (9.38). A similar deriva- 
tion was performed for the classical case in §3.4. 


We shall give below a more rigorous proof of the Gibbs theo- 
rem, based on inversion of the partition functions. 


The statistical weight Q of the combined system is connected 
with the statistical weights Q, and Q, of the subsystems by the 
relation 


Q(E,N)= Dd Q(E, N)Q.(E-E,, N-N)), (9.46) 


which is analogous to the relation (9.24), but allows for the pos- 
sibility of different distributions ofthe particles between the sub- 
systems 1 and 2. 


The relation (9.46) can be regarded as an equation for Q,, if 
Q and Q, are assumed known. It has the form of a finite-differ- 
ence equation with respect to the variables E and N. In the case 
of classical statistics, it goes over into the integral equation in the 
variable E and difference equation in the variable N investigated 
by Shubin [15]. 


We shall solve Eq. (9.46) for 2,. For this, we multiply both 
sides of the equation by e-*#+’" and sum it over all values of E 
and N from 0 to a: 


> e-*Et+VN O(E, N) = 


e~AE+WN OV (E,, Ni) Q.(E—£,, N—N)). 
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Changing the order of summation in the right-hand side of the 
equation and making a change of variables E — E, = E,, N— Ny =N), 
we transform this equation to the form 


Q(a, v) =Q, (A, v)Q,(A, v), (9.47) 
where 

Qi, v= Dd et Q(E, N), 

0<N< 00 

0<E <0 (9.48) 
Qa(h v= Se MAW OE, N) (a= 1, 2). 

0<N <00 

0<E <0 


We note that if v is purely imaginary, the right-hand sides of 
(9.48) go over into Fourier series in the variable pv. 


If the relations (9.48) are inverted for the statistical weights, 
in the same way as was done for the relations (9.26), we obtain 


C+2ni atioo 
6 = cae [ay | Styne err 
e-2ni a-ico 1 , 
(9.49) 
e+2nt atioco 
Q(E, N)= uF dv Q(A, v) eXE-VN (et AE-VAN _ J) a, 
c—-2ni a-ico 


where a > 0,c > 0. Thus, (9.49) gives the solution of Eq. (9.46). 


Let the second subsystem, i.e., the reservoir of energy and 
particles, consist of n—- 1 subsystems, identical with the first sub- 
system. Then the combined system consists of n such subsys- 
tems. On the basis of (9.47), we shall have 


QA, vy =1Q.(4, VI", QM, vy) =10, 0a, v)]”. (9.50) 


Using these relations, we write (9.49) in the form 


C+ 200i a+1oo 
_ da 
Q(E, N= nF | dv | [Q: (A, v))°7! eXB-9N (22 BEV AN I)", 
c—2Nt a— to 
(9.51) 
C+2ml a+foo 


Q(E, N) = ape { dy [Q, (a, v)] eXB-PN (er ag—v AN 4) SA 


c—2ni a—{oo 
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Putting (9.51) into (9.45), we obtain 


c+2ni atioo 
dv { [Q, (A, Jeo! eA (E-E—V (N—N) (e* AE-vVAN _ 1) a 
— ¢—2ni a—ioco 
wy, (£1) = poi atic 
dy | [Q1 (A, vy]? MEW PN (ghAE-VAN _ 1) dh 
c—2Ni a—ic (9.52) 


The integrals in formula (9.52) can be evaluated by the method of 
steepest descents, by using the fact, as we did in §9.3, that n is 
large. 


The saddle point for the integrand in the denominator of (9.52) 
corresponds to the minimum of the function (A, v) [cf. (9.35) 
and (9.35a)] at real values of the variables X and v: 


x, (A, v= —v > 4InQ@Q, v). 


Consequently, on the basis of properties of functions of a complex 
variable, the function y(A, v) has a sharp maximum in the direc- 
tion parallel to the imaginary axis, since n is large (E/n = const, 
N/n = const). 


We find the minimum of y (A, v) from the equations 


E rs) 

—+— | ! A, =0, 

y a nai») (9.53) 
at ofr (A, v) =0.: 


Let the roots of equations (9.53) be A, and v4. We take the in- 
tegration path in (9.52) through these points. We note that an 
asymptotic expression for wy (E,) as n — o can be written down 
immediately, if we take the slowly varying function 


Qr' (A, v) ew rEiteM 


out of the integral in the numerator at the saddle point A =A,, 
vy =Vy. Then the integral that remains cancels with the integral 
in the denominator, and so we obtain 


wy, (E)=Qr' (A, vie Met, (9.54) 
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which coincides with (9.38), if we put 


yok, Hay, (9.55) 
Thus, the probabilities of states in the small subsystem are 
distributed in accordance with the grand canonical ensemble. 


9.6. The Distribution for the Isobaric-Isothermal 
Ensemble 


We shall consider quantum-mechanical systems with constant 
particle number but variable volume in contact with a thermostat. 
A statistical ensemble of quantum-mechanical systems with given 
particle number N and pressure p in contact with a thermostat is 
called an isobaric-isothermal ensemble. 


Let a system with energy E and volume V consists of two 
weakly interacting parts, with energies E,, E, and volumes Vj, V,: 


E=E,+E, V=V,+Vs, (9.56) 


the first subsystem being much smaller thanthe second (the ther- 
mostat), 


E, < Es, V, < Vo. 


We assume that the combined system is distributed micro- 
canonically. Then, repeating the arguments of the preceding sub- 
section, we find the distribution of probabilities in the first sub- 
system: 
wy, (E) = Ee) § exp (S,(E—E, V—Vi)—S(E, V}, (9.57) 
where 2,(E, V) and Q(E, V) are the numbers of quantum-mechani- 
cal states with E and V for the thermostat and the whole system 
respectively, and S, and S are the entropies of the thermostat and 
of the whole system. 


Taking into account the smallness of the first subsystem, we 
expand the entropy in (9.57) in powers of E, and V,. Confining 
ourselves to the linear terms, we obtain 


wy (Ey) =Q7'(8, p, Nyexp{—=#5P" |= expfP-Pe= Fel, (9.58) 
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where 


1 0S, (E, V) p _ dS, (E, V) 
= oF 67 ar? (9.58 a) 


6 is the temperature, p is the pressure and (6, p, N) is the 
Gibbs thermodynamic potential, in complete analogy with the cor- 
responding formulas (3.42)-(3.43) of classical statistical me- 
chanics. 


To the distribution (9.58) corresponds the statistical operator 


p =exp{ P=eV=# I. (9.59) 


We have considered four types of Gibbsian statistical en- 
sembles: microcanonical, canonical, grand canonical, and isobaric- 
isothermal ensembles. Sometimes a generalized Gibbsian en- 
semble is introduced, in which the energy, particle number and 
volume are variable [16, 17]. But, as we have already noted in 
Chapter I, such an ensemble is inconvenient, since it becomes 
necessary to introduce the intensive variables 9, », and p, which 
are not independent. In constructing statistical ensembles, it is 
convenient to retain at least one extensive thermodynamic va- 
riable. 


§10. The Connection between the 
Gibbsian Distributions and the Maximum 
of the Information Entropy 

(Quantum Case) 


In §4, we considered the connection between the Gibbsian dis- 
tributions of classical statistical mechanics and the maximum of 
the information entropy. Completely analogous relations also 
hold in quantum statistical mechanics. 


The information entropy (4.1) is defined for a discrete dis- 
tribution of probabilities, and quantum statistics studies distribu- 
tions over discrete quantum states; therefore, the analogy be- 
tween the information entropy (4.1) and the entropy (8.26) in quan- 
tum statistical mechanics is even closer than in classical statisti- 
cal mechanics. In quantum statistics, we do not have the difficulty 
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with the choice of an invariant probability measure which arises 
for continuous distributions. 


We have already introduced the entropy for quantum ensembles 
in §8.4: 


S; = — (inp) = — Tr (pnp), (10.1) 


or, if the statistical operator is represented in a diagonal form, 
Si=- x wy In wy. (10.1a) 


We have denoted the entropy not by S, but by S;, in order to em- 
phasize that we are regarding the information entropy as a func- 
tional of an arbitrary statistical operator p. 


We shall examine the extremal properties of the Gibbsian 
quantum statistical ensembles. The extremal properties of all the 
Gibbsian ensembles can be obtained from the inequality (8.35): 


Tr (o’ Ino’) Tr (0’ Ino), (10.2) 


where p and p' are arbitrary statistical operators. We have al- 
ready used this inequality in §8.4. 


10.1. Extremal Property of the Microcanonical 
Distribution 


We Shall prove that, of all the distributions with the same 
number of particles in the same energy layer, the microcanonical 
distribution (9.7a) corresponds to the maximum value of the in- 
formation entropy (10.1). 


Let p be the statistical operator (9.7a) of the microcanonical 
distribution, and p' be an arbitrary statistical operator acting in 
the same space and differing from zero in the same energy layer 
as p. It follows from the normalization condition for statistical 
operators that 


Trp=Trp’=1. 
Putting p and p' into the inequality (10.2), we obtain 
— Tr (p’ Ino’) <— Tr (p’ Inp) = Trp’InQ=InQ(E, N, V), 
i.e., taking (9.8) and (9.9) into account, 


— Tr (9 Inp’) <— Tr (oInp). (10.3) 
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Thus, it is proved that, of all the distributions in a given layer, 
the microcanonical distribution (9.7a) corresponds to the maximum 
of the information entropy. 

10.2. Extremal Property of the Canonical 
Distribution 
We shall prove that the canonical distribution corresponds to 


the maximum of the information entropy (10.1) for a given average 
energy 


(H) = Tr (oH) (10.4) 
when the normalization is conserved 
Tr p =1. (10.5) 


We shall seek the extremum of the functional (10.1) under the 
auxiliary conditions (10.4) and (10.5). For this, we must find the 
absolute extremum of the functional 


— Tr(plnp)—f Tr (0H) —ATr 9, 


where 6 and A are Lagrange multipliers determined from the 
conditions (10.4) and (10.5). From the condition that the first 
variation of this functional vanish, we find 


p=Q™' exp(— BH), (10.6) 
where 
Q(0, V, N)=Tr exp(— BH), B=>, (10.6a) 


which coincides with the canonical distribution (9.14). Thus, (10.6) 
corresponds to an extremum of (10.1). 


We now prove that (10 .6) corresponds to the maximum of (10.1). 


Let p' be a normalized statistical operator corresponding to 
the same average energy as (10.6), 


Tr (p°H) = Tr (pH), 


but arbitrary in other respects. Putting (10.6) into the inequality 
(10.2), we obtain 


— Tr (p’ Ino’) <— Tr(p’ Inp) = Tr p’InQ+ Tr (pH) =InQ+6 Tr (pH), 


vr 
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i.€., 


— Tr(p’Ino’) <— Tr (pln), 


where p is the canonical distribution (10.6). 
% 


Consequently, of all distributions with the same average en- 
ergy, the canonical distribution corresponds to the maximum In- 
formation entropy. 


In the case when the average values of any n quantities are 
given 
(Py) = Tr (oF ;) (k=0, l, 2, ceey A 1), (10.7) 


we obtain from the extremum condition for the information entropy 
(10.1) 


n—l 
p=exp|- OF, oeey F,-)- LF Pe}, (10.8) 


which corresponds to its maximum. 


10.3. Extremal Property of the Grand 
Canonical Distribution 


We shall prove that the grand canonical distribution (9.42) 
corresponds to the maximum of the information entropy (10.1) for 
a given average energy 


(H) = Tr (pH) (10.9) 
and given average particle number 
(N) = Tr(pN) (10.10) 


for conservation of the normalization 
Tr p=I. (10.11) 
We seek the absolute extremum of the functional 


— Tr(plnp)—B Tr (pH) ++ Tr (oN) —ATr 9, 


where 6, Vv, and A are Lagrange multipliers. From the extremum 
of the functional, we find 


ed 


e= exp 6 (10.12) 
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where 


H—wuN I 
e7 2/8 = Tr exp} - 5 \, B= 9) v =f, (10.12a) 


which coincides with the statistical operator (9.42) of the grand 
canonical distribution. 


It follows from inequality (10.2) that the extremum corre- 
sponds to a maximum: 


/ / 7 / Q 
~ Tr (pnp!) <~ Tr(e’Inp)=— ar} oe" (F-G+ A )h=— ming), 


(10.13) 


where we have used the conditions (10.9)-(10.11) for p and p', i.e., 
that 


Tr(o°H)= Tr(oH), Tr (oN) = Tr (PN). 


Thus, the statistical operator (10.12) corresponds to the 
maximum information entropy for a given average energy and 
average particle number. 


By an analogous method, it is easy to convince oneself that the 
statistical operator (9.59) for the isobaric-isothermal ensemble 
corresponds to the maximum of the information entropy 


S,=- | tr (pln) dV (10.14) 


under the auxiliary conditions that the average energy and average 
volume be constant: 


(H)=[ tr(@H)dv, (WV) = [rr (eva. (10.15) 


The extremal properties of the Gibbsian quantum ensembles were 
noticed a very long time ago [2, 3, 9]. Indeed, in generalizing the 
Gibbsian ensembles to the case of quantum statistics, von Neu- 
mann started from the extremal properties of the entropy [2, 3]. 


It would be possible to make the extremal properties of the 
Gibbsian statistical ensembles, considered above, the basis of 
their definition, as was done by Jaynes [18, 19]. Below, we shall 
use the extremal properties of the entropy frequently to construct 
ensembles in nonequilibrium statistical thermodynamics (cf. Chap- 
ter IV). 
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§11. Thermodynamic Equalities 


11.1. Quasi-Static Processes 


To obtain thermodynamic equalities in quantum statistical me- 
chanics, it is necessary, as in classical statistical mechanics, to 
consider a quasi-static process with infinitely slow variation of the 
external parameters defining the ensemble. We assume that, in a 
quasi-static process, the external parameters Ay, Any woe, A, VALY 
so Slowly that the ensemble of quantum-mechanical systems can 
be assumed to be in statistical equilibrium at each moment of time. 
To the parameters q,, ..., a, correspond the generalized forces 


A,=—- =. (11.1) 


Their observed values in a quasi-static process are equal to the 
average values calculated by means of the equilibrium statistical 
operator: 


(A;) = Tr (0A) = — (5,-)- (11.2) 


In the particular case when we take the volume V of the system as 
the generalized parameter, the generalized force is the pressure: 


p=- (2H (11.3) 


The quantity 9H/ eV is a dynamic variable, the form of which we 
shall make more precise below. 

11.2. Thermodynamic Equalities for the 

Microcanonical Ensemble 


For the microcanonical.ensemble, according to (9.9), the en- 
tropy is equal to the logarithm of the statistical weight: 


S(E, N, V)=1nQ(E, N, V). (11.4) 


The total increment in entropy on change of the energy, particle 
number and volume, is equal to 
0 In 


dS =—y,- dE + 


0 in Q 
OV 


dInQ 
ay aN, (11.5) 


dV + 
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which can be written in the form of the usual thermodynamic 
identity 


dS =4dE+4av—“an, (11.6) 
where 
1 dIn® Pp _ 9InQ H_ _ OinQ (11.7) 
@ oF ’ 6 ee’ 6 ON? 


6 is the temperature, p is the pressure, and » is the chemical 
potential. 


It is easily verified that the pressure defined by formula (11.7) 
is indeed the same as the average value of the generalized force 
—-0H/dV. In fact, the statistical weight of the microcanonical dis- 
tribution (9.7a) can be written in the form 


Q(E, N, V)= Tr (A(H—£)). (11.8) 


For calculational convenience, it can be assumed that A is a con- 
tinuous function approximating the step function. We shall cal- 
culate the partial derivative of Q with respect to V, from the iden- 
tity (11.8): 


Sr ~ (gp -£))=— 1 {Bawa Hh 
=— sp tH {A(H-2) Sh, 
or 
28 ~~ Q(t Tye oS (7) (11.9) 


(we have discarded small terms of the order of the fluctuations, 
which is permissible in the thermodynamic limit). Consequently, 


dInQ(E,.N, V — 208 N,V 
OMS E NV) _ Smee NY) (at (11. 9a) 
and p, defined by Eq. (11.7), coincides with the average value of 
the generalized force —dH/8V, as we wished to prove. 


The physical meaning of g as the temperature is obvious from 
the fact that this quantity coincides with the integrating factor for 
dE + pdv — pdN. 
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11.3. The Virial Theorem for Quantum Systems 


We shall consider the virial theorem for the case of quantum 
statistics, analogous to the classical virial theorem considered 
in §5.3. 


Earlier, we defined the pressure as the average value of the 
generalized force operator —98H(p, x)/a@V, which is a function of 
the momentum and coordinate operators p and x. We shall de- 
termine the explicit form of this operator. 


We shall start from the statistical distribution (9.7a). We 
write the statistical weight (11.8) in the form 


Q(E, N, V)= Try {A (H (p, x) — E)}, (11.10) 

where we assume that H(p, x) does not depend on the volume V, 
but the volume dependence appears only through the dimensions of 
the basic region V = L’ of normalization of the wave functions over 
which the trace in (11.10) is calculated; we indicate this by the 
subscript V in the trace. We shall describe the variability of the 
volume by introducing the parameter A3 multiplying V: 

Q(E, N, 2V) = Try, {A(H (p, x) — £)}. (11.10a) 


We make the change of variables 


“15! 


xahe, p= (11.10b) 


i.e., we perform a canonical transformation which does not change 
the phase of the wave functions 


(xp) = (x’p’) 
but makes the basic region of normalization independent of A: 


Q(E, N, 18V)= try {A(H(h, ax) — E\t. (11.11) 


Differentiating Q with respect to A, we obtain 


20 ary | 2 a(a(e, 1s) —2) Lh ™) | 
or, putting A =1, 


(Sr), .7 — 95 (OG HE, ae))) (11.12) 
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Taking (5.10a) into account, we obtain 


02 9G 1 (9 (Pe 12 
ro ar lay ae alé, axl) (11.12a) 
Comparing (11.12a) with (11.9), we find an explicit form for the 
operator —9dH(p, x)/ 9V corresponding to the pressure: 


OH(p.)_ 1 9 a (p 

ten aie H(p, ax) (11.13) 
The formula obtained differs from (5.12) only in the fact that p and 
Xx are now noncommuting operators. In other respects, it has the 
same form. 


In the particular case of a Hamiltonian of particles with pair 
interaction, we obtain 


OH (p, x) 2 


~ ey =" Ww —. ~ 7 Mx): 
i ixj 


ae (11.14) 


This formula gives the required representation for the pressure 
operator. The average value of the operator (11.14) gives an ex- 
pression for the pressure: 


1 

= — 3V ve Sm Vi + ay eV KC *;)- Fi), 

; on (11.15) 

p(x, —%x 
F,,=- = i) 
i.e., a generalization of the virial theorem for the case of quan- 
tum statistics.. Thus, in quantum statistics, as in classical sta- 
tistics, the pressure is equal to two-thirds of the average kinetic 


energy density plus one-third of the virial. 


The difference from the classical case consists in the fact 
that the operators for the kinetic energy and for the virial oc- 
curring in (11.15) do not commute. Therefore, formula (5.14c), 
which expresses the law of equipartition of energy among the 
degrees of freedom, no longer holds in the quantum case. 

11.4. Thermodynamic Equalities for the 
Canonical Ensemble 


The entropy for the canonical ensemble (9.14) is equal to 


S=-Tr (ein 0) = {fF | (11.16) 
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Differentiating the identity (9.15) 
e-FR = Ty e-He 


with respect to 9, we find an expression for the average energy: 


(H)=- 0 ($a, (11.17) 


Putting (11.17) into (11.16), we obtain another expression for the 
entropy: 


S=— (a0), yw (11.18) 


The average value of the generalized force (11.1) over the canoni- 
cal distribution is equal to 


— — (Of) _ _ oF —Hig OH 
(Ay) = a, ) e Tr(e 3a,)" (11.19) 
or 
a 5) 
{(A;) =8e 3a, Tre Be 3a, eWF/e, 


Consequently, the observed value of the average generalized force 
corresponding to change of the parameter qa; is equal to 


A) = (11.20) 
(A= = (3) 
or, in the particular case when a, =V, 


‘ p= aa (11.20a) 


We write the system of thermodynamic equalities obtained in the 
form of one relation, by calculating the increment in the free en- 
ergy F on variation of the parameters 6, a;, ..., a, and N: 


aF= (35), 0+) (ie ae, wd a: +( Sy), iN (2a) 


or, taking (11.18) and (11.20) into account, 


dF =— Sdo— 2 (A,) da; +udN, (11.22) 
=] 
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where 


u= (Sr), . (11.23) 


Equation (11.122) contains a complete system of thermody- 
namic relations, which can be expressed not only in terms of F, 
but also in terms of other thermodynamic functions, as in §5.4. 


11.5. Thermodynamic Equalities for the Grand 
Canonical Ensemble 


The thermodynamic equalities for the grand canonical en- 
semble are obtained in exactly the same way as for the canonical 
ensemble. 


The entropy for the grand canonical ensemble (9.42) is equal 
to 


= — Tr (oInp)= Ben ND (11.24) 


Differentiating the identity (9.42a) with respect to @.and pw, we 
obtain expressions for the average energy and average particle 
number: 


(H) —p(N) = -— sy w(), a (== (3), (11.25) 


Putting (11.25) into (11.24), we write the entropy in the form 


s=-(3) (11.26) 


a), r 


The generalized for (11.1) averaged over the grand canoni- 
cal ensemble is equal to 


(Ai) = — (sx 7) — e% Tr (eww _ 


a; 


= 6 2/09 Tre~(# ume) =6 o( 2 e- 2/8 
a, Oa, 


OQ, bb Ob 


Consequently , 


(A) =- (ae,), F (11.27) 
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In the particular case when ¢; =V, 


p=- (a7), r (11.27a) 


To obtain the complete system of thermodynamic equalities, 
we calculate the increment in the thermodynamic potential 2 (6, yu; 
4, «», @,) on change of the parameters 9, MM, a, ....anda,: 


aa “y / a aQ 
= dé — da, +{=— du, 
ds ( 08 ). a, + p ( 3a, )p , (ar, B (11.28) 
or, taking (11.26), (11.27), and (11.25) into account, 
dQ = — Sd0— > (A;) da; — WN) dp. (11.29) 
i=] 


Equation (11.29) contains a complete system of thermodynamic 
relations. . 


11.6. Nernst's Theorem 


In the preceding subsections of this section, we have obtained 
thermodynamic equalities expressing the first and second laws of 
thermodynamics, by starting from different Gibbsian ensembles. 
We now discuss Nernst's theorem, orthe third law of 
thermodynamics. 


Nernst's theorem establishes the behavior of the thermody- 
namic functions as the temperature tends to zero, andis related 
to the quantum properties of systems at low temperatures. Nernst 
established experimentally that, as the temperature tends to zero, 
for all substances, the difference in their entropies S(0, a;) (which 
is the only measurable quantity) tends to zero, along with its de- 
rivatives with respect to the external parameters, i.e., 


’ Os | 
S(0, a,)=S(0, a;), (Sa;),_,7 0 (11.30) 
for all values of the parameters a;, a}. For example, if the ex- 


ternal parameter is the volume, then 


S(0, V;)=S(0, V>), (37), 0 (11.30a) 
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Since the limiting value of the entropy does not depend on the 
parameters defining the system, it is convenient, following Planck, 
to put it equal to zero and obtain an absolute scale for the entropy 
of any substance: 


S(0, a) =0. (11.30b) 


These features of the behavior of the entropy at low temper- 
atures are known as Nernst's theorem [20-22]. 


Nernst's theorem is not applicable to substances which are 
not in a state of statistical equilibrium, e.g., amorphous materials 
or disordered alloys, which can exist at very low temperatures as 
"frozen" metastable states with very long relaxation times. Asa 
result of the incorrect application of Nernst's theorem to such 
substances, doubts used to be expressed about its validity. 


Unlike the case of the first and second laws of thermodynam- 
ics, which follow directly from the Gibbsian distributions, there 
is no general statistical proof of Nernst's theorem, although for 
all known, physically reasonable models, it can be shown, using 
quantum statistical mechanics, that Nernst's theorem is fulfilled. 


We shall examine the limit to which the Gibbsian distribution 


F-E,)/9 
We = el k)/ (11.31) 


tends as the temperature tends to zero. 


It is convenient to express the free energy in (11.31) in terms 
of the entropy, using the relation (11.16), 


w, = exp | — s+ et 
or 
w, exp] — S+ V5 he 4 Fo teh (11.31a) 


where Ey) is the energy of the ground level, with E, > Ey for kx 0, 
since the excited levels lie above the ground level. As 9 — 0, the 
average energy (H) tends to Ej. Calculating the limit of the ex- 
pression (11.31a) as 6 — 0 using l'H6pital's rule, we obtain 


lim @, = W. (0) =exp(— S(0)+ Cy (0))5z,-2,, (11.32) 
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where 


| for Ey = Eo, 
62,-E, = 0 for £,-E,, 


and C,(0)= ( o ) ). is the heat capacity at constant volume and 


6 =0. From the normalization condition for the probability (11.32), 
it follows that 


] 
Wp (0) = Q) 55, -E,: (11.33) 


where Qy is the multiplicity of the ground level Ej). But from the 
expression 


it follows from ]'H6pital's rule that 
S (0) = Cy (0) + S (0), 
i.e., that. 
Cy (0) =9. 


Thus, the limiting value of the entropy as 9 — Ois 


It follows from (11.33) that as @— 0, the canonical ensemble 
becomes a microcanonical ensemble with entropy (11.34). 


For all known systems (crystal lattices, quantum gases, etc.), 
the ground level is nondegenerate, i.e., 
Q5 = l, 
and, consequently, for these systems the entropy tends to zero 
as 6— 0. Even when Q) > 1, but the thermodynamic limit 
In Q5 


lim =0, 
N—->0o 
we can assume that 


S(0) =0. (11.35) 
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Occasionally in textbooks, Nernst's theorem is incorrectly 
associated entirely with absence of degeneracy of the ground level. 
In fact, the essence of Nernst's theorem does not lie in this, but 
in the features of the energy spectrum for small excitations. 


If we associate Nernst's theorem only with absence of de- 
generacy of the ground level, then the features in the behavior of 
the thermodynamic functions which follow from Nernst's theorem 
would begin to appear only at very low temperatures 4, of the 
order of the energy difference between the first excited level and 
the ground level, 


and since the spectra of macroscopic bodies are practically con- 
tinuous, these are very low, unobservable temperatures. For ex- 
ample, for an ideal gas of atoms with mass m in a volume V = L?, 
B® 4 hP 
E,—Ey= ~— Rmin = Sh? 
where ki, = 27/L is the minimum value of the wave vector: For 
a crystal lattice, 


A 
E, -_ Ey = fisRorn =o 


where s is the speed of sound. 


In fact, the behavior of the entropy required by Nernst's 
theorem begins to appear at much higher temperatures. For ex- 
ample, for ideal quantum gases, Nernst's theorem follows from 
degeneracy effects. For an ideal Bose gas, the behavior of the 
entropy corresponding to Nernst's theorem begins to appear at 
temperatures of the order of the degeneracy temperature 6) 


0) ~ = (+)", (11.36) 


and, for an ideal Fermi gas, at temperatures lower than the tem- 
perature corresponding to the Fermi energy; this latter temper- 
ature is given, in order of magnitude, by the same expression (11.36), 
but for electrons in a metal can be very large, because of their 

small mass. 


§12] FLUCTUATIONS IN QUANTUM SYSTEMS 115 


The degeneracy temperature of ideal gases is much higher 
than the 6, defined by the position of thefirst level. For crystal 
lattices, Nernst's theorem begins to be manifested at temperatures 
of the order of the Debye temperature 6@p, determined by the en- 
ergy of the elementary excitations with maximum wave vector k,: 


Op Askey = ns (288) 
The fact that the degeneracy temperature and the Debye temper- 
ature are proportional to Planck's constant fi shows that Nernst's 
theorem is connected with the quantum properties of the system. 

In order to prove Nernst's theorem for the general case, it would 
be necessary to investigate the distribution of eigenvalues E,, close 
to the ground level, i.e., to investigate the function Q(E, N, V) close 
to E = Ey. Up to the present time, it has been possible to do this 
only for certain models. For all the models of physical interest 
investigated, the distribution of eigenvalues close to the ground 
level is such that Nernst's theorem is fulfilled. It can be stated 
that in all cases in which the lower part of the spectrum of the 
system can be represented in the form of an ideal gas of quasi- 
particles (of the Fermi or Bose type), Nernst's theorem is found 

to be fulfilled. 


§12. Fluctuations in Quantum Systems 


We shall consider fluctuations for the Gibbsian quantum sta- 
tistical ensembles, It is especially simple to calculate the fluc- 
tuations of quantities of which the statistical operator describing the 
ensemble depends, such as, for example, the energy fluctuations 
in a canonical ensemble. 


12.1. Fluctuations in the Canonical Ensemble 
The average value of the energy for the canonical ensemble is 
(H) = Tr (e(F=® H), (12.1) 


Differentiating this identity with respect to 6 at constant V and N 
and taking (11.17) into account, we obtain an expression for the en- 
ergy fluctuations in the canonical ensemble 


! 


CH?) — (Hy = 92 2) (12.2) 
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which has the same form as in the classical case (3.8d), except 
that the averaging is performed not by means of the classical dis- 
tribution function, but by means of the statistical operator. 


It follows from (12.2) that the energy fluctuations in the ca- 
nonical ensemble are relatively small, since the average energy 
is proportional to the particle number N, while 6 does not depend 
on N. 


12.2. Fluctuations in the Grand Canonical Ensemble 


In an analogous way, we calculate the fluctuations of energy 
and particle number in the grand canonical ensemble. Differ- 
entiating the expressions 


(H —pN) = Tr (e@-4 +48 (H —uN)), 
; (12.3) 
(N) = Tr (e@-#+hN)8 NV) 


with respect to 6 and p with the remaining parameters held con- 
stant, using (11.25) we obtain expressions for the fluctuations of 
energy and particle number in the grand canonical ensemble: 


((H — uN’) — (H — p= 0S ((H) —p(N)), 


(N%) — (Ny = 0250, 


(12.4) 


i.e., the same expressions as in the classical case (3.35). 

It follows from (12.4) that the fluctuations of energy and par- 
ticle number in the grand. canonical ensemble are relatively small. 
12.3. Fluctuations in a Generalized Ensemble 


We shall consider fluctuations for the distribution described 
by the statistical operator (10.8) 


= eX OF 1 FI- YIM}, 
pmene ° eo (12.5) 


in which the average values 


(Pxy=Tr(PP,)  (k=0, 1, ..., 1). (12.6) 


are given. In (12.5), @(Fo,...,¥%n) is the Massieu— Planck func- 
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tion, determined from the condition that the trace be normalized 
to unity: 


© —LF\P 
e = Tre ROR . (12 .7) 
Differentiating this identity with respect to ¥n. , we obtain the 


average value of PY», : 


-O-L Fj SP; fat) 
(Py) = Tt (e PP, )= OF e* (12.8) 


In calculating the fluctuations, it is necessary to distinguish 
two cases: when all the ¥, are integrals of motion, and when not 
all the Y, are integrals of motion. 


We now consider the first case. Since it is assumed that all 
the A, commute, the exponential of the sum of operators can 
be differentiated as an ordinary function, even outside the trace. 
Differentiating the identity (12.8) with respect to ¥:i, we obtain 
an expression for the fluctuations of the quantities 


OF OF ot 
(P,P) —(P)(P)) = — TG = — 2 OS, (12.9) 


analogous to the classical expression (6.7). 


In the second case, when not all the ¥, are integrals of mo- 
tion and the 7, may not commute, we must exercise care in dif- 
ferentiating the exponential containing the sum of noncommuting 
operators. 


We shall derive a formula for the differentiation of the ex- 
ponential e4@ with respect to the parameter a. For this, we must 
expand the exponential e4+8, where B = 6A and does not commute 
with A, ina series in B. It is convenient to introduce an auxiliary 
operator #(t) 


elAtB) t= Hf (7) eAT, (12.10) 
satisfying the condition 


# (0)=1. (12.10 a) 


The expression (12.10) can be differentiated simply with respect 
to 7, since A + B does not depend on 7, and the increment (A + B)é6T 
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commutes with A+B. The relation (12.10) is equivalent to a dif- 
ferential equation for # 


om = KH eAtBe~At (12.11) 


with the initial condition (12.10a), since on differentiation of (12.10) 
with respect to T, the terms #e4*A in the left- and right-hand 
sides cancel. The differential equation (12.11) and initial condi- 
tion (12.10a) are equivalent to an operator integral equation for # : 


H (x)= 1+ | Hm) ea Be-* dey. (12.12) 
0 


Iteration of Eq. (12.12) gives an expansion of # in powers of B. 
Confining ourselves to the first approximation in B, we obtain 


t 
KH (t) =~ 1 + { eAt Be-A% dt}. (12.12a) 
0 


Putting 7 =1 in (12.12a) and substituting this expression in (12.10), 
we obtain 


1 
eAtB =~ t + { eAt Be At tx eA, 


0 
i.€., 


1 


6e4 = e4t 6A e- At eA drt, (12.13) 
0 


or 


! 
A cate) — | at 24 os A 
7a ° | ON age TeA da, (12.14) 


Formula (12.14) gives the rule for differentiating the exponen- 
tial of an operator in the general case. In the particular case when 
A is proportional to a, the ordinary rule for differentiating an ex- 
ponential follows from (12.14). 


To calculate the fluctuations of the quantities ¥, , we differ- 
entiate formula (12.8) with respect to ¥; -using the rule (12.14). 
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We obtain 
1 
2s) = (P,) (Pa) — J (PP, (2) de, (12.15) 
where 
P(t) =e Fae BOF HM, (12.16) 
consequently , 
2191) -{ (Pa — Pu) (Pu (0) — (A,))) ae. (12.17) 


It is convenient to introduce a more compact notation for the 
integrand in the right-hand side of (12.17), since we shall encounter 
it often: 


1 
(Pa, Fi) = [ (Pe Pu) (Pua) — (F.))) de, (12.18) 
0 


Therefore, (12.17) can be rewritten in the form 


Ofer) _ _ 9 ( Fi) FD 12.19 
(Pe Pi) = — GF, OF, OF OF 5 ) 
Consequently, if the quantities 7; (i =0, 1, ..., 2)do not com- 


mute, double differentiation of & with respect to the parameters 
Fiand ¥;,, does not give simply the joint fluctuations of PY; and 
?», but the average over 7 of the fluctuations of Y, and F;(t). 


Only in the special case when the operators ¥, commute or 
when we can neglect their noncommutativity do we obtain formula 
(12.9) for the fluctuations. In this case, we can construct the ma- 
croscopic distribution function (6.11) introduced in §6. 


§13. Thermodynamic Equivalence of the 


Gibbsian Statistical Ensembles 


All the ensembles of statistical mechanics are defined, as 
was shown in §§3 and 9, by specifying the external conditions in 
which the systems from which the ensembles are composed are 
found. For example, the microcanonical ensemble is defined by 
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fixing the energy, the particle number and the volume, the canoni- 
cal ensemble is defined by fixing the particle number and the vol- 
ume and by contact with a thermostat, the grand canonical en- 
semble is defined by fixing the volume and by contact with a ther- 
mostat and a particle reservoir, and the isobaric-isothermal en- 
semble is defined by fixing the particle number and the pressure 
and by contact with a thermostat, 


The application of statistical ensembles to concrete problems 
is usually not confined to those conditions for which they are de- 
fined. In choosing the ensemble, we are guided by calculational 
convenience and not by the conditions in which the system is found. 


To justify the replacement of one ensemble by another, it is 
usually pointed out that the different ensembles differ little from 
one another, since fluctuations of the quantities which are not spe- 
cified for them are small. Indeed, as we saw in §12, fluctuations 
of the energy in the canonical ensemble and of the particle number 
in the grand canonical ensemble are small. These physical con- 
siderations, of course, cannot be regarded as a proof of the equiv- 
alence of the statistical ensembles in the thermodynamic sense. 
To prove this equivalence, it is necessary to show that the dif- 
ferent ensembles can replace each other in such a way that the 
thermodynamic functions calculated by means of them differ little 
among themselves, and coincide in the thermodynamic limit V — ~, 
N/V =const. 


The question of the thermodynamic equivalence of the statis- 
tical ensembles was considered in [17], where it was shown, for 
example, that if only the largest term in the partition function of 
the grand canonical ensemble is retained, the thermodynamic func- 
tions obtained in this approximation coincide in the thermodynamic 
limit with the thermodynamic functions calculated on the basis of 
a canonical ensemble with the particle number equal to the aver- 
age particle number in the grand ensemble. However, this is still 
not a complete proof of the thermodynamic equivalence of the en- 
sembles, since the method of separating out the largest term in the 
partition functions does not enable us to estimate the discarded 
terms. 


In this section, following [23], we shall give a proof of the 
thermodynamic equivalence of the statistical ensembles, using the 
method of steepest descents. 
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13.1. Thermodynamic Equivalence of the Canonical 
and Microcanonical Ensembles 


Let the system be situated in a thermostat and let it be de- 
scribed by the canonical distribution (9.10). For the system, we 
shall find the approximate microcanonical distribution by means 
of which it would be possible to calculate all the thermodynamic 
functions. 


The partition function Q(@, V, N) is connected with the statisti- 
cal weight Q(E, N, V) by the relation 


Q(0, V, N) = Me-FPQ(E, N, V), (13.1) 


where the summation is performed over all the permissible values 
of the energy, and Q(E, N, V) is the number of states for systems 
with energy E, particle number N, and volume V. If the summation 
is performed over energy layers AE, as we shall assume below, 
then Q(E, N, V) is the number of states in such a layer. 


Using the theorem (9.27) on the inversion of the partition 
function, we obtain for the statistical weight the expression 


Q(E, N, V)=P(E+AE, N, V)—T(E, N, V) 
a+ico 


nN 
—_—— da; (13.2) 


Q(a7!, V, N) corresponds to Q(A) in the previous notation, and a 

is a real positive number. Thus, (13.2) gives the inversion of the 
partition function (13.1). It is convenient to rewrite formula (13.2) 
in the form 


atico 


AE 
Q(E, N,V) =56 | evan 2h gy, (13.3) 


a—{oo 
where 


E F(T VN 
H(i) =a hn ESM | (13.3a) 


Here, F(6, V, N) is the free energy. In writing the exponential in 
formula (13.3) in the form shown, we are explicitly taking into ac- 
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count the large magnitude of the factor exp(Nx), since y is finite. 
as N —> 0. 


We assume that, for our system, the thermodynamic limit 


lim + — (V/N =const). 
N>o~ 


exists. Then, as N — o, the function (13.3a) tends to a finite 

limit; therefore, for large N, the integral (13.3) can be evaluated 
by the method of steepest descents, if we assume that (A) is an 
analytic function for Re A > A. Below, we shall see that the neces- 
Sary conditions for the applicability of the method of steepest de- 
scents are indeed fulfilled. 


As the saddle point, we choose the real positive root A, of the 
equation 


ox (1) =0 (13.4) 


and put a@ =A, = 1/6 in (13.3). Then, repeating the same calcula- 
tions as in §3.3, we obtain 


Q(E, N, V) =e) © =! _ _Q@, V, N) eFs oe! (13.5) 
| V 2nNy” (A,) Vine, 
where 
c= 2£, B=-@-3 (207%). (13.54) 
The condition (13.4) for the saddle point takes the form 
E=E=(H)=-0-%(40-2"), (13.6) 


i.e., E must be chosen to be equal to the average energy (11.17) in 
the canonical ensemble. 


For the method of steepest descents to applicable, it is neces- 
sary that there bea maximum at the point A, as we move parallel 
to the imaginary axis, i.e., that y"(A,) be positive, or that 


Cy>0, (13.7) 
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which is one of the conditions for thermodynamic stability of the 
system; this condition, by virtue of the relation (12.2), is fulfilled 
for ordinary systems 
_ 2) 92 
((H — (H))’) = °C, > 0. (13.8) 
We shall construct an approximate microcanonical distribution 


Q(E, N,V) for E<E,<E+AE, 


0 outside this interval, 


w (E,) = (13.9) 
where Q(E, N, V) is given by formula (13.5), E = E, and AE is 
equal to the average energy fluctuations given by (13.8). The rela- 
tion (13.5) can be rewritten in the form 


el Cy 
Q(E, N, V) = eF" Q (8, N, V) Vinc, (13.10) 
V 


The expression (13.10), where 9 is determined from Eg. (13.6), 
gives the statistical weight as a function of E, N, and V for the re- 
quired approximate microcanonical distribution (13.9). The en- 
tropy of the approximate microcanonical ensemble is equal to 


InQ(E, N, V)=2=-=G-E™ 4 = (A= (Ay) = S@, V, N+ VCy, 
(13.11) 


where we have kept only the principal term in N, and S(6, V, N) is 
the entropy of the canonical ensemble. 


Thus, the difference in the entropies calculated by means of 
the approximate microcanonical distribution (13.9) and the canoni- 
cal distribution is equal to (C,)!/2, If the fluctuations are normal, 
ive., (Cy)!/2 ~ n!/2, then the last term in (13.11) gives a correc- 
tion which disappears in the limit 


. In Q(E, N, V) / 
von ON ( 

The temperature 6 is connected with the statistical weight 
by the relation 


(13.12) 


1 over) 
VN’ 


a 1 
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which is obtained by substituting F from (13.11) into (13.6). It 
follows from (13.12) that, in the thermodynamic limit, the inverse 
temperature is equal to the energy derivative of the entropy of the 
approximate microcanonical ensemble. 


The relations (13.11) and (13.6) enable us to calculate all the 
thermodynamic quantities for the approximate microcanonical dis- 
tribution, if these are known for the canonical distribution. For 
example, for the pressure and chemical potential we obtain 


oe 3 2V er | l (2V<r | OE 

5 = oy InQee, N, v)-( aV au Cp 30 yar) Ny? (13.13) 
HL? oe N y)+(2 yer) - 7-2) (==) e 

6 aN om OW lay Cy \ 8 ly, y\ON ly, g 


The second and third terms in the right-hand side of Eqs. (13.13) 
represent the difference between the pressures and chemical po- 
tentials (divided by 6) calculated by means of the canonical dis- 
tribution and the microcanonical distribution (13.9). These dif- 
ferences are small — of order 1/Nt/ 2— and vanish in the limit 

N — oo. 


We must turn our attention to a special case. For a system 
consisting of a liquid in equilibrium with saturated vapor at con- 
stant pressure, the temperature is constant and does not depend 
on the energy provided. In this case, as was noted by Gibbs [24], 
the heat capacity is infinite. For such a system, our derivation 
of the equivalence of the canonical and microcanonical distributions 
is not valid. 


We note, however, that systems with such properties can only 
be obtained after the thermodynamic limiting process N-— 0, V — 
(V/N = const) is performed. It is therefore impossible to put 
Cy =~ into the formula (13.11); it is necessary to estimate how Cy 
tends to infinity and perform the thermodynamic limiting process. 


Since, at the present time, there is no satisfactory theory 
of condensation, we cannot generalize the theorem on the equivalence 
of the statistical ensembles to the case of systems consisting of 
several phases in equilibrium. 


We shall comment on the meaning of the thermodynamic limit 
when surface energy is important. It is well known that the thermo- 
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dynamic method can be applied successfully to surface phenomena, 
and that there exists a statistical thermodynamics of surface phe- 
nomena [25]. For the free energy in the thermodynamic limit, we 
must also take into account, in addition to the volume terms, terms 
of higher order of smallness, proportional to the surface of the 
system, i.e., we must have an expression for the free energy ex- 
act to order 


Fe Vi + Sis, 
where f and fs are the densities of the volume and surface en- 
ergies, and S is the surface area of the system. For this to be pos- 


sible it is necessary that the energy fluctuations be much smaller 
than the surface energy, i.e., that 


OVC, < Shy. 


Since C y~ Nand S ~ N23, we have 


V Cc | 
lim Vv 0, 


N>0 S§ Nao N 


i.e., the energy fluctuations are small compared with the surface 
energy, and, consequently, we can take the latter into account 
while neglecting the fluctuations. This estimate shows that a 
statistical thermodynamics of surface phenomena is possible, 
despite the fluctuations of the extensive quantities. 


13.2. Thermodynamic Equivalence of the Grand 


Canonical and Canonical Ensembles 


Suppose that systems with a variable number of particles in 
a thermostat are described by the grand canonical distribution 
(9.38). Their thermodynamic properties are determined by the 
partition function (9.39) which is connected with the partition 
function (13.1) of the canonical ensemble by the relation 


Q(8, p, Vy= 2 O06, V, N)=Q(A), (13.14) 


where 


4, = elt/0 (13.14a) 
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is the absolute activity. Here, as before, we are using the 
same symbol Q for the partition functions of the grand canonical 
and canonical ensembles, distinguishing them only by the argu- 
ments on which they depend. 


Regarding A as a complex variable, we obtain the analytic 
continuation of the function Q(A) into the complex plane. 


The inverse of formula (13.14) has the form 


Q(. Vs N= $ Q0) saa, (13.15) 


where the integration contour encloses the point A =0. Indeed, 
putting (13.14) into (18.15), we see that only one term N, = N in the 
sum is nonzero, and the contour integral is equal to the residue at 
the point A =0. The method of Darwin and Fowler [16] is based 
on the application of the inversion formula (13.15). 


In place of Q(), we introduce the function (9.40) 
Q (A) = — 6InQ (A), (13.16) 


which plays the role of the thermodynamic potential for the grand 
ensemble (Q =—pV), and rewrite (13.15) in the form 


_ | _ NoQ (ay) dr db awe 2A 
Q(8, V, N= exp = \ oH ao gemmZ, (13.17) 
where 
Q (A V 
eA)=— ned —Int, v=-7. * (13.17) 


The function ~(A) tends to a finite limit as N + o, v =const, 
since, in the thermodynamic limit, the ratio Q(A)/V is finite. In 
addition, y(A) is assumed to be analytic in the region Re A > 0 of 
complex values of A. Therefore, the integral (13.17) can be evalu- 
ated by the method of steepest descents, as in the preceding sub- 
section. As a result, we obtain 


— exp (N@ (Ao) ) 
Q(6, V, N)= ho V 2aN@” (Ao) ’ (13.18) 
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where A, is the real positive root of the equation 
O@ (Ao) —_ 
an, 0, (13.19) 


which, using (13.17a), we can write in the form 


Lo 1 4 AQ (A) (13.19a) 
v- ve“ OA? 
or 
OQ =F 


We shall regard expression (13.18) as the partition function 
of the approximate canonical ensemble with particle number equal 
to the average particle number in the grand canonical ensemble, 
in accordance with (13.19b). 


For the method of steepest descents to be applicable, it is 
necessary that there be a maximum at the point Ay as we move 
away from it parallel to the imaginary axis (cf. §3.3), i.e., that 
the condition 


a > 0, (13.20) 


which can be written in the form 
ON (13.20a) 
du >0 
be fulfilled. This condition, generally speaking, is fulfilled, since, 
taking (12.4) into account, we have 
N 1S 
On =o N-NP>O. (13.21) 


We write expression (13.18) for the partition function in the form 
Q(6, V, N)=Q(6, u, V7) S20 La NIB) _ Q (0, w V) exp (=Nn/0) (4 = Uy) 
V 229 Qn. (N? — (N)?) B= Bol: 
t-—— 8 
Op 
(13.22) 


If the fluctuations in the number of particles are small, we can 
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confine ourselves to the principal terms in (13.22), and we obtain - 
Q(0, V, N) =Q(8, uw, V)exp(— Nu/8), (13.23) 


» 
since the discarded factor gives no contribution in the thermody- 
namic limit. 


As is well known, in a region of coexistence of phases, the ab- 
solute activity 4 does not depend on the specific volume, i.e., 


 @0, or yop =, since v=V/N. 
In this case, we cannot derive the thermodynamic equivalence of 
the grand canonical and canonical ensembles from formula (13.22). 


However, it should be noted that we cannot substitute + on = 00, 


in formula (13.22), since, as we have already noted in the preceding 
subsection, systems with such properties can be obtained only after 
the thermodynamic limit has been taken, and, because of the ab- 
sence of a consistent theory of condensation, we cannot estimate 
the order of the increase of aN /aA. 


Using (13.22) and (13.20), we can calculate all the thermody- 
namic functions. For the free energy, we obtain 


— _ 2) NV 
F(, V, N)=20,4, V)+nV+5in(2002%), 3.94) 


where p is given by Eq. (13.19b). Putting (13.24) into (13.19b), for 
the chemical potential we shall have the expression 


w= (=) _ 8 en (22). (13.25) 
ON/y,o 2 Op? \ Op 
Differentiating (13.24) with respect to V and 06, taking (13.19b) and 


(13.25) into account, we obtain for the pressure and entropy re- 
spectively 
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In the expressions (13.25)-(13.27), the first terms in the 
right-hand sides make the main contribution, and the others are 
negligibly small in the thermodynamic limit. Neglecting these 
small terms, we obtain the well-known relations (11.23), (11.20a), 
and (11.18), i.e., the chemical potential, pressure, and entropy 
calculated using the partition function (13.14) of the grand en- 
semble are equal to the corresponding quantities calculated using 
the partition function (13.23). Thus, the grand canonical and 
canonical ensembles are thermodynamically equivalent. 


§14. Passage tothe Classical Limit 
of Quantum Statistics 


At sufficiently high temperatures and not too large densities, 
when we can neglect quantum effects, a Gibbsian quantum-mechani- 
cal ensemble goes over into the classical ensemble, and the par- 
tition function (9.11) of the quantum ensemble becomes the parti- 
tion function (3.8) of the classical ensemble. This problem was 
studied by Wigner [12], Uhlenbeck and Gropper [26], and Kirkwood 
[27]. We shall follow the latter work. 


14.1. Passage to the Limit of Partition Functions 


For simplicity, we confine ourselves to a system of N mon- 
atomic molecules of mass m in volume \V, interacting through the 
potential 


U(x 0s ty) => Dy $(81— ¥). 


ix] 


In the case of the canonical ensemble, the partition function 
for the system has the form 


Q= »» { Wi (*p ee xy) e~bH P(t)... Xy)dx,...dxy, (14,1) 
k 
where 
1 fe 
== om Vit 2 (*p weey Hy). (14.2) 


W;, is a complete set of functions of the required symmetry. Here 
and below, we shall not write out explicitly the arguments 6, V 
and N on which Q depends. 
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Since @ does not depend on the choice of functions ¥;, for the 
latter we can choose any complete orthonormal set, symmetric 
in the case of Bose systems and antisymmetric in the case of 
Fermi systems. For the &,, we choose a symmetrized or anti- 
symmetrized product of plane waves, normalized in the volume V: 


Y= Var (Pa, (x,) wae Pp, (aw)s 


i (14.3) 
P,/(x)=V *e - p=(Pi, ..+) Py). 


The plus sign corresponds to Bose statistics, and the minus sign 
to Fermi statistics (for simplicity, we do not consider the spin of 
the particles). The operator # denotes permutation of the quan- 
tities Ky, .... X ys OF; equivalently, of the quantities p,, ..., Dy; 
(+1)* =1 for a Bose gas, and +1 or —1, depending on the parity 

of the permutation, for a Fermi gas. The factor 1/ YN! ensures 
the normalization to unity of the functions Wp. In fact, 


(8p, de, ... dey = 
= ig 20 feoe{- F Doren fem fF Loren} 


Sf, Sf’ 
1 1 
pra a) a ee dey ay Yt 


since for % +", the integral is equal to zero, and p2 1 is equal 
to the number of permutations of N elements. 


x dx, eee dxy = 


We choose the single-particle wave functions 9, (x,) in such 
a way that they possess the property of periodicity in a cube of 
side L = V?/8, ice., 


0, (+L) =o, (9), 


The quantum numbers p, can then take only the values 


a. 20h 
P7 TL Mpas 


where #,, are integers 0, +1, +2, .... Consequently, in the ele- 
j 


ment V dp,=V dp; dpi dp; of phase volume of each particle, there 
are Vdp,/(2xh) quantum states. 
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The summation over the quantum states pF in (14.1) can be 
replaced by integration over the momenta, since there is a large 
number of particles and the spectrum is practically continuous: 


NN 1 
> ars NI ay [.. . | ap, eos dpy, (14.4) 


Py sets Py 


where the sum over the momenta denotes summation over all the 
different states. The factor 1/N! allows forthe fact that permuta- 
tions of the particles do not change the state; cf. (1.5b) .| In trans- 
forming from the sums to the integrals, we are excluding the pos- 
sible case of Bose-gas degeneracy, when there may be a macro- 
scopically large number of particles in the ground state. This case 
must be considered separately. 


Using (14.3) and (14.4), we write the partition function (14.1) 
in the form 


Oar want foo J Sy EN exe - FY Yrs) x 


SP, Sf 


x ettexp | F Lesa) }dede, (14.5) 


where 
dxdp=dx,... dxydp, ...dpy. 


Since the integral in (14.5) is not changed by permutation of the in- 
tegration variables, which reduces simply to a change in notation, 
the double sum over the permutations can be replaced by a single 
sum. Taking into account that 


> NS, 
IP P 
we obtain 
q=| wae | Yen en {-FYers)em errs Si; prx)lat, 
a i i 


(14.6) 


fInitially, this factor was erroneously omitted by Kirkwood [27], although he noticed 
this and corrected it [27a]. 
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where 


-_ Ton ; (14.7) 
Now, the partition function is represented in the form of an inte- 
gral over the whole phase space of N particles, similar to the 
partition function (8.8) of classical statistical mechanics, the ele- 
ment of integration (14.7) having precisely the same form (1.5b) 
as was applied earlier in classical statistical mechanics without 

a rigorous proof. To calculate the integral (14.6), we must give 
the explicit form of the result of the action of the operator e-f# 


on the function exp | >> (p j-X;) | i.e., we must find the function 
i 


t 
“i= ebHe ii ain (px) = p3 (pj+%;))- -(14.8) 


Below, we shall calculate functions of a somewhat more gen- 
eral type: 
iP 


u(P) = e~bHe # an 


(14.9) 
where ¥ is the permutation operator of the particle coordinates. 
For Y=1, (14.9) coincides with (14.8). Below, at the end of this 
section, we shall need these functions to calculate the statistical 
operators in the semiclassical approximation, i.e., when the quan- 
tum effects can be regarded as small corrections to the classical 
effects. The functions (14.9) satisfy the equation 


Ou 1 
with the initial condition 
if 
— (px) 
Ubo=e* . (14.10a) 


Equation (14.10) is called Bloch's equation and plays an 
important role in quantum statistics. It is applied not only with 
the initial condition (10.10a), but also with other initial conditions. 
For example, the operator 


U = e—BH 
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also satisfies Eq. (14.10), but with the initial condition 


U seo = l. 


If we make the replacement 8 — it /fi in Bloch's equation, 
it coincides in external appearance with the Schrédinger equation. 
This formal analogy is convenient for carrying over the methods 
developed in quantum mechanics and quantum field theory into 
quantum statistics. In particular, following this analogy, we make 
use below of the analog of the Wentzel Kramers — Brillouin meth- 
od, well known in quantum mechanics, to solve Eq. (14.10) by the 
method of expanding in powers of Planck's constant hi, i.e., by the 
semiclassical approximation. 


In Eq. (14.10), we replace the unknown function u by w: 


if 
u(P) =eBH Pe F ” wy, x, 8), (14.11) 


where w(p, x, 8) is a function of the variables p, x, 6, and H(p, x) 
is a function of p and x, and not an operator. Then, Eq. (14.10) is 
brought to the form 


+ = eBH (p, o{ = V2 (e~BH (. #) gy) + iB gp (pV) e-BH (>. ») wy \, (14.12) 


where 


with the initial condition 


@hoo=l, (14.12a) 
or, since 
2 
p 
H (p, d= Msbtolm, very ¥y) =T(p) +0 (x), 
i 
to the form 
a ih ig 
ene {49 (pV) 2-80 ©) w + 3 V2 (e-Bo Ue) w)}. (14.13) 


In this equation, the small parameter h appears in the right- 
hand side. In fact, as we shall see below, the role of the small 
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parameter is played not by fi itself, but by the dimensionless ratio 
of the de Broglie wavelength corresponding to the average thermal 
velocity to the average distance between the molecules. 


The equation (14.13) can be solved by expanding in powers of hi: 


w= py hi” Wy. (14.14) 
For this, it is convenient to write it in the form of an integral 
equation 
B B 
w=14 BL gowns [P (pV) e~?)* w] dt + x | er () TY? (e-2) Tt w) dr, 
0 0 


whence, by the method of successive approximations, it is easy to 
find the coefficients wo, Wy, -+. : 


Wo = 1; 
B 
wat | rm P(pv)e2) tdr= SE 9 (pv) v(w) 
0 
8 
str | e2()* P (pV) e~9 TP (pV) u (x) dt + 
° B 
+e | et (x) TY2 p-o(x) tT de = 
0 
2 3 3 4 
=- {Evo 2 wop- Lp (pv) Po + FP (pv) op} (14-1) 
and so on. 


Using the expressions obtained and putting A=1, we write 
the partition function (14.6) in the form 


Q= jemeasen tert ... Jar + 


+ Sey? | [gee] Fe os. 9 x 


SP x1 
X [l+oh+ wf + ...JaP, (14.16) 
where X = (Xj, «0 Xy-), D = (Py, «++, Py) and the w, are taken for 


PY=1. The first integral, which corresponds to the identical per- 
mutation, has been written out separately. 
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Performing the permutations of the particle coordinates and 
confining ourselves to pair permutations only, we transform (14,16) 
to the form 


Q= fePHO 91+ ht om + ...Ja0 + 


+ >> i e~BH (9. ver (Pe-Pp *_—-*)) [Ll + o,ht+ wf + ...Jal. (14.17) 


kxl 


In formula (14.17), the integration over pj, .... Py is easily per- 
formed, if we make use of the relation 


ao co 

[ erotierde=t 2 [ ecw dy = + aa os 
i oy i a oy 

oo —oD 


Finally, for the partition function, we obtain the expression 


0- fe lem [BE Blob) 


a Yer - “Tal jh beg: tte |} ax, ... Akn, 
ix% 


(14.18) 
Xip = Hy — Xp. 


The first two terms in formula (14.18), which correspond to 
the identical permutation, were first obtained by Wigner [12], and 
the other two terms, which take into account the pair permutations, 
were obtained by Uhlenbeck and Gropper [26]. 


If in (14.18) we confine ourselves to the first term only, the 
partition function goes over into the partition function (3.8) of 
classical statistical mechanics: 


3N/2 
Qui = one WT 7 | e PN) dey... dey = { e PHP Dap, (14,19) 


Thus, if we regard classical statistical mechanics as the limiting 
case of quantum statistical mechanics, we obtain the correct ex- 
pression for the partition function (3.8), which corresponds to the 
normalization (1.5a) of the classical distribution functions. This 
definition is a good one in that it does not lead to the Gibbs paradox. 
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The second term in (14.18) gives the quantum corrections as- 
sociated with the interaction, but without allowance for the effects 
of exchange. The third term is due to quantum exchange and does 
not vanish even in the absence of interaction, i.e., for an ideal 
quantum gas. The last term is associated with both the exchange 
and the interaction. 


The terms associated with exchange contain the exponential 
factor 


and, therefore, they are small at densities that are not too large, 
when 


[l> t= 9) (14.20) 


where |x?| is the mean square distance between the particles, i.e., 
when the average distance between the particles is much greater 
than a distance of the order of the de Broglie wavelength h/(mg)!/2 
corresponding to the particle energy 90. 


At low temperatures or high densities, when the condition 
(14.20) is not fulfilled, the classical and quantum forms may differ 
greatly, and we have the onset of the phenomenon of degeneracy 
of quantum gases. 

14,2. Passage to the Limit of Equilibrium 
Statistical Operators 


It is not difficult to obtain semiclassical expansions, similar 
to (14.16), for equilibrium density matrices also. 


By means of the plane waves (14.3), we can write the density 
matrix in the coordinate x-representation in the form 


P(X, ees Hy, Ky wees xy) = 


- x Wh (¥en ey Hye POW (x1, 66) Hye (14.21) 
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It is especially simple to find the density matrix in the mixed 
coordinate-momentum representation: 


p (*;, cory Hy, Py eo ey Py) = 
7 
~ (enh J ole, very Ky Hip wees Hy) X 
x exp| — ar &u(,-*)) | 4x, ... dx), (14.21a) 


j 
Substituting (14.21) into this, and taking into account that 


l i , of , ri r 
(on) J exp{; De pj ¥p)) | ax; eee dx), = 8(p Pp), 


we obtain 
O(X1, 060s ys Pir veers Pu) = 
I x , 4 ip'x) , 
= wena (=) { o@ —Pp)e7(4-FP ef px dp)... apy, 
or 
H+=F iff 
1 PF aH FH (8) 
P(X, oe, Huy Ply eoey Pi) eae aD e 8 ef ‘ 


(14.22) 


Thus, to calculate the density matrix in the mixed representa- 
tion, we must find the function (14.9); we have already studied the 
calculation of this function, in the preceding section. 


Using the relations (14.9) and (14.11), we obtain 


0 (x1, eeoey Hy, Pir «ey Py)= 
_ Hi (p, X)—F 


te f 4F px) 
= NI (one e 8 (#0 e* (1 + wf + woh? + we) 
Sf 


(14.22a) 


where w, and w, are given by theformulas (14.15). Retaining only 
the first term in (14.22a), we obtain the classical distribution func- 
tion, exact within an unimportant phase factor: 


( H (p, x)—I t (px) 
PX), .25; x > Pi, -.:, = 8 . e (14.23) 
1 N 1 Py) NI (2 nyeY e é 
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In order to avoid the appearance of such phase factors, Wigner 
[12] proposed a somewhat different definition for an operator in 
the mixed representation. Wigner introduced the function 


f(x, coer Ky Pir ee ey Py) = 


| 3 g 2 : 
~ apa folut pee. ty +, x1 ——, sony ty alt) x 


i 

x exp! 5 »> (p; + dé, aoe dy. (14.24) 
j 

Integrals of this function over all p and all x have the form of diag- 

onal elements of the density matrix in the x- and p-representa- 

tions respectively: 


[Fo pdp=olx. »), [lx p)dx=o(p, p), (14.25) 


where x* = (x), ..., ¥yv),and p= (pi, ..., pw) « We obtain the rela- 
tions (14.25) by making a change of variables x, —(§,/2) = xj, x,+ 
(6/2) =27- 

The function f(x, p), of course, cannot be regarded as the 
distribution function of the coordinates and momenta. Only its 
integrals give distribution functions of the coordinates and mo- 
menta; the function itself can be negative and does not have the 
meaning of a probability density. From the Hermiticity of the’ 
density matrix, it follows only that f(x, p) is real. 


It is possible to treat the limiting transition to clas sical 
statistics by means of the density matrix f(x, p) in the Wigner 
mixed representation, as Wigner himself has done [12]. 


Thus, we have seen that the quantum-mechanical canonical 
ensemble goes over into the classical one as i —-0. It would also 
be possible to examine the more general question of the transition 
from quantum Poisson brackets to classical Poisson brackets and 
from density matrices to distribution functions when the system 
is described by an equilibrium Gibbsian ensemble. This question 
was considered in the paper [28], where itwas shown that quantum 
Poisson brackets go over to the classical ones as fh — 0 but that 
the limiting process must be carried out for density matrices 
with "classical symmetry," i.e., density matrices that are sym- 
metric only with respect to simultaneous permutations of both 


§14] PASSAGE TO THE CLASSICAL LIMIT OF QUANTUM STATISTICS 13¢ 


groups of variables x,, ..., Ky and Xj, ...; x'y, Since the quantum 
symmetry property (which conerns permutations of only one group 
of variables) has no classical analog. 


In essence, this question is connected with the passage to the 
classical limit of quantum mechanics, and we shall not study it 
here. 


Chapter ITT 


Irreversible Processes Induced by 


Mechanical Perturbations 


§15. Response of a System to External 


Mechanical Perturbations 


Until now, we have considered only equilibrium processes. 
We now turn to the study of nonequilibrium, irreversible processes. 


One of the principal problems of the theory of irreversible 
processes is the study of the effects on statistical ensembles of 
different perturbations disturbing the equilibrium. The effect of 
change of the external parameters has already been considered, 
in essence, in Chapters I and II, which were devoted to equilibrium 
statistical mechanics, in the derivation of the thermodynamic 
equalities in §§5 and 11; there, however, it was assumed that the 
ghange in the parameters was infinitely slow and quasi-static, 
such that the system could be assumed to be in statistical equi- 
librium at each moment of time. In the theory of irreversible 
processes, we also consider change of the external parameters, 
but this change may no longer be infinitely slow. 


A nonequilibrium ensemble can arise, for example, when cer- 
tain external processes begin to affect an equilibrium ensemble 
(describable, consequently, by one of the Gibbsian distributions), 
leading to changes of the parameters used to specify the ensemble 
(volume, particle number, temperature, chemical potential, and 
soon). The cause of these perturbations may be work performed 
on the system by changing its volume, or interaction with other en- 
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sembles (possessing a different temperature or chemical poten- 
tial), or, finally, the switching on of external fields acting directly | 
on the particles of the system. This last case, of irreversible 
processes induced by mechanical perturbations, will be considered 
in this chapter. The mechanism of the appearance of irrever- 
sibility is most easily elucidated in this case. 


A change in the external parameters, generally speaking, does 
not have a direct effect on the distribution function (or statistical 
operator), but an indirect one; it creates a statistically nonequi- 
librium state, which then tends to an equilibrium state, if there 
are no effects impeding this. Only in the case when the perturba- 
tion is induced by external fields does the change affect the dis- 
tribution function directly, and this is a reason for the relative 
simplicity of the study of such perturbations. 


We shall make a few comments on terminology. In macro- 
scopic thermodynamics, work performed on the system, for ex- 
ample, by changing the volume by a movable piston (mechanical 
contact), is called mechanical action on the system. A perturba- 
tion induced by contact of the system with other thermodynamic 
systems with a different temperature (thermal contact) is said 
to be a thermal effect. Contact with a reservoir with which matter 
can be exchanged (material contact) is ofthe sametype. In non- 
equilibrium statistical thermodynamics, a somewhat different 
terminology is used. By mechanical perturbations, we 
mean only those perturbations which represent the action of ex- 
ternal fields and which can be described completely by adding the 
corresponding energy of interaction of the system with the field 
to the Hamiltonian. Perturbations which, generally speaking, can- 
not be represented in this way are called, in the terminology of 
Kubo [1-4], thermal perturbations. Below, we shall use this ter- 
minology. Work performed on the system by change of its volume 
(or of other parameters not conjugate to real external fields) be- 
long to thermal perturbations also. 


We remark that it is sometimes possible to represent ther- 
mal perturbations formally as the result of certain mechanical 
perturbations, if we introduce the appropriate fictitious fields 
[5-9]. For example, diffusional flow can be regarded as the con- 
sequence of switching on an auxiliary gravitational or centrifugal 
field [5], and viscous flow as a consequence of motion of the walls 
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of the vessel [5]. Depending on the nature of this motion, we can 
obtain both the shear viscosity [5] and the bulk viscosity [6]. To 
take into account nonuniformity of temperature, we can introduce 
an auxiliary gravitational field [7], since according to the general 
theory of relativity, in a gravitational field the temperature is 
nonuniform even in a state of statistical equilibrium. 


It should be noted that to replace thermal perturbations by 
mechanical ones is simply a convention. In reality, the motion of 
the walls cannot be transmitted instantaneously by the molecules, 
and its influence is indirect. It creates a nonequilibrium state, 
which propagates with the speed of sound and cannot be represented 
exactly as the effect of an external field. But in the case of suffi- 
ciently slow changes of the parameters, these analogies, if not 
taken too literally, lead to reasonable results and are very useful. 
They are based on the fact that mechanical and thermal perturba- 
tions can induce the same transport processes. 


We turn now to discuss the theory of the linear response of 
statistical systems to mechanical perturbations. 


15.1. Linear Response of a System (Case of 
Classical Statistics) 


The response of a statistical ensemble to an external time- 
dependent perturbations is easily investigated in both the classical 
and the quantum case [1-14]. It is closely connected with the theory 
of retarded Green functions [12-15]. We shall discuss this prob- 
lem first on the basis of classical statistical mechanics (we shall 
consider the quantum case in the next subsection). 


We shall consider a statistical ensemble of systems with a- 
Hamiltonian H(p, q) that does not depend explicitly on time; q and 
p are the aggregates of coordinates and momenta of all the par- 
ticles, and the Hamiltonian includes all possible interactions be- 
tween the particles. We shall study the response of the ensemble 
to the switching on of an external time-dependent perturbation 
H;(p, q). 


The dynamic variable Hp, q) represents the energy of inter- 
action of the system with the external field. The subscript argu- 
ment t denotes only the explicit time dependence of the perturba- 
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tion. In addition, there may be an implicit time dependence through 
the coordinates and-momenta q(t), p(t) of the particles, in accord- 
ance with the equations of motion. 


The total Hamiltonian describing the system and its interac- 
tion with the field is 


H(p, q) + Hi (p, 4). (15.1) 


The Hamiltonian of the external field responsible for the interac- 
tion H!(p, q) is not included here, since the external field is assumed 
fixed. 


We assume that the external perturbation was absent at t = —o, 
1.€., 


Hi (p, 9) \pn—co = 9. (15.1a) 


The perturbation Hi(p, q) can often be represented in the form 
of a sum 


Hi(p, g)=— ps B,(p, q) F; (t), (15.2) 


where F ;(t) are the external driving forces, which are functions 

of time and independent of the coordinates and momenta of the par- , 
ticles, and B,(p, q) are the dynamic variables conjugate to the fields 
F; (t) and are not explicitly time dependent. 


For adiabatic switching on of a periodic perturbation, 
Hi(p, g)= Let-™Ba(p, 9) (> 0), (15.2a) 


where € is an infinitesimally small positive quantity and By = Bry; 
since the energy Ht is real, For instantaneous switching on of a 
periodic perturbation, 


0 for t<hy, 
Hi (p, o=| SY e-!! Bo (p,q) for tte. (15.3) 
@ 


The distribution function satisfies Liouville's equation (2.11) 


{H+ Hi, fh, (15.4) 
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where- {... }is the classical Poisson bracket (2.10). In addition, 
f satisfies the initial condition . \ 


f(t) noo =fo=Q7'(8, V, NeW*®,  Q(0, V, M)= ear (15.5) 


which means that at t =—©, the system was in a state of statistical 
equilibrium and was described by the canonical distribution (3.7). 
In the initial condition (15.5), we can also take for fy the grand 
canonical distribution (3.30): 

F(t) aco = fo = Q7' (8, p, Ve EM, 


, 15.5a) 
Q(0, w V)= Dy J ert-wmre dy. 

, N 
Liouville's equation (15.4) and the initial condition (15.5) or (15.5a) 
completely determine the distribution function f(t) for any time t. 


This formulation of the problem of mechanical perturbations 
of a statistical system is far from being as self-evident as it ap- 
pears to be at first sight. The initial condition (15.5) means that 
the system was in statistical equilibrium with a thermostat in the 
remote past, while the use of Liouville's equation (15.4) shows 
that the influence of the thermostat is later not taken into account, 
since the Hamiltonian (15.1) refers only to the system itself. It 
is assumed that the external perturbation H} is adiabatically 
switched on at t = —, the thermostat moves away, as it were, and 
the system then develops as an isolated system, in a mamer ap- 
propriate to its Hamiltonian and the external perturbation. This 
interpretation is not entirely satisfactory. The moving away of 
the thermostat is not a real physical operation. If the external 
perturbation is large, then, after the thermostat has moved away 
and after a sufficiently long interval of time, it may no longer be 
important that the system was in statistical equilibrium with it at 
t =, and the system may be in a strongly nonequilibrium state. 
In this case, it is not effective to use the equilibrium state as the 
zeroth approximation. 


In another possible interpretation (Bernard and Callen [11]), 
it is assumed that the thermostat does not move away, but that in 
the Hamiltonian of the system there is an additional small term, 
describing its interaction with the thermostat. This interaction 
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is not written out explicitly, but is assumed that it causes inco- 
herent transitions between the states of the system, owing to 
which the system forgets the details of the initial state after a 
sufficiently large interval of time. This interpretation also can- 
not be considered completely satisfactory, since the influence of 
the thermostat is essentially not taken into account at all in it. 
The question of how the influence of the thermostat can be taken 
into account will be considered below, in Chapter IV and in Ap- 
pendices II and m.t 


The above criticisms apply mainly to strongly nonequilibrium 
states. For weakly nonequilibrium states, when f(t) differs little 
from fo, the above method of treating mechanical perturbations 
gives rise to no objections, and it is this case that we shall con- 
sider below. 


We now examine the solution of Eq. (15.4) with the initial con- 
dition (15.5) or (15.5a). We go over from the function f to f,; by 
means of the transformation 


fF, =e~ 4 f, (15.6) 


where L is the Liouville operator, i.e., the differential operator 
(2.14a), (2.16): 


iLf ={H, fh; (15.7) 


e-#L is the evolution operator, which acting on an arbitrary func- 
tion of the coordinates and momenta q(0), p(0), transforms it to a 
function of q(t), p(t), which are solutions of Hamilton's equations 
with the initial conditions p(t)|l,.) = P(0), 9()4.. =q(0) [cf. the 
remarks on formula (2.21a)]. 


After the transformation (15.6), Liouville's equation takes the 
form 


Of nut fp pith 
a =e {Hy}, e f,}. 


TA third possible interpretation of the response theory is that an infinitesimally small 
term, Causing the system to tend to equilibrium, is introduced not into the Hamil- 
tonian, but into Liouville's equation 


at _{w+nit}=-ecr-4) 


and 6 -»+0 after the thermodynamic limiting process. If we denote 6 =1/r, then 
the right-hand side of this equation has the form of the usual relaxation term 


(fo-f)/r. 


§15] RESPONSE OF A SYSTEM TO EXTERNAL MECHANICAL PERTURBATIONS 147 


Taking into account that the evolution operator e~#£ acts on both 
H; and elf, we write this equation in the form 


oh =(HIO, fi}, (15.8) 


where 
 Hi(t)=e"™ Ht (15.9) 


is the analog in classical statistical mechanics of the Heisenberg 
picture in quantum mechanics. Equation (15.8) must be supple- 
mented by the initial condition 


Fi (2) aoe = fos (15.10) 


which follows from (15.5) and (15.5a), since e-#£f,=f), as fo is 
an integral of Liouville's equation. The right-hand side of Eq. 
(15.8) contains only the perturbation energy H(t), and (15.8) is 
therefore convenient for studying the behavior of the system for 
small perturbations. 


It is convenient to write Eq. (15.8) and the initial condition 
(15.10) in the form of a single integral equation 


t 


RO=h+ { (HLW), jae’, (15.11) 


—oo 


or 


t 


Fi) =ho+ ft (Hh, F(¢’)} ae’. (15.11a) 


—o 


If the perturbation H! is small, the solution of Eq. (15.11a) 
can be obtained by iteration, taking f/f) as the zeroth approximation. 
In the first approximation, we find 


t 


F)=f,+ | {HLW 2), fh) at, (15.12) 


—oo 


where the Poisson bracket is equal to 


(Hts hh) = aq" ap ~ ap Gq 


In the right-hand side, summation over all the particles is to be 


- 
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understood. Noting that 


(Hi f}=—B(H H)fy B= (15.13) 


we write (15.12) in the form 


t 
F(t) = fo f —p | (Hi(’-2), #) a’ ; (15.14) 


—oo 


Using (15.12) or (15.14), we can calculate the average value 
of any dynamic variable A(p, q) in the linear approximation in Hi: 


dp dq 


Mi nny (15.15) 


(A) = A(p, ai (p, q, tal, where dV = 


Substituting (15.12) in (15.15) and integrating by parts, we obtain 
t 
A=(Ay + f(A, HEU -D)odt’s 4 (15.16) 


where 


(Jom fee. foal 


denotes averaging with the equilibrium distribution function. 


Formula (15.16) gives the formal solution of the problem of 
the response of a classical statistical system to a mechanical per- 
turbation. But the actual calculation of the right-hand side in (15.16) 
is far from simple, since it contains averages of dynamic variables 
at different times and requires that we solve a dynamic problem. 
In a number of cases, this can be done for systems witha small 
parameter. 


Expression (15.16) describes the retarded response of the 
average values of A to a variable perturbation Hi. This response 
has a causal character, since only the effect of perturbations at 
t' < t, i.e., which took place at past moments of time, are found 
to be important. 


In formula (15.16), it is convenient to extend the integration 
formally to +. by introducing the discontinuous function 6(t —t'): 


1 for t>0, (15.17) 
ana! 0 for <0, 
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Then 
(A) = (A)o + { (AHP (t! —1))) dt’, (15.18) 
where ~ 
(AB (t’ —t))) = 0-2) CA, BY’ — to = 8 (E-#) {A BU Mo 
(15.19) 


isa retarded two-time Green function of classical 
statistical mechanics. 


The latter equality in (15.19) is connected with the fact that 
the average values (A(t)B(t'))) of a product of dynamic variables 
(or of the corresponding Poisson bracket) over a state of statistical 
equilibrium depends only on the difference of the time arguments. 
The fact that the average of a product of dynamic variables, taken 
at different times, depends only on the difference of the times is 
the stationary condition, well-known from the theory of random 
stationary processes [16, 17]. It means that, in the stationary 
case, time correlation functions cannot depend on the choice of 
origin for the time, i.e., 


(A(t+71) B(i’ +7) =(AB(E)), 
whence, putting 7 =—t, we obtain 
(A (t) B(t’)) = (AB (t’ — t)), 
where the averaging is performed over a stationary state. 


This property for averaging over an equilibrium state is also 
easily proved directly. By definition, we have 
(A (21) B (t5))o = 
= Qt [PH A(n(t), g(t) B(plta, g(t) LOO, 


where 
p(t)=e-#" p(0), q(t) =e-#4 g (0). 


Using Liouville's theorem (2.2) 
dp (0) dq (0) = dp (t,) dq (t,), 


we transform the integral in the right-hand side of the form 


q: e PH 9) A (p(t), 9 (t)) B(p (to), 9 ()) egg 
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Introducing the new integration variables p' = p(t,), q' =q(t,), we 
obtain 


(A (¢,) B (t2))o = 
=O! fe-HO. Alp, )BIP’ (tt), (et) LEE = 
= (AB (t2— tio 
since 


p (to) =eF G-HIL p(t.) = e-FH-HL p’, 
g (te) = e-HH-ADL g (t,) = em FE G-EDL g!, 


and H(p, q) is an integral of motion. Thus, the required property 
is proved. 


Thus, we have seen that the influence of an external mechani- 
cal perturbation on the average value of a dynamic variable is 
described by the retarded Green function coupling this variable 
with the perturbation. 


The retarded Green functions (15.19), which were introduced 
by Bogolyubov and Tyablikov [15] for the case of quantum statistics, 
are very convenient for application in the statistical mechanics 
of equilibrium and nonequilibrium systems, owing to their trans- 
parent physical meaning and their simple analytic properties 
[12-15] (cf., further, §16). They are also useful in classical sta- 
tistical mechanics [18-20]. 


The physical meaning of the retarded Green functions can be © 
elucidated by considering the effect of an instantaneous 6-function 
perturbation . 


H} = Ba(t—t)) (15.20) 


on the average value of a dynamic quantity A. Substituting (15.20) 
in (15.18), we obtain 


(A) = (A) + (AB (t—2))) = (Ay + (AQ BED). (15-21) 


Consequently, the retarded Green function is equal to the change 
of the average value of A by the time t due to the instantaneous . 
Switching on of the 6-function perturbation at time t,. 
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By means of (15. 14), we can obtain another form for the re- 
lation (15.18): 


(Ay=(Ay—4 | (AHL -2))o dt’ = 


= (Ay +4 | (A-1) Haat! (@=p'), (15.22) 


where 
A={A, H}. (15.22a) 


The latter equality in (15.22) follows from the stationary 
condition 


(atl (t —#)))= — (AE-#') Hed. (15.23) 


In fact, the average value of a product of dynamic variables over 
a state of statistical equilibrium depends only on the time differ- 


ence: (AHAt _ t)y = (A (t - t’) Hi), 


whence, by differentiating with respect to t, we obtain the relation 
(15.238). 


Thus, the change of the average value of A under the influence 
of a perturbation Ht is determined in the linear approximation by 
the time correlation function coupling A with H! or A-with Hi, 


If the external perturbation has the form (15.2), we can write 
formulas (15.18) and (15.22) in the form 


(Ay=(Ay— Ye f KAM BO) Fae, (15.24) 


j —2 
t 
(A) = (A)o + » { (A(t) B; (t/))o F(t’) at’. (15.24a) 
i — 00 
These relations for the linear response of a system are called the 


Kubo formulas. 


Kubo made_.a detailed study of the response of classical and 
quantum systems to the switching on of an external perturbation, 
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starting from Liouville's equation and the equilibrium condition 

at t =—-~ [1, 3, 4]. However, relations similar to the Kubo for- 
mulas had been obtained earlier, for a particular case, by Kirk- 
wood [21], who expressed the coefficient of friction of a Brownian 
particle for the classical case in terms of the correlation function 
of the forces acting on itt (cf. §26), and by Callen and Welton [22], 
who proved a generalized Nyquist theorem on the relation between 
the susceptibilities (or kinetic coefficients) in linear dissipative 
processes and the equilibrium fluctuations; we shall study this 
theorem in §17. The great merit of Kubo's work lies in the fact 
that he gave the most general proof of these formulas, applied 
them widely to the theory of linear dissipative processes, and drew 
the attention of physicists to them. 


A remarkable feature of the Kubo relations is that they ex- 
press nonequilibrium properties in the form of averages over a 
state of statistical equilibrium and have an extremely general 
character. 


In the case of adiabatic switching on of the periodic perturba- 
tion (15.2a), the formula (15.18) takes the form 


(A) = (A)y + D> e%!# (CAB) os (15.25) 


where 


((ABa))y= { et! (AB, (t))) df (15.25a) 


is the Fourier component of the retarded Green function. t 


If the external perturbation contains only one harmonic of 
frequency , i.e., 


Hi =— Fcosate” B, (15.26) 


fAn expression for the coefficient of friction of a Brownian particle in terms of the 
correlation function of the forces acting upon it was first obtained by Uhlenbeck and 
Ornstein [154], and later by Krylov and Bogolyubov [155]. 

£The normalization of the Fourier component (15.25a) of the Green function differs 
by a factor 29 from that used in[12]. This is convenient since, with this normaliza- 
tion, factors of 1/2m are eliminated in many formulas. 


§15] RESPONSE OF A SYSTEM TO EXTERNAL MECHANICAL PERTURBATIONS 153 


where F.is the amplitude of the periodic force and is independent 
of the coordinates and momenta, and B is the dynamic variable, 
then the linear response has the form 


(A) = (A)o + Re {x (o) Fe- totter}, (15.27) 


where Re denotes the real part of the expression, and “ (w) is the 
complex generalized susceptibility , equal to 


%(@) = — ((ABY)o, where ((AB)),= { e-fo'+ ((AB(t))) dt. (15.28) 


—0o 


This is the Kubo formula for the susceptibility. The relations 
(15.27) and (15.28) show that the Fourier components of the re- 
tarded Green function have the meaning of the generalized com- 
plex susceptibility describing the effect of the perturbation (15.26) 
on the average value of A. 


We remark that in calculating the complex susceptibility (15.28) 
we must perform two limiting processes: the usual limiting pro- 
cess of statistical mechanics V — o (V/N = const) in the calcula- 
tion statistical averages, and the limiting process € — 0. The 
results depends on the order in which these limiting processes 
are performed. The correct order is that with V — ~ first, and 
then « — 0.t 


Just as it is always assumed in equilibrium statistical ther- 
modynamics that the thermodynamic limit V ~ « (V/N =const) 
exists, in nonequilibrium statistical thermodynamics it is assumed, 
in addition, that for the expressions (15.28) the limit exists in 
which V — first, and then & — 0. We shall call this the (V, €)- 
limit. However, whereas the existence of the thermodynamic limit 
is proved, with certain restrictions on the interaction potential 
(cf. the references [13-17e] to Chapter J), there is still no rigo- 
rous mathematical proof of the existence of the (V, €)-limit. Later, 
in §§15.4 and 17.4 of this chapter, we shall return to the discussion 
of the order of the limiting processes. 


fit is shown in Appendix I, using the example of the quantum-mechanical scattering 
problem (where the role of V is played by the volume in which the eigenfunctions 
are normalized), that this order of the limits corresponds to the exclusion of the ad- 
vanced solutions of the Schrédinger equation. 
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15.2. Linear Response of a System 
(Case of Quantum Statistics) 


We shall consider the response of a quantum statistical en- 
semble of systems, with a Hamiltonian H independent of time, to 
the switching on of a time-dependent external perturbation Hi. 


The total Hamiltonian of the system, including the external 
perturbation, is 


H+ Hi, (15.29) 
where Hi is the operator of the interaction of the system of par- 
ticles with the external field. The Hamiltonian of the external 
field with which the particles interact is not included in (15.29), 
since the field is regarded as fixed. 


we assume, as before, that at t = —~ the external perturba- 
tion was absent, i.e., 
1 — 
Hehe =0- (15.29a) 
The perturbation Ht can often be represented in the form 


Hi=— x B,F,(t), (15.30) 


where F; (t) are the external driving forces, which are functions 
of time and are C-numbers,{f and B; are the operators conjugate 
to the fields F;, (t) and do not depend explicitly on time. The ex- 
pression (15.30) is analogous to the classical expression (15.2). 


If a periodic perturbation is switched on adiabatically, then 


Hi= — Dev B, (e>0), *  (15.30a) 


where € is an infinitesimally small positive quantity, and B,, is 
a quantum-mechanical operator that does not depend explicitly 


on time. It follows from the Hermiticity of (15.30a) that Bt = BL_,,. 
The statistical operator p satisfies the quantum Liouville 
equation (8.6) 


in =[H +H}, 0] (15.31) 


fIn the terminology customary in quantum mechanics, quantities which do not have 
an Operator structure are called C-numbers, 


g15] RESPONSE OF A SYSTEM TO EXTERNAL MECHANICAL PERTURBATIONS 155 


and the initial condition 
—~pn —f—! —H/0 
Plano =P =Q (8, V, Ne”, (15.32) 


which means that, att =, the system was in a state of statisti- 
cal equilibrium and was described by the canonical ensemble (9.14). 
As the initial condition, we can also apply the grand canonical en- 
semble (9.42): 


_ _ -! —(H-pLN)/6 : 
P|. =P =Q™ (8, w, Ve -BM® (15.32a) 


We go over from the statistical operator p to p;, by means 
of the canonical transformation 


0, = ebHtlh y e—tHt/h (15.33) 
Then the quantum Liouville equation is transformed into 
in 2: = [Hi (), pl. (15.34) 
with the initial condition 
OP; oo = Po, (15.35) 
where 
Hi (t) = e@t* yy 9 tHtIA (15.36) 


is the perturbation operator in the Heisenberg picture with Hamil- 
tonian H; with respect to the total Hamiltonian (15.29), formula 
(15.36) gives the interaction picture. 


Equation (15.34) and the initial condition (15.35) can be writ- 
ten in the form of a single integral equation 


t 
0; (¢) =) + { + [Hb (t’), 9 (t’)| dt’, (15.37) 


or 
t 
0 (t)= 0 + etl ek [Ht 0 (t') | eifl (t—t)(h dt’: (15.37a) 


these equations are analogous to the classical equations (15.11) 
and (15.11a). 
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If the perturbation H! is small, the solution of Eq. (15.37) can 
be obtained by iteration, using p) as the zeroth approximation. In 
the first approximation, we shall have 


t 
_ I 1 (4? , 
p= | lab —2), plat’ (15.38) 


=O 


Up to this point, all the relations are valid when py is not only 
the canonical or grand canonical distribution, but any equilibrium 
distribution, for example, the microcanonical distribution, since 
nowhere have we used the explicit form of py. We assume now 
that py is the canonical distribution (15.32). 


Using the identity, valid for any operator A, 


B 
[A, e-B#] = — e-b# {em [A, H]e-** dh, (15.39) 


0 


which is usually called the Kubo identity and which we shall 
prove somewhat further on [cf. formula (15.42) and after], we ob- 
tain 


B t 
oo - | fe Hi(t’ —the7™" aa a’), (15.40) 


0 —o 
where 


Hi (t —t)= 4 [HL (tf —2), HI. (15.41) 


In the case when py is the grand canonical distribution (15.32a), 
formula (15.40) remains valid, but init we must put 


Hy — 2) => [He —2), HN (15.41) 
If Ht commutes with N as is often the case, then (15.41a) coincides 


with (15.41). If p) is the microcanonical distribution, formula 
(15.40) is no longer valid. 


We shall now derive the Kubo identity (15.39). We put 
[A, e~8#] = e-F4 S (p), (15.42) 


where S(f) is an operator to be determined. Differentiating (15.42) 
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with respect to 8, we obtain a differential equation for S(6): 


Os 
a — eA, H]e- BH 


with the initial condition S|,_,=0. Integrating this, taking the ini- 
tial condition into account, we obtain Kubo's identity (15.39). 


Formulas (15.37a) and (15.40) enable us to calculate, in the 
linear approximation in Hi, the average value of any observable 
quantity represented by the operator A: 


(A) = Tr (0A). (15.43) 


Substituting (15.38) in (15.43) and using the invariance of the trace 
with respect to a cyclic permutation of the operators, we obtain 


t 


(A) = (Ado + [4 (la@, Hy(¢’)|)o at’, (15.44) 


where 
A (t) = etHtlh A e—tHtih (15.45) 


is the operator A in the Heisenberg picture, and 


(...)o = Tr (Mp «--) (15.46) 


represents averaging with the equilibrium statistical operator 
(15.32) or (15.32a). 


Equation (15.44) describes the retarded response of the aver- 
age values of an operator A to the switching on of a perturbation Hi. 
for a quantum-statistical ensemble. It has exactly the same form 
as (15.16) in classical statistical mechanics, except that the classi- 
cal Poisson bracket is replaced by a quantum Poisson bracket and 
the classical averaging by quantum averaging. 


Extending the time integration in (15.44) to +o by introducing 
the discontinuous function 6(t — t') (15.17), Eq. (15.44) can be writ- 
ten conveniently in the form 


(Ay = (Ayo t+ [ A(t) HE (ED) at’, (15.47) 


where 


(A (f) B(t))) = 8 (E — Y) G sr (A (4), BE o (15.48) 
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is the retarded two-time Green function in quantum statistical me- 
chanics, introduced by Bogolyubov and Tyablikov [12-15]. 


Formulas (15.47) and (15.48) are analogous to formulas (15.18) 
and (15.19) of classical statistical mechanics. Thus, the effect of 
external perturbations onthe average values of observable quan- 
tities in quantum, as in classical statistics is described by re- 
tarded quantum Green functions coupling the observable quantity 
with the perturbation. 


The Green functions (15.48) depend on the difference t — t' 
of the time arguments, as dothe time correlation functions 


(A(t) B(t’))o = (A (t — #’) Bo = (AB (t’ — t))o, (15.48a) 


dude eve 
inasmuch as the averaging is performed over an equilibrium en- 


semble. It is easy to see this directly, by using a cyclic permuta- 
tion of the operators in the trace. In fact, 


; dHt = ~4H(t-t) — —1HY 
(AWB) <Q" e-be F Ae Be Ff = 
in (t-t) —1H (t’—t) 


_ Qu'Tr | ite hk Be a e-BH = {AB (t’ - ty), 


as we wished to prove. This same relation is valid for averaging 
over the grand ensemble; we need only replace H —~ H— wN in 
the proof. 


The physical meaning of the retarded quantum Green func- 
tions is the same as for the classical ones. An instantaneous 6- 
function perturbation of the type (15.20) influences the average 
value of an observable quantity A through the Green function 


(A) = (A)y + (A (2) B (E)))). (15.49) 


Just as in classical statistics, the effect of a perturbation 
on average values can also be expressed in terms of time correla- 
tion functions. For this, we make use of the expression (15.40) 
for the perturbed statistical operator. Then, 


6 ¢ 
(Ay=(A)o= ff CM Hee) e™ A O)odh at! 


0 —o90 


B ft 
=(Ayo+ | [Ce HE )e™ A (oda dt’, (15.50) 


0 —o0 
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where the stationarity condition (15.23) has been used, as in the de- 
rivation of (15.22). Formula (15.50) can also be written in the form 


t 


- B 
(A) = (Ado — | (Het — ith) A ())o dh dt! 


—o00 


= (A)y + +[f [ca (’ — inn) AW)o daat’. (15.51) 
0-—- 


Comparing (15.51) with the classical expression (15.22) for the 
linear response» we note that (15.51) goes over into (15.22) if we 
put, formally, fi h =0 and ‘replace the quantum averaging by classi- 


cal averaging. This simple rule can be applied te to obtain th the classi- 
cal formulas from the quantum formulas. 


The formulas (15.47) and (15.51) give expressions for the 
linear response of a quantum statistical ensemble to mechanical 
perturbations, in terms of Green functions or quantum time cor- 
relation functions. For an external perturbation in the form 
(15.30), these formulas can be written in a form 


(Ay=(A—  f (AWB OY) FC) at’, 


j _ 3 (15.51a) 
(Ay = (Ay + Y ff MB eM A Oo F(t) at’ dh, 
j —0 0 


similar to formulas (15.24) and (15.24a) of classical statistical 
mechanics. These are the Kubo formulas for the linear 
response of a quantum system. 


The formulas (15.51a) for the linear response of a system are sometimes also 
represented in the form 


t 
(A)= (Alot Y f ay, C- 0) Fae, 


~ co 
where 


6 
Pap, Et) | CMB, ()e-M A(O)o dd = B(B/(H), AM) 
0 


isthe response function, or after-effect function, describing the ef- 
fect of the perturbation Bj on the average value of A. It is sometimes called the 
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response. In the classical case, it goes over into the time correlation function 
Pap, E—#)=B (BH) A O)o 


The response function differs from the Green function only by the discontinuous 
factor g(t —t"). Indeed, from a comparison with (15.51a), 


(A(t) Bt’) = — 8-2) Ogg EF). 


Sometimes, in addition to the response function, the relaxation function 
ao 
. a —et’ 7 
®,, (= | Dap ene dt 
t 


is introduced. 


It is possible to develop the theory of linear response using these functions, as 
Kubo does (cf. [1, 3, 4]), but since they are simply related to the retarded Green 
functions, which have a very simple physical meaning, it is evidently simpler to con- 
struct a theory of linear response on the basis of the retarded Green functions, and this 
is the path we shall follow in this book. 


15.3. Nonlinear Response of a System 


The nonlinear response of a statistical system to external 
mechanical perturbations can be studied by the same method as 
was used in §§15.1 and 15.2 to treat a linear response [1, 11]. In 
this subsection, we shall consider only the quantum case, since 
the classical case can be treated analogously by replacing the 
quantum Poisson brackets by classical Poisson brackets and the 
quantum averaging by classical averaging. 


We again start from the quantum Liouville equation (15.31) 
and the initial conditions (15.32) or (15.32a) and transform Liou~ 
ville's equation to the integral form (15.37). Iterating Eq. (15.374), 
we obtain a perturbation theory series for the statistical operator [1] 


| 


09 t ty n— 
1! - 
p(t) =p) + ae { at, { at, ves dt, e7 "| Hi (ty) [Ht (ta) ... 
n=] oo —09 —co 


... [Ht (en), po] ...fe"* (15.52) 
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and for the average value of the operator A 
os] t I tn-1 
I 
()=(Ae+ Sage f fo fo 4H, OH, Ce .. 
n=] —00 —00 —09 


[Hi Ga), eo] -»-[}dt ... dt (15.52a) 


The series (15.52a) describes the nonlinear response of a sta- 
tistical system to the switching on of a perturbation Hi. 


It is also easy to obtain a more compact formula for the non- 
linear response of a system, if we start from the equation of mo- 
tion for the evolution operator U(t) 


au xo) 


in — =(H + Hi)U (ft). (15.53) 


For H, = 0, the solution of Eq. (15.53) has the form 
U (t)= en tHtlh 
since, in this case, the Heisenberg picture (8.17a) has the form 


(8.17). Consequently, Eq. (15.53) must be supplemented by the ini- 
tial condition 


efHHAY (t)],_ = I. (15.53a) 


_ It is easy to see that, if U(t) satisfies Eq. (15.53) and the ini- 
tial condition (15.53a), then 
p(t) =U (4) oU* @) (15.53b) 


satisfies Liouville's equation (15.31) and the initial condition (15.32) 
or (15.32a). Indeed, differentiating (15.53b) and taking (15.53) into 
account, we obtain (15.31). In addition, according to (15.53a), as 

t - —~, o(t) tends to 


en tHtlt 9, etHtih — 9 


i.e., p (t) satisfies the initial condition (15.32) or (15.32a), as we 
wished to prove. 


It is convenient to multiply Eq. (15.53) by e!#”* on the left 
and transform it to 


in (eo U ()) = H(t e™" U (ft), (15.54) 
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where 
H! (t) = elHttit py\ y— titi (15.55) 


is the perturbation energy operator in the Heisenberg picture. 
Integrating Eq. (15.54) over t from —~ to t, taking the initial con- 
dition (15.53a) into account, we obtain an integral equation for U(t) 


.y 


t 
U (t)= on 1+ + { H}, (t:) e"* U (t,) dey ; (15.56) 


It is convenient to go over to the operator 
U, (t) = ef #/* U (2), 


which satisfies the simpler integral equation 


t 
U, (= 1 +z a (f,) U, (¢)) dt, 


with the initial condition 
U, (2) —_— =1. 


Solving this integral equation by iteration, we obtain a perturbation 
theory series for U(t): 


iHt © 


é fy fn-1 
Uid—e ® SM(AY fat: f dtp... | ata Hi, (a) Hi(t) ... Hi, t). 


n=0 


(15.56a) 


The operator U(t) can be written in a more compact form by 
using the time-ordering operator P, which, acting on any product 
of time-dependent operators, places them in chronological order 
of decreasing times, i.e., 


P{A(t)) B(ts) «.. L(En)] = A(t) B(ta) «» L En), 


where t; > t, > ... > ty; A, B, ..., L are arbitrary time-dependent 
operators, for example, operators in the Heisenberg or interac- 
tion pictures. Using P, we can represent the n-th term of the 
series (15.56a) in the form of a multiple integral with the same 
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upper limits of integration: 


tn-1 
] 
cay | ats [ dt, «0. te HE, (ts) HE, (be)... HE, (tn) = 


t 
1 I 
=i Up | at { at, vee { ata P [H}, (ti) Hi, (to)... Ht, (ta)] 


since the integral in the right-hand side of this equality is sym- 
metric with respect to t,, ..., t;, and the number of possible per- 
mutations of the time arguments is equal to n!. Consequently, 
the evolution operator (15.56a) can be represented in the form of 
an ordered P~-exponential 


U (t) = e7tHtlh P exp 


t 
wf Ht, (t1) an (15.56b) 


as is usually done in quantum field theory [23-26]. 


The formula (15.53b) can be written in the explicit form 


p(t) =U (fhe P OU"), (15.57) 
or 
p= U (Het OUT (15.57a) 
for the canonical and grand canonical ensembles, respectively. 


We shall obtain one more formula for the statistical operators 
(15.57) and (15.57a). We note that for f(A) — an arbitrary func- 
tion of the operator A — the relation 


Uf(A)U* =f(UAU*), (15.58) 


holds, where U is the operator of an arbitrary unitary transfor- 
mation (UtU = UU+t = 1), for example, (15.56). The relation (15.58) 
is easily proved by expanding f(A) in a Taylor series and taking 
into account that 


UA"U* =UAUTUA ... UAU* =(UAU*Y, 


since UtU =1. Using (15.58), we obtain 


o (t) = exp {—p[U (t) HU* (t) — FI} (15.59) 
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or 
o (t) = exp {— B[U (#)(H —pN) U* (t) -Q]} (15.59a) 


in place of (15.57), and (15.57a). Together with (15.56b), these 
formulas give a compact form of the perturbation theory series 
(15.52) for the statistical operator. 


We remark, however, that the theory of nonlinear response to 
mechanical perturbations, described above, is less well-founded 
than the theory of lineay response. We took contact with a thermo- 
stat as the initial condition at t =—©, and then studied the evolu- 
tion of the system as if it were isolated from all external influences 
apart from the force field. In fact, in almost all real cases, the 
system receiving energy from the external field can pass it on to 
its surroundings. This is especially obvious if we think of the 
system as a distinct part of a large system. 


Even if we assume that at the initial moment the system was 
in equilibrium with a thermostat, this equilibrium is disturbed as 
a result of the mechanical perturbations, and thermal perturba- 
tions, which cannot be described by an external field, arise. Only 
in the linear approximation are mechanical and thermal perturba- 
tions additive. 


A system of a large number of particles, receiving energy 
from an external field, can distribute it between its particles, for 
example, in the form of Joule heating, and is characterized by a 
time-dependent temperature. A number of experiments on the be- 
havior of magnetic materials placed in a constant magnetic field 
with a superimposed alternating magnetic field can be inter- 
preted if a time-dependent spin temperature is introduced [27]. 

On the other hand, the theory of nonlinear response developed 
above contains only the equilibrium values of the parameters 

8 =1/kT and p, which entered because of the initial condition of . 
statistical equilibrium at t =—~. In its usual form, this theory is 
not.very well adapted for the introduction of the concept of a time- 
dependent temperature. This dependence is usually obtained from 
the energy balance condition and from the work done by the ex- 
ternal field on the system, by taking the effect of the field to be 
adiabatic [27], but this procedure is somewhat artificial. In the 
papers [28], it is shown that, for spin systems, the time depen- 
dence of the spin temperature can be treated on the basis of the 
theory of nonlinear response, by summing those terms in the per- 
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turbation theory series (15.52a) that are important at large times. 
The analogous procedure in nonlinear mechanics is the selection 
and summation of the secular terms. In Chapter IV it will be 
shown how one can find solutions of Liouville's equation with time- 
dependent parameters.t 


We remark that, in the theory of nonlinear response, there is not always a one- 
to-one correspondence between the external perturbation Hi and (A) —{Aj) — the 
resulting response of the system. This is most easily illustrated by invoking an analogy 
with the theory of nonlinear automatic systems [29]. In the language of this theory, 
the perturbation Ht can be called the input signal, and ¢ A) — (Ag) , the output sig- 
nal. It is well known that, for nonlinear automatic systems with feedback, there may 
be no one-to-one relation between the input and output signals. Such "autonomous" 
systems are possible not only in cybemetics, but also in statistical mechanics, since 
here also, a feedback mechanism is possible. For example, a self-oscillating regime 
is possible in turbulent flow,t in nonlinear acoustics in the thermal generation of 
sound [30], and in a quantum generator [31, 32]. A self-oscillating regime is also 
possible in chemical kinetics (chemical oscillations) where a feedback mechanism is 
created either by chemical autocatalysis (kinetic oscillations) or by heat which is 
liberated in the reaction and increases its rate (thermo-kinetic oscillations) [33]. The 
biological rhythms in a living organism may also be connected with periodic chemi- 
cal processes [33]. 


In autonomous systems, small perturbations increase up to a certain finite mag- 
nitude, independent of the initial conditions. An analogous situation is also found in 
nonlinear mechanics [34-36], where an oscillation tends to a limiting cycle, irre- 
spective of the initial conditions. 


We shall explain in somewhat more detail the analogy between the theory of 
nonlinear response in statistical mechanics and the theory of nonlinear automatic 
systems. 


In the theory of linear response, the connection between the driving force F(t) 
(the input signal) and the response of the system AA= (A) — (Ao (the output sig- 
nal) is given by the linear integral relation (15.51a) 


t 
AA (t) = { Lit—t’) F(t’) dt’, (15.60) 


—co 


TThe theory of nonlinear response has been considered in the papers of Miyake and 
Kubo [119], Keldysh [120], Muroyama [121], and Tani [122]. Recently, Kalashnikov 
[123] applied the method of the nonequilibrium statistical operator (described in 
Chapter IV of this book) to the problem of nonlinear response and used nonequi- 
librium Green functions. 

+A feedback mechanism was formally introduced by Landau in the theory of turbulence 
to describe the establishment of a limit on the growth of turbulent pulsations in hy- 
drodynamically unstable flows [86]. 
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where 
L{t—t’)=— (ACE) BEY) 


is a retarded Green function. In the nonlinear theory of automatic systems with feed- 


back, the input signal F(t) and the output signal AA are connected by a nonlinear 
integral relation [29] 


-AA()= [Li #4) ico [KW tae) ar di’, (15.61) 


— 0 —~co 


where the function L(t, t') determines the response AA: of the system, K(t', t"), is the 
feedback response (the back effect of the response of the system on the perturbation 
F), and f[...] is a noninertial nonlinear transformation in a straight chain. In the 
linear theory, without feedback, . 


FIF)=FM, Lt, Y=LE—-t), Kt, t)=0, 


and (15.61) goes over into (15.60). In the theory of nonlinear response of a statistical 
ensemble without feedback, K(t', t") = 0, and the transformation f, as can be seen 
from (15.52a), has a nonlinear and retarded character (each power of F gives one 
integral of the retarded type). 


For positive feedback, the nonlinear integral equation (15.61), as is well known 
[29], determines the regime of automatic control. Analogous processes are also pos- 
sible in nonequilibrium statistical mechanics when an unstable state is excited and 
generation arises. We can take (15.61) as a model for such a process. 


For a nonlinear system with feedback, it is impossible to obtain relations be- 
tween the input and output signals in explicit form. In such a system, small per- 
turbations grow up to a certain value, and then the system fluctuates about this value. 
In this case, the statistical characteristics of the transformed signal are studied in 
terms of the given characteristics of the input signal. For unstable statistical systems, 
an analogous formulation of the problem is necessary. The above ideas on the an- 
alogy between the theory of automatic control and the theory of the nonlinear re- 
sponse of a system are given in order to indicate the limitations of ordinary nonlinear- 
response theory and to indicate a possible general point of view in the theory of active 
media; it does not pretend to more than this, 


The usual theory of nonlinear response described in this sub- 
section has, nevertheless, its own region of applicability, namely, 
when the thermal perturbations arising as a result of the mechani- 
cal ones can be neglected, and when the medium is passive, i.e., 
there is no feedback and generation in it is impossible. These cases 
can be realized, for example, in the theory of magnetic resonance 
[27, 37], in nonlinear optics [38], and in nonlinear acoustics [30]. 
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15.4. Effect of an Alternating Electric Field. 
Electrical Conductivity 


In subsections 15.1-15.3; we examined the linear and non- 
linear response of a system to a perturbation H}, without specifying 
its nature precisely and assuming only that it is the result of the 
action of a real external field. This perturbation may be induced 
by an alternating electric, magnetic (or, in general, electromag- 
netic) field, and also by a gravitational field. 


We shall consider the effect on a statistical ensemble of switch- 
ing on a spatially uniform alternating external electric field, peri- 
odic in time: 


E°(t) = E°cos ot e = Re {e~ of + EY}. (15.62) 


The electric field E in the medium containing the charges is 
not the same as the external field, because of the strong screen- 
ing effect of the charges, associated with the Coulomb interac- 
tion between them. In the derivation of the formulas of the theory 
of linear response in an electric field, sufficient attention has not 
always been given to the difference between the external field and 
the mean field [1, 4, 5, 11, 12, 39]. For a detailed discussion of 
this question, see [3, 40, 41]. 


The electrical conductivity is defined as the coefficient of 
proportionality between the current density and the mean field in 
the medium, or, if there is dispersion, as the coefficient between 
‘their space and time Fourier components (cf. §18). To determine 
the conductivity, we need to know how the external field E° acting 
on the charges is related to the mean field. We must distinguish 
two cases: 


1) the Coulomb interaction between the charges is taken into 
account by introducing a screening field, as is often done in the 
electron theory of metals [42, 43]. In this case, it is not neces- 
sary to take account of the screening effect a second time, and the 
external field is equal to the mean electric field in the medium 
E° =E. Most of the authors who have studied the linear response 
of a system to an external electric field have considered precisely 
this case [1, 3, 5, 11, 12, 39], although this is not always stated. 
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In this case, to describe electrons interacting with a lattice, we 
apply the Fréhlich model [44-46], in which the Coulomb interac- 
tion is taken into account only indirectly, by a modification of the 
matrix elements of the interaction of the electrons with the lat- 
tice. 


2) The Coulomb interaction between the electrons is taken 
into account explicitly. To describe the interaction of the elec- 
trons with the lattice, we must apply a model in which the matrix 
elements of the interaction do not include the Coulomb interaction 
between the electrons, which is taken into account separately .t 


If this model is used, it is necessary to take into account the 
screening effect and the dielectric polarization of the medium 
[4, 40, 41]. In this case, the acting external field E° is equal to 
the induction, E® =D. 


We shall examine the response of a system to an external 
electric field. The operator corresponding to the perturbation due 
to the field (15.62) is 


Hp=— Di e; (E°+x;) cos ot e = — (E.«P) cos at e*, (15.63) 
I 


fTIn the Fréhlich model, the expression 


1 1 fi My + + 
Aint = VV >> °q (zo) (b4 + b*,) A, 0%R,0" 


is used for the Hamiltonian of the electron—phonon interaction in the second-quan- 
tized representation, where Wg is the phonon frequency, and vg ~ q is the screened 
energy of interaction of the electrons with a lattice potential deformed as a result 
of the motion of the atoms (the proportionality of vq to the phonon wave number q 
arises as a result of the screening of the Coulomb interaction between the electrons 
[44-46]. The quantity 


A \¥ 
(z3-) (6, +644) 


corresponds to the generalized coordinate of the normal lattice vibrations. 


For the Hamiltonian of the electron— phonon interaction in this case, we must take 
an expression similar to Hint in‘the Fréhlich model, but with vg = Vq — the "bare" 
electron— phonon interaction, where va ~ 1/q and does not include the effects of the 
Coulomb screening. If we take the Coulomb interaction into account through the 
screening effect, we can exclude it from the Hamiltonian by replacing vq by Vqg~4 
(cf. [44, 46]). We then arrive at the Fréhlich model. 
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where e; is the charge of a particle, x ; is its position vector, and 
P= > e)x; (15.64) 
J 


is the polarization vector, regarded as a quantum-mechanical 
operator, or, in the classical case, as a dynamic variable. In ac- 
cordance with (15.47), under the influence of the perturbation 
(15.63) an electric current 


(Jay= | (Ja (t) He (t'))) at’. (15.65) 


arises in the system. There is no constant term in this formula, 
since the mean current is equal to zero, (J a » = 0, in statistical 
equilibrium. In formula (15.65), 


Hi(t)= — E™P(t) cosate®,  Jq(t)= Dd ej%;q(t) = Palt).. (15.65a) 
1 


J is the electric current operator, and x jo is the @-component 
of the velocity operator of the j-th particles. In the second-quan- 
tized representation, the electric current operator has the form 


Iq= < > Patong» (15.65b) 
p,o 


where ade and apg are operators which respectively create and 
destroy particles in a state with momentum p and sping (we as- 
sume that the particles have the same charge, equal to e). 


Taking (15.65a) into account, we write the expression (15.65) 
in the form 


Way=— YY f Cat) Pg t/)y) BB coset’ edi’. (15.65) 
B —0o 


Up to this point, all the arguments are valid both for the first 
case, when E® = E, and for the second case, when E* =D. We 
shall now examine the first case, when the acting field is equal 
to the mean field. Formula (15.65c) can then be rewritten in the 
form 


(Ja) = 3 Re (Gag (0) e+} Bp, (15.66) 
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where 
Cag (@) = — [ enters ((JaP, (t))) di (15.66a) 


is the tensor of the electrical conductivity in a periodic field. The 
limit « - 0 is taken after the thermodynamic limit V — o (V/N = 
const). 


We now consider the second case, when it is necessary to 
take into account the dielectric polarization of the medium,{ and 
the external field E® inside the medium corresponds not to the 
mean field E, but to the induction D: 


E°= D=e(a) -E, (15.67) 


where &(w) is the dielectric permittivity tensor, for which we shall 
obtain an explicit expression below. We represent formula (15.65c) 
in the form 


(Ja) = pa Re {ag (o) e~ +} Da, (15.68) 


where 


fo] 


Hag (0) = — { e~tottet (( J.P. (t))) dt (15.68) 


—0O 


is the tensor of the electric susceptibility in a periodic field. 

The expressions (15.66a) and (15.68a) are the same in appearance, 
the only difference being in the meaning of the averaging opera- 
tion (...), that is, in how the Coulomb interaction is taken into ac- 
count in the Hamiltonian with which the averaging is performed — 
as a self-consistent screening field, or explicitly. In the first 
case, the Hamiltonian does not contain the Coulomb interaction, 
but the matrix elements of the electron-phonon interaction are 
modified to allow for the Coulomb interaction (cf. footnotet on 

p. 168). In the second case, the Hamiltonian contains both a term 
for the interaction with the phonons, and the direct Coulomb inter- 
action (cf. footnote ¢ on p. 168). 


fin the case of a nonuniform field (cf. §18), we must take into account that only its 
longitudinal part, i.e., the part parallel to the wave vector, is screened. 
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Using (15.67), we can rewrite the formula (15.68) in the form 
(Ja) = pa Re {ag (o) e~# + E,} =Re{o(o)-Ee-i+e},, (15.69) 
where 


Cag (o) = p2 ay (a) Ev, (0), 


0 (w) = x (a) - € (a) (15.70) 


is the electrical conductivity tensor in a periodic field. 


The dielectric permittivity tensor e(w) can be expressed in 
terms of the susceptibility tensor »(w) by making use of the re- 
lationt 


D=E+4n(P), (15.71) 


which, in our case of the periodic field (15.62), in complex nota- 
tion has the form 


D=E-= (I), 
since 
(I) = (P) 


according to (15.65a). Using this relation and (15.67)-(15.70), we 
obtain for w = 0 


4x () 
io °° 


-1 
e-'(@)=1+ An (0) 


to 


o (o) =x (o)(1+ (15.72) 


Thus, the electric susceptibility tensor (15.68a) enables us to de- 
termine the dielectric permittivity tensor « (w) and the electrical 
conductivity tensor o (w) in a periodic field. 


Thus, the adiabatic switching on of an electric field leads to 
the appearance of an electric current (15.66) in a system with 
finite electrical conductivity, i.e., to the appearance of an ir- 
reversible process. Generally speaking, the electrical conduc- 
tivity also remains finite for a static electrical field, when w =0. 


Tin the case of a nonuniform field (cf. §18), the relation (15.71) is valid only for the 
longitudinal components of the fields, since only they are screened. 
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In this case, from (15.66a) in the limit w — 0, we find the static 
conductivity 


Gag (0)= —lim { e* ((JyPs (t))) dt. (15.73) 
e&>0 —so 
It is also possible to obtain another expression for the tensor 
Yop (w), if we write (15.68a) in the form 
0 
! 


rap (o)=— x | e-fol4et Tr ([P y(t), 0] Jad dt 


—co 


and use the Kubo identity (15.39), according to which 


B 
[P,(£), Pol = — ihe, { e™” Pa(t)e™” da. (15.74) 
0 


We then obtain 


Boo 
Yap (@) = [ f etof* (eM Jge~M! J, (t)) dhdt = 
0 0 


Bo oo 
= { f etotet(InJg(t + ita) da di =p [ eto, Ja(t))dt. (15.75) 
0 0 0 
The formula (15.66a) is also brought to the same form: 
6 © 
Cag (o) = f J etot—et alo (t+ iha)) ddr dt, (15.76) 
0 0 , 
which, in the classical limit f — 0, has the form 
Gag (o) =B f ef" (TJ, (t)) dt. (15.77) 
0 
This formula also follows directly from the classical formula 
(15.22) for the linear response, if (15.63) is taken into account. 


In the case of a static field, the formula (15.76) becomes 


B oo 
Foy (0) = lim J J e-" (JaJq(t-+ ith) da dt. (15.78) 
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Expressions for the kinetic coefficients of the type (15.76)- 
(15.78), and the equivalent expressions (15.73), are usually called 
Kubo formulas, although they were known earlier to other authors 
(cf. the comments on pp. 151-152). 


The order of the limits © — 0 and V — o inthe Kubo formulas 
is very important, since there is no uniformity property with re- 
spect to these two limits and the result depends on the order in 
which they are taken. The limiting process in which V — o first 
(with V/N = const), and then e — 0, i.e., the (V, «)-limit, corre- 
sponds to the imposition of a causality condition on the solution 
of the Liouville equation. It implies the exclusion of the advanced 
solutions, as is clear from an examination of the boundary condi- 
tions of formal scattering theory (cf. Gell-Mann and Goldberger 
(47t and Appendix I). Only this order of the limits can give a 
finite value for the kinetic coefficients (15.66a) and (15.68a). 


The other order of the limits, in which first « — 0 at finite 
volume, and then V — » (with V/N = const), is not suitable, since 
it leads as w — 0 to meaningless expressions for the kinetic co- 
efficients. We shall return to this question in §17. 


Using the Kubo formulas (15.78), we can calculate the static 
electrical conductivity [48-50], and by means of (15.76) we can 
calculate the nonstatic electrical conductivity [41, 49, 51-56, 103] 
without using a kinetic equation; this, however, is not a simple 
problem, since it requires the calculation of time correlation 
functions. 


15.5. Effect of an Alternating Magnetic Field. 


Magnetic Susceptibility 


To conclude this section, we shall examine the effect on a 
statistical ensemble of switching on a spatially uniform alternating 
periodic external magnetic field H(t) with frequency w: 


H (t)=H cos ot e* = Re {ei +& H}. (15.79) 


This problem is analogous to the problem of the effect of an elec- 
tric field, treated above in §15.4; we shall therefore treat it more 
briefly. 


T This paper, although devoted to formal scattering theory, enables us to understand 
the nature of the origin of irreversibility. 
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The operator corresponding to the perturbation due to the field 
(15.79) is 


Hi = —(M- H (t)) = —(MH) cosat e™, (15.80) 


where M is the operator of the total magnetic moment of the sys- 
tem. According to (15.47), under the influence of the perturba- 
tion (15.80) the magnetic moment changes with time according to 
the formula 


(Ma) = (Mayo + | (My HI W)) dt! (15.81) 


where (M,)) is the mean component of the magnetic moment 
along the a-axis in the state of statistical equilibrium. If a mag- 
netic field is present in the equilibrium state, then (M,)o #0. 

We write the formula (15.81) in the form 


(Ma) = (Mado + pa Re {ag (a) e— totter} H,, (15.82) 
where 


oo 


Lag (@)= — { e-f@"+e! ((MgM, (t) )) df (15.83) 


—° 


is the magnetic susceptibility tensor in a periodic magnetic field. 
The magnetic susceptibility tensor (15.83) can also be written, 
using Kubo's identity (15.39), in the form 


B oo 
tag (0) = [ { e- (MaMa (t + ina)) da dt, (15.84) 
0 0 . 


which is analogous to formula (15.75). For the application of the 
formulas (15.83) and (15.84) in the theory of magnetic resonance, 
see the papers [57-59] and the monographs [13, 14, 27, 37]. 


§16. Two-Time Green Functions 


The response of a quantum system to an external mechanical 
perturbation can be expressed, as was shown in the preceding 
section, in terms of the retarded two-time Green functions (15.48), 
and the response of a classical system in terms of (15.19). We 
shall now examine the fundamental properties of quantum two-time 
Green functions and discuss the relations between Green functions 
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of different types, their spectral representations, dispersion rela- 
tions and symmetry properties. This will enable us later, in §17, 
to derive very easily the fluctuation-dissipation theorems and 

all the properties of the kinetic coefficients. The properties of 
the Green functions (especially the retarded ones) will be used 
widely later. We shall confine ourselves to the case of quantum 
Green functions, since the classical case is easily obtained analo- 
gously, or by the limiting process fi — 0. 


There are very many papers in which Green functions are ap- 
plied to different problems in statistical mechanics, both for the 
equilibrium and for the nonequilibrium case (cf. [12-15, 60-64], 
where a detailed survey of the literature can be found). 


Green functions of different types have been applied: the dif- 
ferences lie in the nature of the averaging performed in them, in 
the arguments on which they depend, and in their analytic prop- 
erties. If the averaging is taken over the ground state, we have 
the field Green functions that are usually applied in quan- 
tum field theory; if the averaging is performed Over a statistical 
ensemble, we have thermodynamic Green functions. 

If the Green functions depend on the time variables, they are called 
time Green functions; if they depend on the temperature as 
an explicit argument, they are called temperature or Mat- 
subara Green functions, since they were first introduced 
by Matsubara [65]. 


The different Green functions have their advantages and de- 
ficiencies. Causal Green functions have a more complicated anal- 
ytic structure, but are intimately connected with perturbation 
theory. Retarded Green functions have a simple analytic struc- 
ture and are related simply to the kinetic coefficients, but connected 
more indirectly with perturbation theory. In the theory of irre- 
versible processes, retarded Green functions are evidently the 
most convenient, and so we shall give them special attention. 


Inthis section, we shall examine the spectral representations, 
dispersion relations, sum rules, symmetry properties, and cer- 
tain other properties of Green functions and correlation functions. 


16.1. Retarded, Advanced, and Causal Green Functions 


Green functions in statistical mechanics are a convenient 
generalization of the concept of correlation functions. Like the 
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latter, they are intimately connected with the calculation of ob- 
servable quantities, but have advantages in the construction and 
solution of the equations determining them. 


In statistical mechanics, as in quantum field theory, we can 
consider retarded G,(t, t'), advanced G, (t, t'), and causal G,(t, t') 
Green functions: 


G,(t, )=CAM BO) =HOE-L) IAW, BY), 
G,(t, 1)=KAM BU) e=— HO’ IAW, BUM), 
G,(t, 1)=UAOB(L))e= FZ (TA BW). 


(16.1) 


Here (...) is an average over the grand canonical ensemble (9.42). 
The subscript 0 on the brackets, denoting equilibrium averages, 
will be omitted, since in this section we shall study averaging only 
over an equilibrium ensemble: 


(...)=Q-i Tr (2-9 ...), Qa Tr e796 = e200, (16.2) 


and 2 is the thermodynamic potential (9.40) in the variables 0, 
p., and V. The operator # includes a term with the chemical 
potential yp: 


#6 =H — uN. (16.3) 


The time arguments in the operators A(t) and B(t') denote the 
Heisenberg picture: . 


A (t) == et tlh Ag—isttih (16 .4) 
The symbol T denotes a chronological product of operators? : 
TAQ BIEV=OE-LVADBW’)+NOU-DBWY)AW, (16.5) 


where 6 (t) is the discontinuous function (15.17). Finally, [A, B] 
is a commutator or anticommutator, according to the sign of 7: 
[A,B] = AB — BA, (16.6) 


i.e., for 7 =1, it is a commutator, and for 7 =—1, an anticom- 
mutator. 


Tin §15, we have used the particular case of this operation with 7 = 1 to write the 
ordered P-exponential (15.56b). 
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The sign of 7 in formulas (16.5) and (16.7) is chosen to be plus 
or minus from considerations of convenience in the problem. If 
A and B are Bose operators, the plus sign is usually chosen, and 
if Fermi operators, the minus sign (for this choice of 7 , we have 
[A, At] =1), although the other choice of the sign of 7 is also pos- 
sible. We have already introduced Green functions G,(t, t') with 
n =1 (cf. formula (15.48)]. In general, A and B are neither Fermi 
nor Bose operators, since a product of operators may satisfy more 
complicated commutation relations than do the original operators. 
In quantum field theory, the sign of 7 in a T-product is determined 
by the parity of the permutation of the Fermi operators required 
to bring the product to chronological order. 


We note that, because of the discontinuous factor 6 (t —t’'), 
Green functions are not defined at the point t = t' at which the time 
arguments coincide. This indeterminacy is well known in quantum 
field theory [23-26]. 


It follows from the definitions (16.1)-(16.6) that the Green 
functions applied in statistics differ from the field Green functions 
only in the method of averaging. Instead of averaging over the 
lowest vacuum state of the system, the averaging is performed 
over the grand canonical ensemble (16.2). Consequently, the 
Green functions introduced depend both on time and on temper- 
ature. It is obvious that, as the temperature tends to zero, the 
Green functions (16.1) go over to the usual field Green functions, 
in which the averaging is performed over the lowest energy state. 
We observe that, in contrast to quantum field theory, where the 
vacuum averages are infinite and are discarded as having no physi- 
cal meaning, in statistical mechanics averages over the ground 
state of the system in the thermodynamic limit (cf. §3.2) give ob- 
servable quantities. 


It is not by chance that the grand ensemble is applied. It is 
very convenient in that, in working with it, it is not necessary 
to take into account the supplementary constraint that the total 
number of particles be constant, as we had to do for the canonical 
ensemble (9.14), and the occupation numbers of the different states 
are independent. 


The Green functions (16.1) for the case of statistical equi- 
librium depend only on t — t', as follows from the permissibility 
of cyclic permutations in the trace [cf. (15.48a)]. 
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For many problems in statistical mechanics, we need not have 
recourse to many-time functions, but can confine ourselves to two- 
time functions. The latter are very convenient, since for them 
we can use simple spectral expansions, which make it very much 
easier to solve the equations for the Green functions. On the other 
hand, they contain a sufficiently large amount of information on the 
equilibrium and nonequilibrium properties of many-particle sys- 
tems. Of the two-time Green functions, those most convenient to 
use are the retarded and advanced Green functions G, and G,, since 
their Fourier components can be analytically continued into the 
complex energy plane. 


We shall obtain a system of equations for the Green functions 
(16.1). The operators A(t) and B(t) satisfy equations of motion of 
the form 


-, aA 
ih =p = Aw — FA, (16.7) 


where A is an operator in the Heisenberg picture (16.4). The right- 
hand side of Eq. (16.7) can be written explicitly using the explicit 
form of the Hamiltonian and the commutation relations for the 
operators. Differentiating the Green functions (16.1) with respect 
to t, we obtain the equation 

dG(t—t) _ 


in OE = ihe (AO BE) = 


= BEA (AW, BUY) + Kin 4 Be), 


which is the same for all three Green functions G,, G,, and G,, 
since . 


Therefore, we shall write simply G and ((...)) without the 
subscripts indicating the type of Green function. Taking into ac- 
count the relation between the discontinuous function 6(t) and the 
6~-function of t, 


t 
o()= f a(e’vat, (16.8) 


and the equation of motion (16.7) for the operator A(t), we write 
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the equation for the Green function in the form 


ih aor) =6(t-?t’)({A(0), B(0)]) +K(AOM B-HAS)) BEY), 
(16.9) 


where we have taken into account that, in the case of statistical 
equilibrium, (A (t)B(?’)) depends only on the difference t —t', 
and, consequently, 


(A(t) B()) =(A(0) BO), A(0)=A, B(0)=B. 


In the right-hand side of Eq. (16.9), two-time Green functions 
appear, which, generally speaking, are of higher order than the 
original ones. For these, we can also set up equations of the type 
(16.9) and obtain a chain of coupled equations for the Green func- 
tions. 


Chains of equations of the type (16.9) are simply equations of 
motion for the Green functions. Alone, these equations are still 
insufficient as is clear from the fact that they are the same for 
all the Green functionsG,, G,, and G,, if these are constructed 
from the same operators A and B. They must be supplemented by 
boundary conditions. This will be done below in §16.3, by means 
of spectral theorems. 


The equations (16.9) are exact, and the solution of this chain 
is, therefore, an exceedingly complicated problem. Sometimes, 
by means of some approximation technique, a chain of equations 
of the type (16.9) can be decoupled, i.e., transformed into a finite 
system of equations, and solved. For example of such decouplings, 
see [12-15, 63, 64, 66, 124-1387, 145-153]. If the system contains 
a small parameter, for example, a small interaction or small 
density, such decouplings can be justified. 


16.2. Spectral Representations for the Time 
Correlation Functions 


To solve the equations (16.9) for the Green function, it is im- 
portant to have spectral representations for them, which supple- 
ment the system of equations with the necessary boundary condi- 
tions. We shall obtain spectral representations for the Green 
functions (16.1) in the following subsection; here, we obtain them 
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for the corresponding correlation functions 


Faa(t’—t)=(BU)AQM), Faalt-)=(AMBEY- — 46.10) 


Let Cy and Ey, be the eigenfunctions and eigenvalues of the 
‘Hamiltonian (16.3): 


HC, = EyC,. (16.11) 


We write in explicit form the statistical averaging operation for 
the time correlation functions (16.10): 


Ey 

, —-! * , rw 
BUY)AM)=Q'IA(CBUY)AMG)e ®, (16.12) 
where (C*B(t')A(t)C,,) are the diagonal matrix elements of B(t')A(t). 
We shall make use of a common device in the theory of dispersion 
relations, based on the completeness of the set of functions C, 
[23, 25, 67], and represent (16.12) in the form 

Ey 

(BY) A(D) =O" B (CoB) Cy) (Crd () Cre F = 
=" Y(CoB 0) Cy) (ChA (0) Cy) “Fv exp {5 (Ey Ey) -H), (16.18) 


Vu 


since 


On the other hand, 


(A(t) BD) = QD (CoA) Cu) (CB (0) Cy) 0-79"? exp {= (Eu — Ev) (t= Hh. 


v, 


(16.14) 


Interchanging the summation indices yu and v in the latter equality 
and comparing (16.13) and (16.14), we observe that they can be 
represented in the form 


oo 


(BU) AD) = | Ina(o)e?-do, 


—co 


(16.15) 


. ho 


(AM BW) =se | Jaa (ole ® et'-Yda, 


—oan 
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where we have introduced the notation 


E 
Ina(w) = 2nQ"! Yj (CB (0) C,)(C,A(0)C,)e7 © 8(“25**_), (16.16) 
v,U 


The relations (16.15) are the required spectral representa- 
tions of the time correlation functionst: Js4(o) is the spectral 
intensity of the function (B(t’) A(Z)). . 


Comparing the first of the relations (16.15) with the second, 
we obtain an important property of the spectral intensity 


Tan (—0) = Iq (0) e8*. (16.16a) 


For the systems studied in statistical mechanics, the spectrum 
of the Ey is practically continuous because of the large dimen- 
sions of the system and, therefore, the summation over the states 
in (16.16) is, in essence, an integration, which can "remove" the 
6-function. Consequently, in general, the spectral intensity does 
not have a 6-function form; only in the particular cases of "ideal" 
systems in which the elementary excitations do not attenuate can 
it be of 6-function form. 


It is also possible to derive the relations (16.15) without using 
the eigenfunctions of the operator #. For this, it is sufficient to 
note that (B(t’) A(t)) depends only on the difference t -t'. Thus, 
the first of the relations (16.15) is simply the definition of the 
Fourier component of the time correlation function, it being as- 
sumed that such an expansion is possible.t The second relation 
of (16.15) can be obtained from the first by the replacement t — t' ~— 


{Spectral representations for the time correlation functions and Green functions of 
statistical mechanics were first applied in a paper by Callen and Welton [22] on the 
theory of fluctuations and noise, and were later widely used by many authors [1, 3, 
4, 60-64, 68]. 

tKhinchin [16] proved that, for a continuous stationary random process, the correla- 
tion functions can be represented. in the form of Fourier—Stieltjes integrals: 


co 


((A-=(A))(A()—(A))) =f cos wt dF (a) 


—o 


(A are dynamic variables of classical mechanics, A* = A), where F(w) is a non- 
decreasing function with bounded variation, called the spectrum of the process. 
In place of the Fourier—Stieltjes integral, we can simply use the Fourier integral, 
if we assume that dF(w) /dw = JA a(w) can be a generalized function. 


182 IRREVERSIBLE PROCESSES BY MECHANICAL PERTURBATIONS [CH. IIT] 
t—t' + (ifi/ 6), since 
if 
(B(0) A(t+ +) =(A®BO)), (16.17) 


as can be easily verified directly by performing a cyclic permuta- 
tion of the operators in the trace. Indeed, after the permutation 
which moves the operator B into the first position, we obtain 


{A (t) B (0)) = Q-! Tr {e~PH etdtih Ae ist BY 
. =Q°1Tr {pe"O-#) % 4 (0-47) % sae 


i.e., the relation (16.17). 


For all real systems, there is attenuation of the correlations 
in time, i.e., 


lim A(t) B(t’)) = (A) (B) 


[tt |-> 


(A and B are not integrals of motion); consequently, if (A) = 
or (B)=0, then 


lim (A(t) B(H))= 
|t—t" |-00 
If we introduce the new operators A(t) — (A), and B(t) — (B) 


the correlations for these will attenuate in time. Then, the ex- 
pansion (16.15) can be written in the form 


((B (¢’) — (B)) (A (£) — (AD) = (B ¢’) A (2) — (B) (A) = 
=50 J toate) ef ’—-Ddo, — (16.15a) 


Below, we shall always assume that, if (B(t’)A(t)) tends to a finite 
limit as |t—t'| — o, its expansion as a Fourier integral has the 
meaning of (16.15a). 


Tf Jsa() is a continuous function, then, according to the Rie- 
mann— Lebesgue lemma, 


lim (CB @) — (B)) (A () — (A))) = 


|t-t" | 
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If Jsa4(w) has 6-function singularities at certain frequencies, 
the correlation functions (16.15a) will not tend to zero as |t —t' |, 
but will oscillate. If these frequencies are incommensurable, the 
correlation functions are almost-periodic. 


The time average of the correlation functions is equal to zero: 


ot If 
lim 7 | ae | Jpa(o)e-* dt doa= 
—T —oco 


Ig) _ 


2T 0, 


= lim ye Tna(@) (0) do = lim 
T > ao T> 0 
if the spectral intensity is finite at w =0, as is characteristic for 
the spectrum of a random ergodic process.{ Below, we shall 
assume that /Jz4(w) does not have a §6-function form at w =0. 
This is essential for the unique determination of the Green func- 
tion from Eqs. (16.9) [70, 138-142]. 


The time correlation functions for any finite system, i.e., 
before the limiting process V — o, are almost-periodic functions 
of t — t', as was proved by Bocchieri and Loinger [71] and by Per- 
cival [71a]. This quantum-mechanical theorem is analogous to 
Poincaré's classical recurrence theorem. Attenuation of the cor- 
relation functions for real systems can be obtained only after the 
limiting process V —  (V/N = const), which excludes, as it were, 
long Poincaré cycles. 


If A and B is an integral of motion, the time correlation func- 
tion does not depend at all on time. Indeed, let A be an integral 
of motion. Then 


A(t) =etHtlt Ag-ittin — A (0) 


and, consequently, 


(A(t) B(t’)) = (A(E—#) B(0) = (A(0) B(0)). 


fThe relation between the spectrum of a stationary random process and the ergodicity 
property is establishéd by the Wiener—Khinchin theorem [16, 69]. 

According to Poincare's recurrence theorem, any isolated mechanical system in a 
finite volume will repeatedly approach arbitrarily close to its initial state. For a 
very elegant and simple proof of this theorem and its exact formulation, see the book 
by Kac [72]. 
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sye one important property of the spectral inten- 

need later. We shall show that the spectral 

mega time correlation function constructed from 
aarOr's At and A is nonnegative, i.e., in the spec- 


q . 1 r . 
A (¢)) =— | io (t/t) 
: (t)) on J Jt, (o)e do (16.18) 


la Vat, (@) 20. (16.18a) 


expression (16.16) for the spectral inten- 


(£5 


A (0)C,) ews (“AE -o}>0, 


eure a 

Lo 
yonnegative. Thus, the 
‘tt follows directly 
negative. 


' 
i 


~ 
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Substituting the expression (16.1) for G,(t) into the second of the 
equalities (16.19), we obtain 


@,(=+ f o¢-1) (ABH) -n@e) Awyem—Mal. 


In the integrand here, there are, in addition to the discontinuous 
factor, time correlation functions. Using the representation (16.15) 
for them, we shall have 


I , , ’ H(o- 
G,(0)=ze | do! Ina(o/)(c"—n) 4 | dtet-' 0). (16.20) 


We represent the discontinuous function 6(t) in the form 


t 


a()= [ed()dt  (e+0, e>0), (16.21) 
or, since 
80= 35 J en“! dx, (16.22) 
in another very convenient form: 
i r e7 txt 
8(f)= On x + ie dx. (16.23) 


— 00 


It is easily verified that the function defined in this way does 
indeed possess the properties of the discontinuous 6-function. We 


Lé 


t>a t<20 
Fig. 1 
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shall regard x as a complex variable and assume that the integral 
is taken over the contour depicted in Fig. 1. The integrand has 

a pole in the lower half-plane. For t > 0, the contour must be 
closed in the lower half-plane, and the integral (16.23) is equal to 
unity. For t < 0, we must close to the contour in the upper half- 
plane, and the integral (16.23) is equal to zero. 


The discontinuous §-function can also be represented by 
means of the contour integral 


at fete de [0 fr F<, 
6 (Z) me x ‘ for #>0, 


where the integration is performed over the contour C, depicted 
in Fig. 2. 


Using (16.23) and (16.22), we obtain 


oo f=) 


1 | gi@-ot __! | S(@-o'—*x) 2 oe oe 
Qni e 0 (t) di= > x+ie dx = 5 o-—o'+ie’ 


—oO0 —c 


Consequently, G, (w), the Fourier component of the retarded 
Green function G,(t), is equal to 


G, (@) = oy | (2%? — n) Tea (o’) ie (16.24) 


Repeating the same calculations for G,(w), the Fourier.com- 
ponent of the advanced Green function G a(t), we obtain 


dw’ 
@—@’—is’ 


)= x eh@'l9 — n) Fg 4(0’) (16 .24a) 


>) 


Fig. 2 
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We write formulas (16.24) and (16.24a) as one formula 


I , , 
Gr, a(o) = 3% { (ec —n) Iga (o’) ee (16.24b) 
where the plus corresponds to the subscript r, and the minus to 
the subscript a. 


Thus far, we have treated w as a real quantity. The function 
(16.24b) can be analytically continued into the complex w-plane. 
Indeed, assuming that w is complex, we obtain 


of G,(o) for Imao>0, 
Onh oy | (28? — n) Jaa (oy ow ={G (o) for Imo<0. (16.25) 
( Therefore, following [15], we can treat the function G, , (w) as a 
\ single analytic function in the complex plane, with singularities 
! on the real axis. Below, we shall omit the subscripts r,a and 
write simply G(w), regarding w as complex. We then write the 
relation (16.25) in the form 


G(o)=(A)B))o= a5 | (—naalo) p-— (16.26) 


The analyticity of G(w) follows from a theorem proved by 
Bogolyubov and Parasyuk in the theory of dispersion relations [73]. 
According to this theorem, for G(w) to be analytic, it is necessary 
and sufficient that G,(t) [or G,(t)] be generalized functions in the 
Sobolev—Schwartz sense; this is not too stringent a requirement. 


First, we shall examine the analytic properties of G,(w). Ac- 
cording to (16.19), we have 


G,(o)= | G, (te dt, (16.27) 


with G,(t) =0 fort < 0. 


We shall show that the function G,(w) can be analytically con~ 
tinued into the region of complex w in the upper half-plane. Let w 
have a positive and nonzero imaginary part y: 


o=Reot+ilma=a + iy, Vy> 0. 
Then we shall have 


G,(atiy= [ G,(é)el-v at. (16.28) 
0 
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The factor e~Y' plays the role of a cut-off factor which en- 
sures the convergence of the integral (16.28) and of its derivatives 
with respect to w under sufficiently general assumptions about 

the function G,(t) [73]. Consequently, the function G,(w) can be 
analytically continued into the upper half-plane. 


It can be shown analogously that the function G, (w) can be 
analytically continued into the lower half-plane: 


o=a-t ty, y< 0. 


If we make a cut along the real axis, the function 


G y= {or for Ima>O, 9 
(o)= G,(@) for Imo<0 (16.29) 


can be regarded as a single analytic function, consisting of two 
branches, one of which is defined in the upper and the other in the 
lower half-plane of complex values of w. 


If G(w) is known, we can also find the spectral intensity J, (o) 
from the relation 
; ; ! 
G (@ + fe) — G (@ — ie) = = (2%? — n) Jaa (0), (16.30) 
where w is real and € —0. In fact, taking the difference of the 
expressions (16.26) for real w 


oO 


. . l , , 7 
G(o + ie)— G(o—ie) = 55 | (0 —n) Ina(o’) {1-1 de 


and making use of the representation 


~yy=lim fl) _ ! . 

6 (w— w"') am Oni | GEE ~ o-y'+le i. (16.31) 
of the 6-function, we arrive at the relation (16.30) which plays an 
important role in the applications of Green functions. 


Thus, if we could somehow succeed in decoupling the chain of 
equations (16.9) for the Green functions and find the Green function 
G(w), we could, by means of (16.30), construct the spectral inten- 
sity /sa(w) and find expressions for the time correlation functions 
(16.15). 
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We shall give some further simple, but important, relations 
between the Green functions and the spectral intensities of the 
correlation functions. 


In the integrand in formulas (16.24) and (16.24a), we shall 
make use of the symbolic identity 


1 1 _, , 
pote =P Jao Find (o — 0’), (16.32) 
where € — 0, € > 0, and # denotes that the integral must be 
taken as a principal-value integral. Here, w — w' is regarded as 
a real variable. We then obtainf 


, rn do’ i 
G,(0)= sig F | (et —n) Loa (0!) So — Fe (et? — 1) Jaa (0 


—ao 


(16.33) 


I , rn do’ ' 
G,(o)= 3% FP { (22° — 0) Jaa (0’) + oF (ce —n) Jp, (0), 
whence follows the connection between the real and imaginary 
parts of the Green functions [ (J,4(w) is assumed real]: 


tes) 


ReG,(o)= 29 [ MEO) yyy 


c (16.34) 
Re G, (o) = —19 | in Ga) ag’, 


The relations (16.34) are called dispersion relations. 
If the spectral intensity is real, they follow directly from (16.33), 
since then 


1 
Im G, (o) = — az (e**? — y) Jp, (0), 
2h eA (16.34a) 


Im G, (0) = > (e* ~ 1) Ina (0), 


TT he relations (16.33) express the well-known properties of the limit values of the 
Cauchy integral as the point w moves on to the integration contour; these were first 
established by Sokhotskii in 1873, and then by Plemel in 1908 (cf. the textbook by 
Lavrent'ev and Shabat [74] on the theory of functions of a complex variable). 
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although (16.34) are valid not only in this case. The dispersion 
relations (16.34) follow from the analyticity of G,(w) in the upper, 
and of G,(w) in the lawer, half-plane of complex values of w [cf. 
(16.28)]. Indeed, if G,(w) is analytic in the upper half-plane, and 
G,(w) in the lower, they can be represented in the form of Cauchy 
integrals: 


16+ 00 
Go) 4) 
G.(0)= ar (0) de (Im@>d>0), 
16 — 00 
Gq (0) = — sy Se) do’ (Ima<—8<0). 
—15—00 


It is assumed that, for any positive 6, 


A(é 


71 for _Im@>6 (or Imwo< —6), 


IG, a@)I< 


and, therefore, the integral over a closed contour of radius R in 
the upper (or lower) half-plane tends to zero as R — , 


We shall displace the integration path on to the real axis by 
making 6-0. Then 


ale) 7, 
G,je(@)=t55 | td’. (16.36) 


We now displace the point w on to the real axis, putting w ~ w + it 
(ec — 0), and rewrite (16.36) in the form 


oo 


1 G ’ , ; 
Ga)=+p> | Gee do’. (16 .36a) 


If the symbolic identity (16.32) is taken into account, the dispersion 
relations (16.34) follow from (16.36a). 


Consequently, to derive the dispersion relations, we do not 
require a detailed knowledge of G,(t —t') lor G,(t —t')]; it is suffi- 
cient to know that it is a retarded (or advanced) function, i.e., that 
it is equal to zero for t < t' (or for t > t') and that its Fourier com- 
ponents fall off sufficiently rapidly as w — ». The spectral rep- 
resentations (16.26) and the dispersion relations (16.34) for the 
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Green functions lead directly to spectral representations and dis- 
persion relations for the kinetic coefficients, since the latter can 
be expressed in terms of retarded Green functions [cf. (15.56a)]. 
We shall examine these questions in the following section, which is 
devoted to the fluctuation-dissipation theorems. 


We have examined above the spectral representations for the 
retarded and advanced Green functions, which are applied in the 
theory of irreversible processes. However, the causal Green 
functions are also fairly frequently applied in statistical physics, 
and a diagram technique has been developed for these [60-64, 75]. 
For the spectral representations for causal Green functions, see 
in [76, 60, 61]. 


16.4. Sum Rules 


From the existence of the spectral expansions for the Green 
functions, certain simple identities follow; these are the sum 
rules, which find application in the theory of nonequilibrium 
processes, for example, in the theories of electrical conductivity 
and magnetism [1, 3, 4]. 


For the retarded Green functions, we have, by definition, 


((AIB)y,= [ (AB (O)Y e~!* de. (16.37) 


Integrating this relation over all w, we obtain 


0 


{ ((A| BY), do = { de [qa B(t)]) e-# de 


—00 


0 


= {72 ct, B(t)]) 6 (é) dt. 


—o 


Consequently, for the retarded Green functions, the identity 
{ (Al By, do == ([A@, BO), (16.38) 


holds; this is called a sum rule. The name is connected with the 
fact that such relations were first obtained in matrix form and 
contained sums over quantum states. 
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For the advanced Green functions, an analogous relation is 
valid, but with the opposite sign in the right-hand side: 


[ (ALB do=—% (14, BOI), (16.38a) 


To obtain sum rules of another type, we integrate (16.37) by 
parts, putting ({A, B(t)])|:--. =0. We obtain 


KALB = Fe AO), BOD—pe [ (fa, 2 O]) en terat, 


and, consequently, 


| {ho ((A| BY, —([A(0), B(O)])} do = 


—_—Ooo 


= —2n {a r|)e@at=—a([A, 2O)) 9, (16.39) 


and, analogously, for the advanced Green functions, 


oo 


[ (0 (AI B)yS— (LA), BONY) do=n([a, “3 2a Vo (16.39a) 

The relations (16.39) and (16.39a) are sum rules of the second 
kind. 

It follows from the convergence of the integrals in the left- 
hand sides of (16.39) and (16.39a) that, as w + », the retarded 
and advanced Green functions behave like 1/w: 


(ALB) 7 = (A), BON Gs, . (16.40) 


provided that the average commutator (or anticommutator) in the 
right-hand side of relation (16.40) is nonzero; otherwise, they fall 
off more rapidly with w. 


Continuing the integration by parts in (16.37) up to terms of 
the n-th order, we obtain 


(AI BY, = 454 1A Boon+ (A #80 )y ale 


t=0 (iw)* 


0 
gone J ((A, On|) edt, (16.41) 
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whence follows the generalized sum rule of the second kind: 


30 


: r . a*B (t) AY tt ge = 
[alana a5]4 oy S42), elle do = 


—oo 


= — da" ¥1B (t))\ (16.41a) 
9a [A, anti Pray: 


The analogous relations for the advanced Green functions differ 
from (16.41a) only in the sign in the right-hand side of the equality. 


From (16.41a), we obtain, as n — ~, an asymptotic expansion 
in powers of 1/w, which is the same for the retarded and advanced 
Green functions. We obtain this same expansion, if in the equation 
(16.9) for the Green function in the Fourier representation 


(A|B))o= 45 UA, BY) - 4 (a| 


we perform successive iteration and eliminate the terms with time 
derivatives by means of the same equations in which BoB, 
2 ae , etc. 

The sum rules studied above can be applied in the theory of 
irreversible processes, for example, for the electrical conduc- 
tivity and magnetic susceptibility tensors (cf. §18) which are ex- 
pressed in terms of retarded Green functions. 


16.5. Symmetry of the Green Functions 


We shall now examine the symmetry properties of the cor- 
relation functions and Green functions (cf. [1, 77]). 


From the definitions (16.1) of the retarded and advanced 
Green functions, it follows that 


(A (2) BE) = 1 KBE) A(E)))as (16.42) 


i.e., that the retarded Green functions with a commutator (7 = 1) 
are equal to the advanced Green functions of the same type with 
the operators interchanged, while retarded functions with an anti- 
commutator (7 = —1) on interchange of the operators go over into 
the advanced functions with the opposite sign. 


Going over in (16.1) to the Fourier components of the Green 
functions 


KAW BW) =e | (ALB ero do, 
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(BWA ))a= gr | UBIA)Se-!@'- do, 


we obtain for them the symmetry condition: 


((A] BY, = n({B| A))*,,. (16.43) 
Here, w is real throughout. 


We use the analytic continuation (16.29) of the Green func- 
tions into the complex plane and write the symmetry condition 
(16.43) in the form 


((A| BY a =n ((B| Ay)-o- (16.43a) 


We obtain one further useful symmetry property by taking 
the complex conjugate of the expressions (16.1) for the retarded 
and advanced Green functions: 


(AW) BW) = 1 CA* @) Bt (L')). (16.44) 


In the particular case of Hermitian operators and commutator 
Green functions, we obtain 


((A (t) B (t’)))* = (CA (8) B (2D) (16.44) 


with A = At, B = Bt, and n =1. Consequently, commutator Green 
functions of Hermitian operators are real. 


In the case when the equations of motion for the operators 
are invariant with respect to time reversal, i.e., with respect to 
the replacements 


t>—t, 'o—t, i-— i, 


the Green functions have certain further symmetry properties.t 
For example, the equations of motion of particles in the absence 
of a magnetic field are symmetric with respect to time reversal. 


fT More accurately, by the time-reversal operation, we mean the action of the anti- 
unitary operator TK, where T is the operator of the transformation t ->—t, and K is 
the complex-conjugation operator acting on all the state vectors (cf. [143], Chap- 
ter 13). In the second-quantized representation, under the time-reversal operation 
we must reverse the momenta, and change all creation operators into annihilation 
operators and vice versa. In addition, we must reverse the order of the operators (cf. 
[144], Chapter 12), 
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Let the equations of motion for A and B be invariant with re- 
spect to time reversal, for which A — &,A and B — €,B, where 
€&, 5 €, = £1, depending on the polarity of the operators on re- 
versal of the velocities. We shall examine the spectral expansion 


(ABU) =ge | Iya (a) elo". (16.45) 


With the replacement t —-—t, t' — -t', i ~-—i, the left-hand side 
of this equality is multiplied by €,&,, and in the right-hand side, 
Jan(w) goes over into J's, (o) (as a result of replacing i by —i). 
Consequently, in the case under consideration, 
Jap (@) = Tap (@) € 4&8, (16.46) 
Jap (o) = Jas (o) for e,eg=1, ° 
i.e., the spectral intensity is real for operators of the same parity. 


Comparing (16.45) with the relation conjugate to it 
(Bt (t') At) =a Tag (0) e7 ¢- do, (16 .46a) 


where we have assumed that the spectral intensity is real, we see 
that 


(A (t) B(t’)) = (Bt () At (#’)), (16.47) 
and, consequently , 
((A| BY og = KB* | A*))o. (16.48) 


In the case when the magnetic field is nonzero, the spectral 
intensity of the time correlation functions will no longer be real, 
but since the equations of motion are invariant with respect to 
time reversal with simultaneous reversal of the magnetic field 
direction (H — —H), the spectral intensity possesses the sym- 
metry property 


Jap, H(®) = Jap, -H(@) €48B (16.49) 


in place of (16.46) in the absence of the field. Consequently, the 
Green functions possess thg symmetry property 


(Bt (t) At (t’)))n = (KA (0) BE) _y 28a 
(B*|A*))o w= CAI Bo, — 1 8488 


in place of (16.47) and (16.48). 


(16.50) 
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In §17, we Shall need the symmetry relations studied in this 
subsection to establish the properties of the complex conductivity 
and susceptibility. 


§17. Fluctuation-Dissipation 
Theorem and Dispersion Relations 


Relations between, on the one hand, the kinetic coefficients or 
susceptibilities that determine the response of a system to an ex- 
ternal perturbation and, on the other, the equilibrium fluctuations 
are called fluctuation-dissipation theorems. The Kubo formulas 
(15.76) and (15.77) for the electrical conductivity are a particular 
case of these theorems. The fluctuation-dissipation theorems 
were first formulated for the general case by Callen and Welton 
[22] as a generalization of the Nyquist theorem [78] well-known 
from the theory of electrical noise in linear circuits. The fluc- 
tuation-dissipation theorems were further generalized and applied 
to the thermodynamics of irreversible processes in the papers 
[79-81, 1, 11]. 


In §15, expressions were obtained for the kinetic coefficients 
(or for the generalized susceptibility and conductivity) in terms 
of retarded Green functions, and the general properties of the 
latter were investigated in §16. The Callen-Welton fluctuation- 
dissipation theorem, the dispersion relations, sum rules and sym- 
metry properties for the kinetic coefficients and the generalized 
susceptibility follow directly from these properties. 


17.1. Dispersion Relations, Sum Rules, and 
Onsager's Reciprocity Relations for the 
Generalized Susceptibility 


Suppose that a system is acted upon by a time-dependent per- 
turbation of the mechanical type, which is switched on adiabatically 
and is described by adding to the Hamiltonian the term 


Hi= — & Fy(f) a), (17.1) 


F;(t) ~ e as t—» —oo, e>0, 


where a, are dynamic variables, and F(t) is the "force" with 
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which the external field acts on the variable aj, i.e., its conjugate 
force; F; (t) is assumed to be a known function of time. 


The perturbation (17.1) can be represented conveniently in 
the form of a scalar product of n-dimensional vectors: 


Hi =—(F (t)-@), (17.1a) 


where 
a= (a, ones On), F (t)=(F, (t), oeee F,, (t)). 


Taking the perturbation in the form (17.1), we assume that 
Fy =0 or @ 0 = 0) in a state of statistical equilibrium. If this 
is not so, and ‘Fe = 0 in statistical equilibrium, we must take for 
the perturbation not (17.1), but the deviation of the interaction en- 
ergy from its equilibrium value: 


Hi=— > (F, (t) — Fiay. (17.1b) 


Below, for brevity, we shall write the perturbation in the form 
(17.1), assuming that, in the case when F} = 0, the equilibrium 
values of this parameter have been subtracted from the F, (t). 


According to (15.47), the response of a system to the per- 
turbation (17.1) is equal to 


t 


(a)=(ayy+ [x(t—1)- P(t) ar’, (17.2) 
where 
x(t — 0’) = — (a(t) a (#’))) (17.2a) 
is the generalized reaction matrix with components 
Xin (f — ) = — (Ca, (#) a, (2’))). (17.2b) 


The double brackets denote the retarded Green function (15.48) in 
the quantum case, and (15.19) in the classical case. 


Since the retarded Green function is nonzero only for positive 
arguments, we have always 


x(t—t’)=0 for t<?’, (17.3) 


198 IRREVERSIBLE PROCESSES BY MECHANICAL PERTURBATIONS [CH. II] 


which expresses the causality principle: the response 
of a system cannot precede in time the perturbation which gives 
rise to it. In the phenomenological theory, when there are no 
explicit expressions (17.2a) for the reaction matrix, the causality 
principle (17.3) is taken as the basic physical postulate of the 
theory [82]. 


We shall expand the functions F(t) and (q@) in Fourier integrals: 


Lee 


(a) = (a+ ge | alae do, 


—oo 


00 (17.4) 
F(i)=a | Foye do, 
where @(w) and F(w) are the Fourier components 
a(o)= f (a) —(a),) ef dt, 
~ co (17.4a) 


F(o)= { F()e' dt. 


—oo 


Substituting the expansions (17.4) in (17.2), we obtain in place 
of the integral relation the algebraic linear-response equation 


a (@) =%(o) - F(), (17.5) 
where 
°° oo 
Xi, (0) = | Kip (t) e?! dt = — (Ca; | a,))o = | i (G,a,; (t + ibA)) ef dt dd, 
oo 0 0 
(17.5a) 


is the generalized susceptibility matrix.f +: Formula 
(17.5a) expresses Kubo's fluctuation-dissipation theorem. 


TOccasionally, for example in [82], in addition to the generalized susceptibility ma- 
trix u(wW), ageneralized admittance matrix ; 


Y (w) = — iox (@) 
and its inverse, the generalized impedance matrix 
Z (@) = ia—!%—! (o). 
are introduced. Then the linear-response equation (17.5) takes the form 


a (@) = 


7 Y (w)- F(), where Y (@) =i ((@|@))o. 
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Since the generalized susceptibility can be expressed in terms 
of retarded Green functions, all the properties of the latter studied 
in 816 can be extended to it. 


Decomposing x(w) into its real and imaginary parts, 
x (w) =x’ (o) + ix” (0), (17.6) 


we obtain from (16.34) the dispersion relations for the 
generalized susceptibility or Kramers — Krénig 
relations: 


oO oo 


g [XO a, x @=—-te (28a. arn 


u—@ 


Similar relations between the real and imaginary parts of the re- 
fractive index were first obtained in classical electrodynamics 
by Kramers [83] and Kronig [84] in 1926-1927. 
It follows from the reality of a and F(t) that 
a(@)=a*'(—o), F(o)=F'(—o), (17.8) 
and, therefore, 
%(@) =x" (— @), (17.9) 


whence it follows that the real part of the generalized susceptibil- 
ity x (w) is even, and the imaginary part odd, in w: 


x’ (o) =x’ (—a), *” (a) = —x” (—@). (17.9a) 


Using (17.9a), we can write the Kramers—Krénig relations in 
the form 


” 2 
(= tP j Wl (a) roe du, 


(17.10) 


wo 
1 
x” ( = —telww) du. 
0 


From the sum rules (16.38) and (16.39) for the retarded Green 
functions, there follow sum rules for the generalized susceptibility: 


= vn (o) do == (a, ay]), 


- ; (17.11) 
= | tra (0) + an a,])} da = (len 4 i “it |) 
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It follows from the symmetry property (16.50) of the Green func- 
tions that, for the generalized susceptibility, 


Xin(@, H) = xy: (@, — H) ee, €;, &=+1, (17.12) 
and in the absence of a magnetic field, 


Kin (@) = Xp; (@) EL. (17.12a) 


Decomposing the susceptibility into symmetric and antisym- 
metric parts, 


1 I 
=a (int ih “OT (14 — es) (17.13) 


we see that «Sis even and »? is odd with respect to reversal of 
the magnetic field H: ° 


“i,(0, H)=x{, (0, —H), «2, (0, H)=— x2, (0, —H) for ee,=1. (17.14) 


These symmetry properties (17.12) and (17.14) are called the 
Onsager reciprocity relations for the generalized sus- 
ceptibility. They stem, thus, from the theory of the linear response 
of a system to mechanical perturbations and from the invariance 
of the equations of motion under time reversal with the replace- 
ment H — —H. They are also valid for the kinetic coefficients, 
irrespective of the type of perturbation — mechanical or thermal — 
giving rise to the irreversible process. 


The reciprocity relations for the kinetic coefficients were es- 
tablished in 1931 by Onsager [85], who started from a hypothesis 
on the nature of the attenuation of the fluctuations in time; namely, 
he postulated that they obey the same equations as the average 
values, and used the invariance of the equations of motion of the 
particles under time reversal and reversal of the magnetic field. 


The Onsager reciprocity relations reflect, on the macro- 
scopic level, the invariance of the microscopic equations of mo- 
tion. They have very great significance for the theory of irre- 
versible processes and, in effect, form the basis of the whole of 
nonequilibrium thermodynamics, a good account of which can be 
found in the monograph by de Groot and Mazur [82], and also in 
the books [86-90]. We shall come back to a discussion of the On- 
sager reciprocity relations in §17.3 and, for the case of thermal 
perturbations, in Chapter IV. 
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17.2. The Callen— Welton Fluctuation-Dissipation | 
Theorem for the Generalized Susceptibility 


The fluctuation-dissipation theorems relate the character- 
istics of a dissipative process [for example, the complex sus- 
ceptibility (0) or conductivity o,,(0) ] to the equilibrium fluc- 
tuations in the system. Thus, they express nonequilibrium prop- 
erties in terms of equilibrium properties. 


In §17.1, we studied Kubo's fluctuation theorem (17.5a). The 
Callen-Welton fluctuation-dissipation theorem is another rep- 
resentation of the Kubo formula. It follows from the theory of 
linear response and from the spectral representation (16.24) for 
the retarded Green function. For the complex susceptibility 
Xin () » we obtain 


14 (0) = — sp J (e" — 1) Joa, (ue = 


eee 


= 55 (et? — 1) Ja,a, (@) — _ P Jew — 1) Jaya, (u) ~#., (17.15) 


where 


Joya; (o)= | ((ae (2) — Cate)o) (ay; (2”) — (a)o) eH “#9 d¢ = (17.15) 


is the Fourier component of the time correlation function cou- 
pling a, and a;. Inthe time correlation function in (17.15a), the 
averaging is performed over an equilibrium ensemble; we shall 
not denote this by a subscript 0 on the brackets, but use this sub- 
script only for (an)o. 


Formula (17.15) represents the complex susceptibility in 
terms of the spectral intensity (17.15a) of the equilibrium fluc- 
tuations, and expresses the Callen — Welton fluctuation- 
dissipation theorem. In the classical case, passing to 
the limit h —0 in (17.15), we obtain 


udu 


1 
Xp (@) = — a0 Ja,a, (“) ><a 46 . (17.15b) 


We express the spectral intensity Jo,c,() in terms of Ja,a, (— @} 
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by means of (16.16a): 


17.16) 
Ja,o, (o) = Jaap (— @) eho, ( 


We introduce the symmetrized time correlation functions 
{a, (t), a, (t’)} = + (og (t) cy (t’)) + (ay (£’) ag (£))), (17.17) 


which are symmetric with respect to i and k with the replacement 
t — t', and have the Fourier components 


1 
J(a,0) (o) =>5 { Jaga, (o) + Ja,a, (— «)} = Ja,a; (o) + (1 + e%ol®), (17.17a) 


as follows from (17.16). Using (17.17a), we write the fluctuation- 
dissipation theorem (17.15) in the form 


I hu du 
xn (0) = — Tae | tanh oy Jaen) (¢) Soap’ (17.18) 


=o 


Up to this point, we have expressed the generalized suscep- 
tibility in terms of time correlation functions. We can also obtain 
the inverse relations, by expressing the fluctuations in terms of 
the generalized susceptibility. It was in such a form that the fluc- 
tuation-dissipation theorem was first obtained by Callen and Welton. 


It follows from formula (17.18) that 
Kip (0) —x,, (@) = 
=— ay f tan My ( Joo (a) gota ba 
= Tar) 8h og Teed 4) oranie — te 4) orarie 5H 


Taking into account that, because a; and a, are assumed Hermitian 


Jeaya, (u) = Jojo, (u), 


we obtain 
* 2 hi . 
3, (@) — X,,(0) = 7p tanh a Teaja4) (a), (17.19) 
i.e., 
s 1 fi 
Im Mik (o) = > tanh ze Re Fpajap) (a), Rex, (o) = * tanh - Im Ta,a4) (0), 


(17.19a) 
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and the inverse relation 


{(a; (t) — (aio), (Og (t’) — {apo} = 


= a (7, (@) — %,; (@) Jeoth 22 elo t-#) day, (17.19b) 
whence follows, for t =t', 
— (a4)o)} = | * (@) —x,,(@) Jeoth 2% g (17.19¢) 
{(a; — (azo), x —Ondodt =az- | (%;, (©) — %,;(0)) 5p 10. 


—oo 


For the particular case of one variable, we obtain 


oo 


(a= (a) =#, |” (o)corn BE do. (17.194) 


—0o 


The factor coth (iw/2 6) in the integrands of the formulas (19b), 
(19c), and (19d) are proportional to the average energy of an os- 
cillator with frequency w. Since 


- hu - I 
2n+1= tanh a= up 4 


The relations (17.19) and (17.19c) were obtained by Callen, 
Barash and Jackson [81], and formula (17.19d) by Callen and Wel- 
ton [22]. The relations (17.19c) and (17.19d) have the form of sum 
rules (cf. §16.4). 

17.3. Linear Relations between the Fluxes 
and Forces. Kinetic Coefficients and 


Their Properties 


The rate of change with time a, of a dynamic variable a; is 


called the flux operator (or dynamic variable), and 
its average value (@;) is calleda flux. Ina state of statistical 
equilibrium there are no fluxes, since 


. d 
(a )0= Gr (a))o = 0; 
they are, therefore, characteristic of a nonequilibrium state. 


It is convenient to introduce an n-dimensional vector of the 
flux operators 


@ = (6), ..+, bn). 
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By means of the theory of linear response, we find the rela- 
tions between the fluxes and the forces F (t), when the latter are 
sufficiently small. 


According to (15.47), under the influence of the perturbation 
(17.1), the fluxes 


t 
(a= [ Liet-0) FW) at’ (17.20) 
Rk ow 
or . 
t 
w= fue-n-reae an200 


arise in the system, where 
L(t—t’)=— (a(a(t’))) (17.20b) 


is a tensor with components 


6 ; 
Lin (t — 0’) = — (CG; (t) ay (t))) = [ (Guy (t’ — ihd) 6; (t)) da. (17.20) 


0 


The relations (17.20) and (17.20a) are called linear rela- 
tions between the forces and fluxes. 


- 


The linear relations (17.20) are integral relations, of the re- 
tarded type. Expanding the forces F;(t) and fluxes (a; ) in Fourier 
integrals, we obtain algebraic relations between the Fourier com- 
ponents of the forces and of the fluxes: 


a. (0) = L (a) - F (a), (17.21) 


where 


oo 


Lin(o)= | Lin (te! dt = —(a;| o4))0= 


—0o 


B 
= { (G46; (£ + ihn) ef! dtda —- (17.2.1a) 
0 


ao 


is the tensor of the kinetic coefficients for periodic 
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processes with frequency w, and 


a. (o) = f@ eo! dt (17.21b) 


are the Fourier components of the fluxes. 


The function L;;, (t — t') differs appreciably from zero only in 
the region |t —t'| ~ 7, where 7 is the correlation time, and tends 
to zero as |t—t'| —~ », If the forces F,(t') vary sufficiently slowly 
with time, so that their change in time t can be neglected, we can 
take the slowly varying function F,, (t') at the point t' =t outside the 
integral inthe right-hand side of (17.20). Then the retarded linear 
relations (17.20) go over into the usual linear relations connecting 
the instantaneous values of the forces and fluxes: 


(a;) = pa Lin Fy (d), (17.22) 


where 


[e.e} 


Li = { e~* Li, (t)dt =— ewe i ([a; (4), a4]) dt = 
é 


0 


o 6 0 6 
=| [ene (aga (t+i0n)) dt dna | | et (ag (t+im)) dtd (> 0) 
0 0 


—oo 0 
(17.22a) 
is the tensor of the kinetic coefficients for stationary 
processes. 


The generalized susceptibility » ;,(w) (17.5a) introduced in 
the preceding subsection is connected with the kinetic coefficients 
Li,(w) (17.21a) by the relation 


Li, (o) = we ([a;, ag]) — tox, (0), (17.23) 


which is obtained by integrating (17.21a) by parts. It follows from 
(17.23) that the imaginary part of the susceptibility is related to 
the real part of the kinetic coefficient, and vice versa. 


Dispersion relations for the kinetic coefficients Lj; (w) fol- 
lows from (16.34): 


Li, (x) 
u-—@ 


Lik (o) = if du, 
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Lin (4) 
—@ 


" 1 ‘ 
Lik(o)=——TF 7 du, (17.24) 


Lie (@) = Liz (@) + iLiz (@); 


they have the same form as for ;,(w). 


From the reality of (@) and F(t), the kinetic coefficients have 
the properties: 


Lin(@) = Liz (— 0). (17.25) 


If these are taken into account, (17.24) is transformed to 


r 1 74 
Liz (@) = a? { Liz (u) wo du, 
0 
oo (17.24a) 
" | , 20 
Lik (o) = — =P Lik (u) Ti or du. 
0 


The sum rules (16.38) and (16.39) give for the kinetic coeffi- 
cients the relations 


x | Ly (0) do = % (an o)), 
i. (17.26) 
i {hal i, (@) + (las o%))} do = (|i. “BV )no: 


From the symmetry properties (16.50) of the Green functions, 
which are associated with the invariance of the equation of motion 
under time reversal when the direction of the magnetic field is 
reversed, symmetry properties follow for the frequency-depen- 
dent kinetic coefficients 


Li,(@, H) =L,, (0, — H) ee, (17.27) 
and for the stationary kinetic coefficients (w = 0) 
Liz (H) = Ly, (— H)e£€,, (Lig (H) = Liz (0, H)), | (17.27a) 


whence, for their symmetric and antisymmetric parts 


s I a 
Lie=y(Liet+ Lei),  Lik= > (Lit — Lui) 
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we have the symmetry conditions 


Liz (o, H) = Lin (o, — H) eee, , 
a 17.2 
Liz (@, H) = — Lin (o, — BH) €€,. (17.270) 
The symmetry properties (17.27) of the kinetic coefficients are 
the Onsager reciprocity relations (or Onsager's 
theorem). Onsager introducedthem for the stationary case [85]. 


In this subsection, we have given a derivation of Onsager's 
theorem for the case of mechanical perturbations. We shall study 
it for thermal perturbations in Chapter IV. 


The Callen—Welton fluctuation-dissipation theorem for the ki- 
netic coefficient (17.21a) follows from (16.24): 


oo 


1 
Ly (0) = - 35 fi (ct#l® — 1) Jaya, (u) te, (17.28) 
where 
Jaya, (0) = { (ag (1) a; (#)) e-!0 19 dt, (17.28a) 


—oO 


or, in another form, 


Ly (0)=—=F J tanh Foose, (u) i, (17.29) 


—~utie* 
where 
l 
F(ay6,)(@) = 3 (Jaye, (@) + Saja, (— ©)} = Jaa, (@) 5 (1+e®) (17.29a) 


are the Fourier components of the symmetrized time correlation 
functions 


{a, (2), 4; (t’) =F (ag (t) &; (t/)) + (6; (¢’) a (0))). (1'7.29b) 


From (17.29) follow other formulations of the fluctuation- 
dissipation theorem for kinetic coefficients 


Lie (o) — Lai (o) = =. tanh 22 6 = J (0,019) (o) (17.30) 
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and 
(a, (8), a (t’) — (ay)} = a” fui (o) — Las (0) Jeotn 20 clot) da, 

2 (17.30a) 
analogous to the relations (17.19) and (17.19b) for the generalized 
susceptibility. 


Up to this point, we have considered the general case of the 
response of a system to the perturbation (17.1). We cite now the 
Callen—Welton fluctuation-dissipation theorem, Onsager relations 
and sum rules for the particular case of the electrical conduc- 
tivity, when the perturbation has the form (15.63). In this case, 


Bhi 
Oap (w) => <anh Biol?) Ja, p} (@) — Th 4 i — Jia, B} (u) tanh 2% Bh — 
(17.31) 
where 
Jo. (0)=- | (al) ig(O)+ Up O ia) ea 
= - {ja (0), jg pe’ dt. (17.31a) 


(In §15, the quantity j, was denoted by J, .) 


Thus, the electrical conductivity tensor is related to the equi- 
librium current fluctuations. 


From (17.31), we obtain relations analogous to (17.19a) for the 
symmetric and antisymmetric parts of the conductivity tensor: 


h (Bho/2 
Re 09, (@) = ee ee Jo. ig (t)} cos wt dt, 


hehe (17.32) 
eee J {in(0), ig Ohsin of dt, 


Im 0%, (o) = 
whence, as w — 0, Nyquist's theorem follows: 


Re of, (0) = | Gt (0) jg (@)} ae. (17.32a) 
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The theorem was first obtained by Nyquist as a relation between 
potential-difference fluctuations and the resistance in linear elec- 
trical circuits. 


The symmetry properties ofthe electrical conductivity tensor 
follow from the symmetry of the Green functions. For example, 
Onsager reciprocity relations for the electrical conductivity stem 
from (16.50): 

Ou (o, H)= Ona (o, —#H). (17.33) 


It follows from the sum rule (16.38) that 
| ((ia Yer18)) do — (|e ») va) = a bas, (1 7.34) 
=o / @o ] 


where N is the total number of particles. In (17.34), we have used 
the commutation relations between the coordinates and momenta: 


[< ja) Peo] = ih Oye. 


The relation (17.34) can be written in the form of a sum rule for 
T yg (W): 


“ ag (0) do == § (17.34a) 


m —~2p° 


The dispersion relations for the electrical conductivity ten- 
sor have the form of (17.24) and (17.24a). 


The theory of thermal radiation (cf. the papers by Rytov [91-93] 
and Bunkin [94]) is related to the theory of electrical fluctuations. 


If the state of the system is far from equilibrium and we may 
not confine ourselves to the linear response, for the nonlinear sus- 
ceptibility we must take correlations of higher order into account.t 


17.4. Order of the Limits V — © ,& — 0 in the 
Kinetic Coefficients 


In the expressions (17.22a) for the kinetic coefficients 
co 8B 
Li, =lim lim | [e-* (ages (¢ + iH) at da (17.35) 
0 


“€—>0 V->00 0 


TConcerning nonequilibrium fluctuations, see the paper by Bunkin [95] and the series 
of articles by Lax [96-99], which are devoted to the theory.of noise for the classical 
and quantum cases and employ the theory of Markovian processes. 
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we must perform two limiting processes, V—o ande —0. As 
already observed, the correct order of these limiting processes 
is that in which V —o first, and thene — 0, since this ensures 
that the retarded solutions of Liouville's equation are selected 
(cf. Appendices I and If). Starting from the explicit expression 
(17.35) for the kinetic coefficients, it can be verified that only 
this order of the limits can lead to a finite result for Lj,. 


We make use of the spectral expansion (16.15) for the time 
correlation functions, assuming that the limiting process V— 
in the averages (...) has already been performed: 


a 1 
(4,4; (4) = a { Jaya, (0) e- da. (17.36) 
Substituting this expression in (17.35), we obtain 


| Ja,a,(@) e-* (+ihh)—et Yt di do 


20) 
-x/ J sopy(ayertte Sot | dt do, 


where we have changed the order of integration and omitted the 
limit sign. Since 


[ e-terna dt = - l =—i(2 + ind (0) ) = 2x8, (a), 


fo+e 
0 


we obtain for the kinetic coefficients the expression 


Ly =— x? J Faye, ( (o) = | do + 2 g Jagt, (0). 


Here, the integral over w is equal to zero, if there is no mag- 
netic field. 


In fact, the correlation functions are then symmetric under 
time reversal and their spectral intensities are real [cf. (16.46)]. 
From (16.33) and (17.25), we obtain 


Im (61 &4))o = — oF r (ett — 1) Ja,0, (), 


(17.37) 
Im ((64| &4))0 = — im (6:1 &4))—o 
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X 


Consequently, the imaginary part of Lj, is proportional to the in- 
tegral of an expression that is odd in w, and is equal to zero, since 


l . d 
Ps | Ima! a)Io =O. 


In fact, for w — 0, it follows from (17.37) that the imaginary part 
of the Green function tends to zero like w, 


Im ((ay] &e)Yo * — AP Jaye, (0), 


since it is assumed that the spectral intensity is finite. The in- 
tegrand has a simple. pole and, consequently, the principal-value 
integral is equal to zero. 


Finally, for the kinetic coefficients, we obtain the expression 


bin= 4 Jaga, O=4 | ands) dt=$ [ae ayat, 7.38) 
which is valid in the absence of a magnetic field. 


Thus, the kinetic coefficients are finite for systems for which 
the spectral intensity of the time correlation function (17.36) of 
the fluxes is finite at w = 0.7 : 


If, however, we assume that the spectral intensity Js,« ;(@) has 
a function 6 -function singularity at w = 0, ie., if 


Jat, (@) = Cui 5(@) + Six (0), 


fin taking the limit w 0, we must observe caution, since 
[ <&eoey ade =tim (ay (8, \- (0,4) ) = 0 
“co Tea 


if one can interchange the order of taking the averages and integrating over time, 
which is not always permissible. In addition, in calculating the kinetic coefficients 
we must take one further limit, namely, making the wave number k corresponding 
to the Fourier components of the dynamic variables tend to zero. This enables us 
to define the kinetic coefficients by means of the double limiting cases w > 0, 

k + 0 and redefine the thermodynamic forces in the corresponding way (for more 
exactness, cf. §22.8). 


Another case when it is clear that the expressions (17.38) for the kinetic co- 
efficients are nonzero is when the averaging is performed not with the equilibrium, 
but with the quasi-equilibrium distribution 


pq =exp{—e(2+H- XL Fit) a) }. 
j 


For such a generalization of the kinetic coefficients, see in Chapter IV. 


212 IRREVERSIBLE PROCESSES BY MECHANICAL PERTURBATIONS [CH. III} 


where Thi (w) is finite as w— 0 and C,,; # 0, the expressions (17. 35) 
for the kinetic coefficients diverge like Le. In fact, 


oo oo Bho 
| C48 (@)e bat — 1 dt do=— it _+ 0, 
0 -—oo 


We now show that the order of the limiting processes in which 
V — o first, and then & — 0, is indeed the necessary order. 


We shall assume that the limit V — ~ has not yet been taken 
and the spectrum is discrete. According to (16.16), the spectral 
intensity is equal to 

_ _ E,—E 
Jaga, (0) = 20Q7' J) ak” aye Ful® 6 (45° - 0), (17.39) 
pv 
where a is the matrix element of the flux operator. If the spec~ 
trum is discrete, this expression has no meaning at w = 0, since 
the 6 -function is defined only for continuous arguments. But if the 
limiting process V — ~ is performed first, the expression 


Lik = BrQ™ di “ai” ew Ful? 9(“HE =) (17.39a) 


now has meaning, since the 6 -function now depends on a continuous 
variable. 


17.5. Increase of Energy under the Influence 
of External Mechanical Perturbations 


Under the influence of the external driving forces Fy(t), ..., 
F(t), the energy and entropy of the system can increase. First 
we shall consider how the energy of a system with Hamiltonian H 
changes under the influence of the external perturbation (17.1). 
The statistical operator satisfies the quantum Liouville equation 
(8.6): 


0 
in 0 =[H +H}, pl. (17.40) 


The change of energy of the system under the influence of the per- 
turbation H; is described by the dynamic variable 


SP = la a+ Hl =—L[H, Hi] (17.41) 
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since H does not depend explicitly on time. Neither the external 
field giving rise to the perturbation 4H}, nor the perturbation itself 
is included in the system. We obtain the average change of energy 
by averaging (17.41) with the statistical operator p satisfying Eq. 
(17.40). Consequently, 


(40) = a (0-4) = (Hy =5-(H, Hi), (17.41a) 


where (8.18) has been taken into account. Introducing the notation 
Hi =—-|H}, H], (1'7.41b) 
we rewrite (17.4la) in the form 
4 (Hy = — (Ht). (17.42) 


The operator H; has the meaning of the derivative of the opera- 
tor with respect only to the time variable appearing in the Heisen- 
berg picture. We use the relation (15.47) from the theory of linear 
response to write the right-hand side of Eq. (17.42) explicitly. We 
obtain 


(Hy = ; [ CHO Dyae, (17.43) 


since, in a state of statistical equilibrium, the fluxes are equal to 
Zero: 


(Hi) = — x F, (t) (aj) = 9. 


Thus, the rate of change of energy inthe system under the in- 
fluence of the perturbation H; is determined by the retarded 
Green function coupling the derivative Hi of the perturbation with 
the perturbation itself. 


By means of formula (15.51) for the linear response, we write 
(17.42) in the form 


B t t 
“y= | [CAL —im) Ht (0) aa at’ = 2 [CW Ho) at, 7.44) 


214 IRREVERSIBLE PROCESSES BY MECHANICAL PERTURBATIONS [CH. IT] 


where we have introduced the notation, already applied earlier, 
B 
(A), B(t)) =p [ (ABW + ita) da (17.44a) 
0 


for the quantum correlation functions. 


Thus, the rate of change (17.44) of the energy of the system 
is determined by quantum time correlation functions coupling the 
operators H; at different times. 


After substituting (17.1) in (17.44), we shall have 


t 
~¥ / ‘4 / 
a= [ Lat - OF OF: Ode’, (17.45) 
where 

Li, (t —t') = 8 (a, ), 6; . 
it ( ) B (a, ( ), Qj (t)) (1'7.45a) 
Taking into account the linear relations (17.20) between the forces 

and fluxes, we rewrite (17.45) in the form 


£ (H)= x (a;) F; (t) = (a) - F (1). (17.46) 


Consequently, the rate of change of the energy of the system 
under the influence of mechanical perturbations induced by the 
driving forces F,; is determined by the sum of the products of the 
forces F; with their conjugate fluxes (a). 


We shall discuss the physical meaning of formula (17.43) and 
show that it can be written in the form 


d(H) 7 _ Ey—E£ 
a, 


where wy, (t) is the probability of the transition 6 — @ in unit time. 
The meaning of formula (17.47) is obvious: 
x h®ag Wap (t) 


is the probable change of energy in unit time due to quantum trans- 
itions from the state a to all possible states 8. The sum over f of 
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these expressions with the Gibbs statistical factor e(°-*s)/* gives 
the average statistical rate of change of energy under the influence 
of the perturbation as a result of all possible transitions. 


The probability of a transition B — a@ in time t under the in- 
fluence of a perturbation H; in the first nonvanishing order of 
perturbation theory (cf., e.g., [100]) is equal to 


2 


l 
Wag (t)= Re 


’ 


t 
{ Co | Ht, |B) e@o8"t de; 
ty 


or, if the perturbation operator is written in the Heisenberg pic- 
ture, 


t 2 


1 1 
W(t) = +5 f Hi, (t1)|8) dey |. 
ag (t) Fe : (a. | t, ( 1) |B) 1 (17.48) 
For the probability of the transition 8 —- a in unit time 
dW ap (2) 
Weg (t) = —— (17.49) 


we obtain the expression 


£ 


wag (1) =r { {al #4! |B) <8! HE (ei) 1a) + 4B] 27! (2) 1a) dal HE Ct) |)) at, 


fo 


(17.49a) 


which is finite as tg + —~©, as we shall assume below. 


Substituting (17.49a) in (17.47) and summing over @ and 6 
taking into account the completeness of the system of eigenfunc- 
tions, we obtain the required formula (17.48). 


Using (17.1), we write formula (17.44) in the form 


B t 
AH) _ [Gaya tiny FFU) ddl, (17.50) 
0 090 


where the symbol : denotes the complete contraction of the tensors. 


Expanding the time correlation function as a Fourier integral 


(a(t’)a (1)) =5= [ Jz;(0) e- - do (17.51) 
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and performing the integration over A, we rewrite (17.50) in the 
form 


t © 


Bro 
A) tf ff SOR yo) FOP Weta do, (17-52) 


fo aut 
We shall examine how the energy of a system varies under 
the influence of a periodic perturbation 
Hi =Re{H'e**™}, (17.53) 
where H! can be complex. We shall calculate the rate of change 


of energy by means of (17.43). Substituting (17.53) in (17.43), we 
obtain 


LH) ERe CH | Hy + (HLH) ge. (17.54) 


Thus, the rate of change of energy is made up of two terms — 
one constant in time, and the other oscillating. The constant term 
is positive, since 


—Re (A | H!))o>9., 
In fact, 
— Re((H" | H!)), = Reio (H" | H")), = 

= —olm (H" |A))g = 5 (eC — 1) Jytyt (0) > 0, 
where we have taken into account the relations (16.18), (16.19), and 
(16.33) and the fact that the function w(e6** — 1) is positive. 


Using (17.1a) and (17.21a), we write formula (17.54) in the 
form | 
d(H) _ 


Ge =p Re{F’ - L (0) F+F + L(o)- Fe-%}. (17.55) 


The average rate of change of energy is always positive and is 
equal to 
2n/wo 


dE d(H) 4,1 ‘ 
am, a dt=>ReF’-L(o)-F>0. (17.56) 


Those systems whose energy increases under the influence of 
periodic perturbations are called dissipative systems. 
It is necessary that they possess closely spaced levels, in order 
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that L(w) have meaning after the limiting processes V + ~ ,& — 0. 


The average rate of absorption of energy (17.56) can be rep- 
resented in the form 


Se = T{L’ (0) : Re FF’ — L” (o)* : Im FF}, (17.57) 
where L'(w)§ is the real symmetric part, and L"(w)@ is the imagin- 
ary antisymmetric part of the tensors of the kinetic coefficients. 
The other terms give no contribution, since the tensor Re FF* is 


symmetric, and Im FF* is antisymmetric. 


We now express the energy absorption averaged over a pe- 
riod in terms of the generalized susceptibility. By means of 
(17.54) and (17.56), we obtain 

f= — Sim (HH), =f Im (F- x(a) + F) (17.58) 
or 
dE 


= pk" (0): Re FF + x (@)* : Im FF}, (17.59) 


where “"(w)§ is the imaginary part of the symmetric susceptibil- 
ity tensor, and »'(w)4 is the real part of the antisymmetric sus- 
ceptibility tensor. 


In the derivation of the fluctuation-dissipation theorems [22, 
101], an asymptotic expression is used for the transition prob- 
ability in unit time under the influence of the perturbation (17.53): 


Wag = op {I (al HB) PS (E,— E, — fo) +| (B| HH" |a) P6(E,— Ey + ho)}; 
(17.60) 
this expression is valid for a large time interval t, when the prob- 
ability (17.48) becomes proportional to the time and the transition 
probability wy, no longer depends on t. 


By means of (17.60), we shall calculate the average rate of 
energy absorption: 


ad(H - 
cE = Yel? “ol ag {1a | H! |B) PS (Eq— Ey — to) + 
a, B 
+} (B| H! | a) PS (Eq— E, + to)} = a5 Yi el®-¥p)/° {| (a | A" |p) P8(Ey—E, — fio) — 
ap 


—|(B1H'|a)P5(E,—E,+fo)}, (17.61) 
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where gp = (E,—£,)/f . Substituting into this the integral rep- 
resentation for the 6 -function 


S(E)=a5 [ ete a 


and performing the summations over a@ and B, we obtain 


A¢H1) 1 | CAME CD) eH” (1)) ett dt = 


1 
= Go Vim (— ©) — Jig ()}. (17.62) 
Using the properties (16.16a) of the spectral intensities 


J @) = eFf9 7 . 


Hig" 


(o), 


gitga (— 


we transform (17.62) to the form 


d(H) _ @BAO_y 
dt dhe I Agi (©) 2 9, (17.62a) 


i.e., the energy increases. 


17.6. Entropy Production 


In the preceding subsection, we considered the effect of me- 
chanical perturbations on the change of energy of a system. We 
now study their influence on the change of entropy. 


First of all, it is necessary to define entropy for a nonequi- 
librium state. . 


Minus the average of the logarithm of the statistical operator 


(qn) = — (inp) = — Tr(plno), (17.63) 


which in the equilibrium case is the entropy, cannot describe the 
entropy of a nonequilibrium state. In fact, 


n= —Inp (17.64) 
like p, satisfies the Liouville equation 


in 20 = [H+ Hi, nl (17.65) 
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(cf. §8 of Chapter II). Consequently, 7 is an integral of motion 


dyn 0 1 
Gena tig th H+ Hil=0, (17.66) 
whence it follows that ( ” is constant in time 


(on. 
= (n= =0 (17.66a) 


and cannot possess the properties of the entropy of a nonequili- 
brium state. 


For the moment, we shall not give a general definition of the 
entropy of a nonequilibrium state (we shall discuss this question 
in §20), but confine ourselves to defining it for the case of linear 
response. 


We assume that the state of the system remains spatially 
uniform and stationary in time, i.e., the energy evolved is drawn 
off. Then itis natural to define the entropy by analogy with the 
equilibrium state, by the thermodynamic relation (11.24) 


g = Paw) 8 (17.67) 


but assuming that the averaging is performed over the nonequi- 
librium state. 


The entropy (17.67) is equal to minus the average of the log- 
arithm of the equilibrium distribution (9.42): 
= — (Inpo) = — Tr (elng,). (17.67) 


a 


The rate of change of the entropy (17.67) with time is equal to 


OS _, 1 d(H) (17.68) 


since the parameters 6, 1, and 2 characterize a state of statis- 
‘tical equilibrium and do not depend on the time, and the external 
perturbation does not change the number of particles. Taking 

(17.45) into account, we write the expression (17.68) in the form 


Salty fri (t) Lin (t — t’) Fy (’) dt’ = b fret L(t—0’)- F(t’) dt’, 


i, R —oo 
(17.69) 


For external forces that vary periodically with time [cf. (17.53)] 
it follows from (17.68) and (17.69) that the average rate of change of 
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entropy over a period is positive 


20/@ 


®@ * 
2/[& -di=44ReF*-L (0): F>0. (17.70) 
0 


Thus, entropy is generated in the system, and (17.70) can be 
called the entropy production. 


§18. Systems of Charged Particles 
in‘'an Alternating Electromagnetic 
Field 


In this section, we shall study a system of charged particles 
in an alternating electromagnetic field as an example of the gen- 
eral theory of linear response. We shall study the connection 
with retarded Green functions of the dielectric permittivity, mag- 
netic susceptibility and electrical conductivity as functions of fre- 
quency and wave number, and their symmetry properties and dis- 
persion relations. 


18.1. Dielectric Permittivity and Conductivity 


In §§15.4 and 17.3, we considered a system of charged par- 
ticles in an electric field varying in time but constant in space. 
We now examine its behavior in an electromagnetic field which 
varies both in time and in space [40, 41, 52, 56, 64, 102-104]. 


The Hamiltonian of a system in an external electromagnetic 
field with vector potential A(x, t) and scalar potential oe, t) 
has the form 


ae | yt (4v—£A(e, 0) ple) de + 
+ ferry (x)ep(x, t)dx+ Hints (18.1) 


where e is the particle charge and Hin is the operator of the in- 
teraction between the particles. For the moment, we do not take 
into account the interaction of the spin of the particles with the 
field (cf. §18.3). For simplicity, we assume that the particles 
have charges of the same sign, for example, if they are electrons, 
the ions can be regarded as a screening background. 
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In (18.1) ~ (x) and p*(x) are second-quantized wave functions, 
i.e., operators acting on the wave functions in occupation-number 
space and satisfying the commutation relations 


p (x) pt (x’) & pt (x) p (x) = 6 (x — 2’), 
ap (x) tp (x) & p(x’) (x) =0, (18.2) 
p* (x) pt (x’) + pt (x’) pt (x) =0, 


where the plus sign is taken for Fermi statistics and the minus 
sign for Bose statistics (cf. [105, 25] and the texts on quantum 
mechanics [100, 106, 107]). 


The operators y (x) and y+(x) are connected with 4,,, and a}, — 
the creation and destruction operators for particles in the state 
k, o —by the relations 


I ; 1 . 
—__! i (Bex) + —_i —i(k +) + 
B= Te MO tao Ve MEM Putin (18,5) 


where a,,, and a+, satisfy the commutation relations 


ko? 


+ + _ 
Beg, HUG 5, Feo = O66, #10) 
Ang Uo, = Uy. 4p5 = 9, (18.4) 


aj,af,, + af,,a%, = 0; 
dz,2, is the Kronecker symbol, and the argument sz of # (x) will 
not be written out explicitly. is easily verified that (18.4) follows 
from (18.2), and conversely. 


The potentials A(x, t) and v(x, t) define the electromagnetic 
field acting on the particles. As we have already noted in §15.4, 
we must distinguish two cases — when the Coulomb interaction is 
taken into account explicitly in the Hamiltonian, and when it is 
taken into account through a screening field. In the first case, it 
is necessary to allow for the screening effects, while in the sec- 
ond case this is not necessary, since they are already taken into 
account through the screening interaction. Below, we shall con- 
sider only the first case. 


In introducing the dielectric permittivity and magnetic per- 
meability, it is necessary to take into account that the induced 
charges screen only the longitudinal part of the electric field, 
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since they determine the divergence of the field,f and the induced 
currents screen only the transverse part of the magnetic field, 
since they determine the curl of the field. Therefore, the poten- 
tials A(x, t) and g(x, t) determine the electric induction vector 


D=—Vo-~ 4 (18.5) 


only for the longitudinal part of D, and 
B=curl A (18.5a) 


for the transverse part of B; incidentally, the field B is always 
transverse, since div B = 0. 


The current density operator is equal to the functional de- 
rivative of the Hamiltonian (18.1) with respect to the vector po- 
tential 


7 lag\ oH’ ; 
J (*) = — ¢ Say (18.6) 


and, consequently, 


i (3) = $27 ft (x) Voy (x) — Vp (x) pI} -= Ale, Opt (eo (x). (18.7) 


The current (18.7) satisfies the charge-conservation equation 
90k) = — divi (x), p(x) =ept (x) p(x) =en(x)s (18,74) 
p (x) is the charge density. 


The total Hamiltonian of the system can be written by sep- 
arating the linear and quadratic terms in the form 


H! =H+H,+ Hy, ~ (18.8) 
where 
H=-4]i@)-Aw, Odx+ foleotx, Nax, 
, (18.8a) 
Hy = <r [ p(x) A%(x, #) de, 


TSometimes, this is not taken into account in textbooks [108], even though a com- 
plete clarification of this question was achieved a long time ago in the papers of 
Ewald [109] (cf.. also [110-113]). 
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H is the Hamiltonian of the system in the absence of the electro- 
magnetic field, and j (x) is the current operator in the absence of 
the field, 


i= sy LE tpt (x) Vap (x) — Vpt (x) p(w). (18.9) 


We shall consider the response of the systemto the adiabatic 
switching on of the electromagnetic field. 


Let the current be equal to zero in the absence of the field. 
After the field is switched on, according to (15.47), the current 
and charge, if we confine ourselves to terms linear in A(x, t) and 
o(x, t), are equal to 


Hx, )=G)=- 2 Ate, )- 


-1{ faa (x, L)7(x’, U))) + A(x’, UY) dx’ dt’ + 


+f J (G (x, t) 9 (x, #))) p(x’, t) dx’ dt’, (18.10a) 
{ (x)= en— + | | ((o (x, A) 7 (2’, YY) A(X’, 1) dx! dt’ + 


+f { {( (x, £) 0 (x’, t’))) p(x’, ’) dx’ dt’, (18.10b) 


where, in the integrands, we have retarded Green functions of ten- 
sor, vector and scalar types, and n= (pt (x) (x)) is the number 

of particles in unit volume, which, because of the spatial uni- 
formity of the system, does not depend on x. 


The relations (18.10a) and (18.10b) take a specially simple 
form if we expand the functions A(x, t), p(x, t), I(x, t) and (o(x)) 
in sums over plane waves 


(x, )=7y, { ac, @) ef (t¥)-10t dey, 
k 00 
v(x, D=+D | elk, act! do, (18.11) 
kR —c 
1 7 
I(x, => { I (k, «) ef (+ #)-19! da, 


= 
| 
8 
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write the operators in the momentum representation 

“, . | ) 

7,e'"*), (x)= dio, e! "), (18.11a) 
x VV » 


where 


2 eh k + 
Ie VV aa\9 ~ 2) 2a-€, 0 Mor 


(18.11b) 


and expand the Green functions as Fourier integrals. Then the 
relations (18.10a) and (18.10b) take the form of linear algebraic 
relations between the Fourier transforms of the current and charge 
and the Fourier transforms of the vector and scalar potentials: 
2 og 1 , 
I(k, 0) = — £2 A(b, 0) — Cig |iag* FAG 0) + Giel0_4)), O06, 0), 


(18.12) 
a(R, ©) = — (0, |f_-4))o — A(k, ©) + ((P, | 0_4)), 9 (R, ©), 


where we have used the fact that, because of the assumed transla- 
tional invariance of the problem, the averages (j, - j,.), (i,0,-)» and 
(p,0,) are nonzero only fork +k' =0. In crystals, k +k! = 277, 
where ¢ is a reciprocal-lattice vector. 


The relation (18.12) can be represented in a form such that 
it does not contain the vector and scalar potential, but contains 
only the electric and magnetic inductions. We write the tensor 
and vector Green functions in such a way that their tensor or vec- 
tor character is expressed explicitly. Since they depend only on 
the vector k and the system is assumed to be isotropic, the ten- 
sor function must depend linearly on the tensor k,k g and on the 
unit tensor 6,8, and the vector function on k, with coefficients 
depending only on |k], i.e., 


2 als fegk Rak 
Xap (k, @) ~~ <*. Sua = (hy | i) = = x! (R, @) + (5.4 ~ aa nit (R, ), 


(Gz |0-2))o= (ede) |9-2 do GE» (18.13) 


(alte) da = KPa ia)))y GE 
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where 


x(k, @) = 7 (Reis) | (Rie) 0» 


(18.13a) 
x'* (by 0) = gos (eX ta ITE X Lado ° 


are the longitudinal and transverse parts of the susceptibility 
tensor 


2 
Yas (, ©) ~ ~~ 8,9, 
The susceptibility y.,(k,) expresses the linear response of the 
current to the vector potential. 


We obtain a second expression from (18.13a) by calculating 
the complete contraction of the tensor y,.¢(k, o) with 6.8 — (R,kp/R’) 
noting that 


: - Rake keku 
© (565 ~ “B) (600 “e") =? 


ap 


and making use of the vector identity 
[2 x ie] - [® X jel = Gri_n) — (Rls) (B1-«)- 


We note that the operator (k + j,) can be expressed in terms 
of the time derivatives of p, (18.11b). For this, we calculate the 
commutator of p, with the kinetic energy operator T: 


T= Yor “om Boles» 


[P,» ri EY Boz bo Aga = (he J,)- 


,o 

Consequently, since p, commutes with the interaction operator 
1 

Hint =r Qy VR) Aho Oho erre, Fee, 07 


k\ Rk 
0\02 


(18.14) 


the equation of motion for p, has the form 


0,= = [Pes H|= —i(R-j,). (18.15) 
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Repeating the calculation for the commutator between 6, (18.15) 
and p_,, we obtain the important commutation relation 


1 . Ne? 
|?» bal=pee, N=Yata,,, (18.16) 
q, 0 
which is called the longitudinal sum rule. 


Taking (18.13) and (18.15) into account, we obtain for the in- 
duced charge (18.12) 


p(k, ©) = Zr ((o,| 6-4), (RA (A, @)) + (04/04) O(H, ). = (18.17) 


We express the function (P| 0-8) in terms of (04 | 0. )) by 
integrating by parts: ° 


(Pp | O_b)e = f (Pp (Z) P_»)) etal dt = 


= (Ps Ply + 10 ((P, | Pay = $0 (04 |P_ 4)» (18.18) 


since the operators p, and p_, commute. The term with the 
commutator in (18.18) appeared because of the differentiation of 
the discontinuous 4(t) function. Using (18.18), we rewrite the ex- 
pression (18.17) for the induced charge in the form 


l . 
o(k, ©) = Zr ((P,|P_4)), HR DCR, ©), (18.19) 
where 
ik - D(k, ©) =~ io (ik - A(k, o) + #9 (h, @)) (18.19a) 
and, according to (18.5), has the meaning of the Fourier transform 
of the divergence of the electric induction vector. Thus, we have 


expressed the induced charge in terms of the longitudinal part of 
the electric induction vector. 


The induced charge is usually expressed in terms of the di- 
vergence of the polarization vector P (x, t) through the relation 


ind, t) = — div P(x, t)= — q=div (D(x, )-E(x,2)), (18,20) 
or, in Fourier components, 
1 , ; 1 1 . 
p(k, o) =q— ik - (E(k, «) — Dik, o))= (sees _ 1) it - D(k, ©), 


(18.20a) 
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where 
k. D(k, o) =2(k, w)k- E(k, o), (18.20b) 


e(k, w) being the dielectric permittivity determining the connec- 
tion between the longitudinal components of the electric field and 
the induction. 


We note that it follows from (18.20b) that D(k, w) =e k, w). 
E(k, w) only for the longitudinal part of the electric field. 


Comparing (18.19) with (18,20a), we obtain an expression for 
the dielectric permittivity as a function of k and w in 
terms of Green functions: 


e-!(k, @) = 1 +25 (0, | P_4))o (18.21) 


We now examine the expression for the induced current, i.e., 
the first of the equations of the system(18.12), and, using (18.18) 
and (18.13a), write it in the form 


I(k, 0) =~ £2 A(k, ©) = ((,|6_,))g ark Ale, o)+ 
+(x |P-a))aer OU ©) — 
— x! (k, o) oy {k? Alk, o)—k(k-A(k, o))}, (18.22) 


since, according to (18.13a) and (18.15), the longitudinal part of the 
susceptibility tensor (18.13) is equal to 


x! (k, ©) =r (Bp | O-2) Yo (18.23) 


We express the Green functions ((6,|/6_,)), and ((6,{o_,), in 
terms of ((p,/p_,)), by integrating them by parts. We obtain 


(Oe [O-2) a = — 40g | P_&)) gs 
((0n|0-2)o= — ae [Pe 0-2] +07 (0p | 0-2) (18.238) 
= ne Re + 0? ((0%|P_»))o» 


where we have used the longitudinal sum rule (18.16). Taking 
(18.23) and (18.19a) into account, we represent the expression 
(18.22) for the induced current in the form 


F(k, ©)=((0,|0_4)), gr-ge #* D(ke, 0) — 


_ (x (k, 0) + £*) oa (k2A(k, o)—Rk- A(R, @)), (18.24) 
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where the longitudinal and transverse parts of the current have 
been separated. 


The transverse part of the current can be identified with the 
curl of the induced magnetic moment vector M(x, t), i.e., 
1 e*n 


— saz (x (b, 0) + 5") [de X Blk, o)] =c lik X M(k, o)] = 


n 


c 


=~ [ik X (B (k, ©) — H (k, 0) )J=q (nl, @) [ik x B(k, 0], 


where 
B(k, o) =[ik X A(R, o)] (18.25) 


is the Fourier transform of the magnetic induction vector (18.5a) 
and 


4 2 
vi = 14 (ere+22) gag 


is the magnetic permeability, dependent on k and w. 
Taking (18.21) and (18.26) into account, we write the expres- 
sion (18.24) for the current in the form 
I(k, 0) = — qo (1—e"(k, o))io 4 (&- D(k, @))+ 
+g, (1—p-'(h, o)) [i X B(R, )]. 18.27) 


The current (18.27) can also be expressed in terms of the 
electric field vector E(k, w), by making use of the Maxwell equa- 
tion 


1 @B(x, 1) 
c 


curl E(x, t)=— at 


in Fourier components 


lik x E(k, o)]=2 B(e, @) (18.28) * 


and eliminating B(k, w) from (18.27), We then obtain 


az 


I(k, @) =o'(k, @) 


(k - E(k, @)) —o (k, @) ty [kX [he X E(k, @)]], 
(18.29) 
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where 
ol (k, ae elk w) ), 


ot (k, @) = “(1—p- '(k, @)) (18.29a) 


ai 
are the longitudinal and transverse electric con- 
ductivities. 


We examined above the equations (18.12) for the induced cur- 
rent and charge. We shall show that it is sufficient to consider 
the first of these, the second following from the first if we take 
the commutation relations between the charge and the current 
into account. 


We take the scalar product of the first equation of the system 
(18.12) with k. Taking (18.15) into account, we obtain 


kT (k, 0) =— £2 b- A(k, ©) — (og [1g TAUB, ©) + ((54|0-4)) PB, ©). 
(18.30) 


By integration by parts, we find 


(is li-eo=— ae (Pe da) (Peli ay (18.31) 


Using (18.23) and (18.31), we write (18.30) in the form of a con- 
servation law 


k-J(k, ©) =o (R, ©), (18.30a) 


where we have taken into account the commutation relation be- 
tween the Fourier components of the charge and the current, 


e2 N= 1 
+ [Pe i «|= “m V veh ~ 0% qo° (18.32) 
qo 
In fact, 
: 2 aiI™N 
= [Pps J _p\— j=.7 (q- 3) (Ngo — Nq+k, 0), 
q.0 


which, on replacement of the summation variables in the term with 
Ngik,o , reduces to (18.32). 
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Thus, we have verified that the average values of the current 
and charge satisfy exactly the conservation law (18.30a); therefore, 
by calculating the average current, we also find the induced charge 
at the same time. 


The converse statement is not true. The equation for the cur- 
rent does not follow from the equation for the charge, since it 
can have a transverse rotational part, and the charge conserva- 
tion law determines only its longitudinal part. 


We obtain an equation for the curl of the current in the Fou- 
rier representation. By taking the vector product of k with the 
first equation of the system (18.12) (with k on the left), we obtain 


[eX I (k, o)] = — +(4*+4x'(&, 0)) [ex Ale, 0)] = 


at (£24 i" (k, @))B(k, a). (18.33) 


According to (18.26), the coefficient in the right-hand side of this 
equation can be expressed in terms of the magnetic permeability. 


Inordinary systems,as w +0,k—~ 0, the term x(k, w) al- 
most cancels the term e*n/m, and their sum gives only a very 
small diamagnetic effect (Landau diamagnetism [42, 114]). 
This cancellation is violated only in superconducting systems, be- 
cause of the existence of a gap in the spectrum of the elementary 
excitations [115, 116]. 


We shall examine what the formulas for the dielectric per- 
mitttivity (18.21) and the longitudinal susceptibility (18.23) give 
in the limiting case of a spatially uniform medium, i.e., as k — 0. 
In this case, it is necessary to make explicit the undetermined 
quantities in the formulas. To within terms linear in k, we have 


p= ate folder dex | ole) dx. | xp(x)de, 


i.€., * 


N i 
p, = a ra P,, (18.34) 


where 
P,= | xo (x) dx (18.34a) 
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is the operator of the total dipole moment. Consequently, as k — 0, 
the formula (18.21) takes the form 


e'0, 0) =1+ a7 (Pal Pade (18.35) 


where we have used the condition that the medium is isotropic. 
The dot denotes a scalar product. 


From formula (18.23) for k — 0, we obtain 
I . 
x'(0, @) = 3 (Pa -| Pa))o. (18.36) 
18.2. Symmetry Properties and Dispersion Relations 


The susceptibility tensor (18.13), and also the dielectric per- 
mittivity (18.21) and magnetic permeability (18.26), possess the 
symmetry property (17.9), (17.25): 


Xap (R, @) = Kop (— k, - (), 
e(k, a) =e (— k, —a), (18.37) 
p (R, @) = py (- k, _ @), 


like all generalized susceptibilities and kinetic coefficients. This 
follows from the fact that xap(* — x’, {— ?’) is real. 


Taking into account, in addition, the symmetry of the Green 
functions under inversion ofthe spatial coordinates x -—- —x, which 
is equivalent to the replacement k — —k, we shall have 


(ie [oud = ((ins| ie ((P x |P—2) do = (Pe | >) (18.38) 


Consequently, the susceptibility tensor (18.13), and also the 
dielectric permittivity (18.21) and the magnetic permeability (18.26), 
possess the symmetry properties: 


Xap (R, @) = Xap (R, _ @) = Xup (— k, @), 
e(k, o) =e (k, —o)=8e(— &, o), (18.3 7a) 
u(R, a) =p" (k, — 0) =p(— k, @). 
Thus, the real parts of xa8(k,), e(k,w) and p(k,w) are sym- 


metric with respect to the replacement w —- —w, while the im- 
aginary parts are antisymmetric: 


Re Xo (R, ©) = RE Yag (k, — 0), 
Ree(k, @) =Ree(k, —o),: 
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Repu (k, o) = Repu (k, —o), 

Im Xa (&, ©) = — Im Yag (k, — @), (18.39) 
Ime(k, a) = — Ime(k, —o), 
Imp(k, o) = — Imp(k, —o). 


Taking (18.39) into account, we obtain from (16.34) the Kra- 
mers—Kronig dispersion relations? for the susceptibility x26 (K, ): 


2 2 
Re Xag (R: 0) £2 y= 2 | Tor 1M Yag (F, u) du, 
0 
(18.40) 


oo 


Re Xap (k 4) on 5 
9 ap — —— Sap 
IM Yag (R, o)= _ —P i a du. 


0 


18.3. System of Particles with Spin in an 
Electromagnetic Field 


We shall examine the effect of an electromagnetic field on a 
system of particles with spin, and calculate the average current 
and the magnetic moment associated with the presence of the spin. 


The interaction of the particle spins with a magnetic field 
H «&, t) is described by the operator 


H’ =— { M(x)-H(x, t)dx, (18.41) 
where 
M(x) = Yi vt (x, s) me or (x, 5) (18.41 a) 


is the operator of the magnetic moment density, and c,, Cys and 
o, are the Pauli matrices. We assume that the spin of the par- 
ticles is equal to 1/2. 
The perturbation operator (18.41) can be written in the form 
. 
H! = | M(x) -cun A(x, de = — 1 in(x) Ale, dx, (18.42) 


fThe generalization of the Kramers—Krénig formulas to the relativistic case was 
carried out by Leontovich [117, 112]. 
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where 
im (x) = ccurlM (x) (18.42a) 


is the operator of the current associated with the magnetic mo- 
ment of the particles. In fact, in accordance with the usual defini- 
tion (18.6) of the current, 


: 6H’ 
Im(*) = — ¢ Sac (18.43) 


According to (15.47), the perturbation (18.41) changes the 
magnetic moment 


t 
(M(x))=(M (x)o+ [ [xm (et, #0) H (x, 1) dx’ dt’, (18.44) 


where 
Xm (xt, x’t’) = — (M(x, t) M(x’, 2’) (18.44a) 
is the tensor of the magnetic susceptibility associated with the spin. 


The relation (18.44) has a specially simple form in the Fourier 
representation. Putting 


(M (x)) = (M(x))o + + »> { M (k, @) e! #*)-i0t dey, 
a (18.45) 
M (x, t) = ad x Mz (t) et @-*) 


and using the spatial uniformity of the system, we obtain 


M(k, ©) = %m(k, 0) +H (k, ©), (18.46) 


where 
Xm (Rk, 0) = — ((Me| M-e))o (18.46a) 


is the magnetic susceptibility tensor of the spin system in the 
Fourier representation. 


For the case of a magnetic field that is constant in space, 
formulas (18.46) and (18.46a) go over into (15.82) and (15.83), which 
were considered earlier. The tensor x mK» w) satisfies sym- 
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metry conditions and dispersion relations analogous to (18.39) and - 
(18.40). 


18.4. System of Particles with a Dipole Moment 


Another case, which is of interest for the theory of dielectrics 
is that of a system of interacting particles with a dipole moment. 


We shall calculate the polarization induced by an electric field 
in such a system. The interaction of the dipole moments of the 
particles with the electric field is described by the operator 


H=- { P(x) - E(x, t)dx, (18.47) 


where P(x) is the operator (or dynamic variable) of the dipole mo- 
ment density. The perturbation (18.47) induces a dipole moment 
with density 


t 
(P(x))=(P(x)o+ { [ ale—x’, t-1/)E(w’, t)dx’ dt’, (18.48) 


where 

a(x—x’,t—t’)= — (P(x, t) P(x’, t’))) (18.48a) 
is the dielectric polarizability tensor of the system of electric 
dipoles, and (P(x))) is the dipole moment density in the equi- 
librium state as E — 0, which can be nonzero for ferroelectrics. 
Going over in (18.48) to a Fourier representation of the type (18.45) 
and using the spatial uniformity of the system, we obtain 


P(k, o) =a(k, o): E(R, o), (18.49) 
where 


a(k, @) = — ((Pr| P-#))o 


is the dielectric polarizability tensor of the system, as a function 

of k and w. 
For a system in a uniform electric field, or for sufficiently ~* 

long waves, when we can neglect the variation of the field over 

the correlation length, the connection between the induced mo- 

ment and the acting field is local, 


P (0) =a(0) -E(o), (18.50) 
a (@) = — (PIP) )o, (18.50a) 
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where 


P= | P(x)dx 


is the total electric dipole moment. Writing formula (18.50a) ex- 
plicitly in terms of the matrix elements of the polarization opera- 
tor P;, we obtain 


Re ox, (0)=Q™) Spe-PFe Pat | pir 
k,n One — 
(18.51) 
Imax, (0) =Q7' Ye P| PS | (3 (ons — ©) — 3 (One + 0)), 
k,n 


where 
P®" =(CyPCn), One = (En ~ Ep)/h, 


C,, and E, being the wave function and energy of the state k. 


Thus, we have obtained a Kramers —Heisenberg formula [100, 
106, 107] with statistical averaging. 


Chapter IV 


The Nonequilibrium Statistical Operator 


In Chapter III we studied those nonequilibrium processes which 
can be represented as the response of the system to external me- 
chanical perturbations, There exist, however, nonequilibrium 
processes which occur as a result of thermal perturbations, i.e., 
which are caused by internal inhomogeneities in the system; dif- 
fusion, thermal conduction and viscosity are examples. Attempts 
have occasionally been made to express these in terms of me- 
chanical perturbations. Such an approach is inadequate in that it 
assumes a prior knowledge of the equations of nonequilibrium 
thermodynamics and uses an analogy with mechanical perturba- 
tions. Besides, the division of perturbations into mechanical and 
thermal types is, in general, justified only in the linear approxi- 
mation. In higher approximations, mechanical perturbations 
create inhomogeneities in the distributions of mass, energy, and 
momentum and, consequently, lead to the appearance of thermal 
perturbations. : 


To develop a statistical thermodynamics of nonequilibrium 
processes such that thermal perturbations are also included, it 
is necessary, strictly speaking, to construct statistical ensembles 
representing the macroscpic conditions in which the systems are 
found. This turns out to be possible, if we are interested in the 
behavior of the system for time intervals that are not too small, 
when the details of the initial state of the system become unim- 
portant and the number of parameters necessary for the descrip- 
tion of the state of the system is reduced. This idea for simplify- 
ing the description of the system was proposed by Bogolyubov, who 
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used it to construct kinetic equations based on the Liouville equa- 
tion [1]. 


In this chapter we shall formulate a statistical theory of ir- 
reversible processes using the method of statistical ensembles for 
nonequilibrium systems [2-5, 170, 184-190], generalizing the 
usual method of Gibbsian ensembles developed in Chapters I and 
Il. The possibility of carrying over Gibbs' ideas into nonequi- 
librium statistical mechanics was first noted by Callen and Wel- 
ton [6] in connection with the fluctuation-dissipation theorem. 


In the study of irreversible processes caused by mechanical 
perturbations, all authors follow one method, namely, a dynamic 
interpretation of the perturbations under conditions of statistical 
equilibrium at some initial time (usually att =—.o). For the study 
of thermal perturbations, however, many different methods have 
been proposed. Following Zwanzig [7], these may be divided into 
the following groups. 


1. Indirect methods from the theory of linear response. These 
are based on representing the effect of thermal perturbations in 
terms of mechanical perturbations, since the same transport pro- 
cesses can be caused either by external fields or by inhomo- 
geneities in the system [8, 9, 10, 11, 12, 246]. Usually one first 
calculates the susceptibility to a fictitious external perturbation 
that could create the given nonequilibrium state, and, from this, 
the kinetic coefficients by using the fluctuation-dissipation theo- 
rem and taking the limit of zero wave number and frequency of 
the perturbation. In these methods it is usually assumed a priori 
that the macroscopic equations, for example, the Navier— Stokes 
equation, are valid. 


2. Methods using the theory of stochastic processes and the 
Fokker-Planck equation. These methods, which have their origin 
in the theory of Brownian motion, were developed chiefly by Kirk- 
wood [13] and Green [14] on the assumption that the processes are 
Markovian. Uhlenbeck and Ornstein [252], Krylov, and Bogolyubov 
[169], and Kirkwood and Green succeeded in obtaining the first im- 
portant results in the general theory of irreversible processes, 
namely, the relation between the kinetic coefficients and the time 
correlation functions, in precisely this way. The method of sto- 
chastic processes has been developed further by different authors 
[15-21]. Mori and Kubo have recently improved the method with al- 
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lowance for retardation in the Langevin equation [22-24]. The ef- 
fect of non-Markovian processes was investigated by Zwanzig [21]. 


In this group we may also include the work of Helfand [25], 
in which the Einstein relation (R*) = 6Dt for the mean square dis- 
placement of a Brownian particle in time t (D is the diffusion co- 
efficient) is generalized for other transport processes and used 
to express the kinetic coefficients in terms of correlation functions. 


‘3. Methods based on a hypothesis about the character of the 
attenuation, or regression, of the fluctuations. This approach has 
its origins in the classical papers of Onsager [26], who proposed 
the hypothesis that the attenuation of the fluctuations follows the 
same law as the change of the corresponding macroscopic vari- 
ables.{ Taking into account also the reversibility of the micro- 
scopic equations of motion, he established his reciprocity relations 
for the kinetic coefficients (cf. §17.3). This method has been used 
by Kubo, Yokota, and Nakajima [28] to construct a theory of ther- 
mal perturbations in irreversible processes, and later by Felder- 
hof and Oppenheim [12], who studied the space and time dispersion 
of the kinetic coefficients. 


4. Methods based on the use of a local-equilibrium distribu- 
tion as an initial condition for the Liouville equation. Inthese it is 
assumed that, in a weakly nonequilibrium state, a distribution (a 
local-equilibrium distribution, to be studied in detail in §20) is es- 
tablished in small volumes of the system, and that this distribution 
is close in form to the equilibrium Gibbsian distribution but with 
parameters depending on spatial position. Corrections to this 
distribution are sought. This approach has been developed chiefly 
by Mori [29-31]. Green [32] obtained expressions for the kinetic 
coefficients by making use of a local Maxwellian distribution as the 
initial condition and using the method of Chapman and Enskog to 
solve the Liouville equation. The connection between the correla- 
tor formulas for the kinetic coefficients and the Chapman—Enskog 
method has been analyzed by Ernst [33]. Klinger [34] has applied 
Mori's method to the theory of transport processes in semiconduc- 
tors, and Provotorov [35] has applied it, in combination with Zwan- 
zig's projection-operator method [21], to spin systems. Pelet- 


fFor Onsager's hypothesis on the attenuation of fluctuations and its region of applic- 
ability, see Chapter IV of the monograph by de Groot and Mazur [27], and the refer- 
ences cited therein. 
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minskii and Yatsenko [86] have developed the method further and | 
have extended its range of applicability to smaller time scales, 

so that it is now also suitable for the construction of kinetic equa- 
tions for strongly nonequilibrium states. (See also [248]). The 
local-equilibrium distribution, in combination with Zwanzig's 
method, has also been used by Robertson [219] (see also [249]). 


5. Methods based on Gibbsian statistical ensembles for non- 
equilibrium systems. These may be divided into two distinct 
groups: the method of the nonequilibrium statistical operator, 
proposed by the author [2-5], which is based on the construction 
of local integrals of motion, and the method of MacLennan [37-40], 
which is based on a calculation of the influence of a thermostat in 
terms of nonconservative forces. The methods [2-5] and [37-40] 
were developed independently and lead to essentially the same re- 
sults, although the method of [2-5] evidently possesses greater gen- 
erality and is simpler to apply. An account of the method of the 
nonequilibrium statistical operator on the basis of [2-5, 170, 184- 
190] will be given in this chapter, and its connection with Mac- 
Lennan's method will be discussed in Appendices II and r.T 


The method of [2-5] has been applied by many authors [41-57] 
to different problems in the theory of irreversible processes. The 
method is especially simple for the construction of hydrodynamic 
equations, for example, when internal degrees of freedom are 
taken into account [4, 41, 228], for the equations of relativistic 
hydrodynamics [5], and for equations of the type found by Grad 
(Khazanovich and Savchenko [42]). Buishvili and the author [43], 
Buishvili [44], and Khutsishvili [45] have applied this method to 
the theory of nuclear spin diffusion, Buishvili, Bendiashvili, Gior- 
gadze, Zviadadze, and Khutsishvili [46-50] have applied it to the 
theory of nuclear magnetic resonance and dynamic polarization 
of nuclei in solids, and Khazanovich has applied it to nuclear mag- 
netic relaxation in liquids [183]. Buishvili and Zviadadze [51] and 
Grachev [52] have applied it to the theory of spin-lattice relaxation 
of impurity centers. Kalashnikov has applied the method to the 
theory of spin-lattice relaxation of conduction electrons [53], and 


Tin his classification of the different theories of nonequilibrium processes, Zwanzig 
also mentions methods based on information theory (prediction theory), but refers 
only to a private communication of Jaynes and Scalapino. The methods of infor- 
mation theory can, in fact, be applied to determine the nonequilibrium statistical 
operator, as is shown in papers [170, 189] (see §27). 
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to the theory of hot electrons in semiconductors [54], in which it 
turned out to be suitable not only for linear dissipative processes — 
but also in the case of strong nonlinearity in the electric field. As 
was shown by Pokrovskii [55], the method gives the correct re- 
sult for the rate of exchange of energy between weakly interacting 
subsystems for a state which is strongly nonlinear in the thermody- 
namic forces. Pokrovskii [56] has also shown that the method may 
be applied to obtain generalized kinetic equations of the type found 
in the work of Peletminskii and Yatsenko [36], by making the ap- 
propriate choice of the parameters describing the state of the sys- 
tem. Using the same method, it is possible to obtain not only the 
usual kinetic equations, but also equations of the Fokker —Planck 
type, as has been shown by A. G. Bashkirov and the author [57, 
190]. (For applications of the method, see also [191-215, 228- 
234].) 


The above classification of methods for studying thermal per- 
turbations is not completely rigid, since, in a number of papers, 
the indirect method of the theory of linear response is combined 
with Onsager's hypothesis [12] or with the use of a local-equi- 
librium distribution as the initial condition [10]. 


The various methods used in the study of thermal perturba- 
tions aré described in the review articles of Chester [58], Zwanzig 
[7], and Ernst et al. [216], and in the monograph by Rice and Gray 
[59], in which a large bibliography is given. All these methods 
lead to the same results for the kinetic coefficients, but each has 
its own region of applicability. Certain authors, however, ex- 
pressed doubts about the validity of the expressions for the kinetic 
coefficients in terms of correlation functions [60, 61], but these 
doubts turned out to be unfounded [62], and the objections were 
withdrawn by the authors themselves [63, 64]. For a proof of the 
equivalence of the different methods of constructing nonequilibrium 
statistical operators, see the paper by the author and Kalashnikov 
[229]. 


In most of the papers listed above, apart from [2-5, 37, 38] non- 
equilibrium corrections to the equilibrium distribution function are 
calculated. The fundamental question with which we shall be con- 
cerned in the following is how to construct, starting from general 
principles, the complete statistical operator (or, in the classical 
case, the distribution function) for nonequilibrium processes, i.e., 
how to generalize the ideas of Gibbsian statistical ensembles to 
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the nonequilibrium case. In the paper [2], a nonequilibrium sta-_ 
tistical operator was constructed for stationary processes by gen- 
eralizing the class of the integrals of motion on which the sta- 
tistical operator can depend; their meaning will be elucidated in 
§21. For nonstationary processes, MacLennan [87, 38] has ob- 
tained the nonequilibrium statistical operator by another method, 
by treating the influence of the thermostat in terms of nonconser- 
vative forces. The method of local integrals of motion [5] 
leads to exactly the same distribution as does the method of Mac- 
Lennan [37, 38]. 


To construct local integrals of motion, it is necessary to for- 
mulate conservation laws for the mechanical quantities in operator 
form (or in the form of relations for the dynamic variables) and 
find expressions for the corresponding densities and fluxes of the 
mechanical quantities. This problem is examined for different 
systems in §19. 


§19. Conservation Laws 


Conservation laws play a fundamental role in the whole of 
theoretical physics, The phenomenological thermodynamics of ir- 
reversible processes is based on conservation laws for the aver- 
age values of physical quantities, for example, the number of par- 
ticles, energy and momentum [27]. The statistical thermody- 
namics of nonequilibrium processes, which will be described be- 
low, also starts from conservation laws, although not for the aver- 
age values of dynamic quantities but for the dynamic quantities 
themselves. Thus, the conservation laws will be considered from 
a microscopic, rather than a macroscopic, point of view. 


In this section, we shall study the conservation laws for a sys- 
tem of identical particles with direct interaction, and for a mix- 
ture of particles with internal degrees of freedom. These exam- 
ples make it possible to obtain local conservation laws of suffi- 
ciently general form for the energy, momentum, and particle num- 
ber, and these will serve below as the basis for the construction 
of nonequilibrium statistical thermodynamics. 


19.1. Local Conservation Laws for the Case of 


Classical Mechanics 


We shall consider the conservation laws for energy, momen- 
tum, and particle number in local form for the case of classical 
mechanics. The quantum case will be considered later. 
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Let a system of identical interacting particles be described 
by the Hamiltonian (1.2) 


HY (gete Y #lisex/)), (19.1) 


fei 


where ¢(|x;—x,|) is the potential energy of the interaction be-_ 
tween the particles, and m is the particle mass. Hamilton's equa- 
tions (1.1), describing the motion of the particles, have the form 


OH P . oH 
1 ap =m? Pix ~ a= YY Pus (19.2) 
jel 
where 
Ob (| *;~—%; 
B= F,=— Sera (19.2a) 


i 
is the force of the interaction between particles i and j. 


The role of one dynamic variable, the particle-number den- 
sity, is played by the function 


n (x) = pa 5 (x; — x), (19.3) 


(where the summation is performed over all the particles), since 
the integral of (19.3) over the volume is equal to the total number 
of particles, and the average value of the integral over a small 
volume is equal to the average number of particles in this volume. 
The particle coordinates x; in (19.3) change in time in accordance 
with the equations of motion (19.2); consequently, the time de- 
rivative of n(x) is equal to 


at 


an (x) _ y 5 (x, (j)-x) =x; . V6(x; —%), 


i.e., 
—, = — div j (x), (19.4) 


where 


ny W Pt ale — 
(x) Din be x) 9.5) 
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is the particle-number flux density. Equation (19.4) is the con- 
servation law for the number of particles in local form.t 


As in any field theory, the densities of the mechanical quan- 
tities and the densities of their fluxes are not defined uniquely: 
the densities are defined within the divergence of an arbitrary 
vector, and the fluxes are defined within the curl of an arbitrary 
vector. In fact, on integration over the volume, the divergences 
contribute only a surface integral, while the divergence of the curl 
part is equal to zero. This indeterminacy is connected with the 
fact that quantities such as densities are not observable quantities. 
Only integrals of these over a volume that is small on the macro- 
scopic scale but contains a large number of particles are observable; 
in this case, the surface contribution can be neglected. 


We shall now obtain the momentum conservation law in local 
form. For the momentum density, it is natural to introduce the 
quantity 


p (x) = mj (*) = Lip, 8(*;— 4). (19.6) 


The integral of (19.6) over the whole volume is equal to the total 
momentum P, 


{ p(x)dx= Yi p=P, (19.6a) 
t 


and the average value of (19.6) gives the momentum flux density. 


Differentiating (19.6) with respect to time, we obtain 


GZ p (19.7) 


where p,p, is a tensor; the second summand in (19.7) has been 
symmetrized using (19.2a). 


The equation (19.7) still does not have the form of a local 
conservation law, since the second term in the right-hand side is 
not represented in the form of a divergence. In order to trans- 
In accordance with tradition, in the equation of motion for n(x) (19.4), we write 


a/ at, and not d/dt as would follow from (2.20). We shall also use this notation in 
the remainder of the book. 
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form it to such a form we remark that, below, we shall be inter- 
ested not in the dynamic variables themselves, but in integrals 
of them multiplied by functions which vary little over distances 
of the order of the effective range of the interaction. 


We shall examine the second term in the right-hand side of 
(19.7) 


B(x) => YF 0 ;— x) —8(x;—x)) 


ax) 


(19.8) 


and show how it can be represented in the form of the divergence 
of a tensor. 


We multiply B(x) by an arbitrary vector function A(x) of the 
spatial coordinates, varying little over distances of the order of 
the effective range of the forces, and consider the integral of (19.8) 
over all space 


[ A@)-Bide=5 ») F,, - (A(x,) — A(x))). (19.9) 
i,f 
(i #1) 


The force Fj; differs appreciably from zero only for distances 
of the order of the effective range of the forces, and the function 
A(x), by assumption, differs little over such distances; therefore, 
the difference A(x,;) — A(x;) can be expanded in a Taylor series in 
X; —X; =X,; with only the first term retained: 


OA 
A(x,) — A(x;) & Mime fr 
B 


Consequently, 


| B(). A(x)dx=+ 


i, 1,8 

7 jr Fy AD) ot (5, — 2) de, 
“5 

or, after integration by parts, 


[Be A@de=— 4% J Ale: © ag FH 808, — 2), 
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whence, since A(x) is arbitrary, we obtain 7 


By (x) = ~ La: Oey 2 +y Foy <4) (#1 ~ *). (19.10) 
i, 
Thus, the quantity 419.8) can be represented approximately 
in the form of the divergence of a tensor, and (19.7) can be writ- 
ten in the form of a local conservation law: 


Pe “ _ Yi on (x) (19.11) 


’ 


where 
1 1 
Taa(x)= Ga pits Fist) 8 (x; — x) (19.12) 
i [At 
is the symmetric stress tensor. In fact, since the forces are cen- 
trally symmetric, the tensor 


0% (| *i7 1) 1 x2 x8 
Oey 1%) MY 


at 
Fiixhy = 
is a Symmetric tensor. 


We note that the same result for 7,,(x) would have been ob- 
tained if we had formally expanded the 6-function in (19.8) in a 
Taylor series and confined ourselves to two terms of the expan- 
sion: 


5 (x; — x) = 6 («, — x) + (x; — x;) - V6 (x; — +). 


The above arguments using the arbitrary slowly varying function 
give a precise meaning to this expansion of the 6-function. The 
process of representing Eq. (19.7) in the form of the divergence 
of a tensor can be continued further, and corrections to Ts,(x) of 
a higher order of smallness can be found. We shall apply the 
method described in the quantum case also (cf. §19.2).f 


We now examine the energy conservation law in local form. 
It is natural to define the quantity 
* 


H (x)= (e+ a »» (| x; — x; | )) (x; — x) (19.13) 


pi 


fIn (19.11) and (19.12), an exact representation in the form of a divergence is also 
possible, but with an extra integration over the parameter in (19.12) [217, 218, 225] 
(for details, see Appendix A of [218]). 
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as the dynamic variable of the energy density. It is obvious that 
H= | H(x)dx (19.14) 


is the Hamiltonian of the system. Differentiating (19.13) and taking 
into account the equations of motion (19.2), we obtain 


dH (x) P; p 
mene BW etiei~s/1)) F612) + 
t 


[#1 


x (p it py) + Fi; (6 (x; — x) — 6 (x; — x)). (19.15) 
i, 


a 


ip . 
Following the same procedure for smoothing the operators as was 
used in the derivation of Eq. (19.11), we obtain 


one. = — div jx (x), (19.16) 
where 
in (x)= cae a Lila x; DE — 8(*;— x) + 
AS Ltn » F,;x;j5 (%; — ¥) (x); = *; — X)) (19.17) 
i,j 


is the energy flux density vector. In the same approximation, it 
can also be written in another form: 


in(e)= (eet e Year U+s Yak Fir); 7 8 (x;—x), 


i j#i jet 
(19.17a) 
where the quantity in the large parentheses is a tensor, and U is 
the unit tensor. 


Thus, the conservation equations for the energy, particle 
number, and momentum in local form are 
OH (x) 
at 
On (x) div 7 
—s— = — div 7 (x), 
a (19.18) 


Op (x) _ _ 1; 
>= Div T (x), 


= — div jp, (x), 


where the densities of the mechanical quantities are defined by 
the expressions (19.13) for H(x), (19.3) for n(x), (19.6) for p(x), 
and jx), (19.17) and (19.17a) for j,,(x), and (19.12) for T(x). 
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We note that the Fourier components of the functions n(x), 


H(x), and p (x) 


Np = [ n(x) e7! ®* dx, 


Ha= ( H(x)et** de, 


(19.19) 
pax | pleyeth*ds 
are collective variables. Indeed, 
a= pa eh, 
J 
He= foe ated +37 Yr@ (NgNk—y — Me), (19.19a) 
q 


I 
p= pet) (v= f eede tds) 


depend symmetrically on the coordinates and momenta of all the 
particles. 


The collective variables are convenient for studying the col- 
lective properties of many-particle systems, and especially of 
systems with long-range (for example, Coulomb) interaction forces. 
They have been applied in the papers [65-68]. 


19.2. Local Conservation Laws for the Case of 
Quantum Mechanics 


We shall now study the laws of conservation of energy, mo- 
mentum, and particle number in their local form for a quantum- 
mechanical system of identical particles with direct interaction 
between them, following the paper [184]. 


To obtain a simple, local form of the conservation laws, we _ 
carry out a smoothing of the operators over inhomogeneities smalf= 
er than the effective range of the forces between the particles, 
just as we did in the preceding subsection for classical dynamic 
variables. By a similar method, it is possible to obtain local con- 
servation laws for other systems too. 


A quantum-mechanical system of identical particles of mass 
m with direct interaction with potential (x) is described by the 
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second quantized Hamiltonian 
H= | pt (y{-# V+5 { $ (x= x’) pt (x) p(x!) dx’ } p(x) de, (19.20) 


where the operators 7 (x) and »t(x'), which act on the wave function 
in the occupation-number representation, satisfy the Fermi or 
Bose commutation relations 


ap (x) ap* (x”) & pt (x) p (4) = 8 (4% — #*), 
ap (x) p(x’) + p(x’) p(x) = 0, (19.20) 
pt (x) pt (x’) + pt (x) pt (x) =9, 
where the plus and minus signs denote Fermi and Bose statistics 
respectively. If the particles have spin, then, apart from the co- 
ordinates x, we must take the spin variables into account. Then 


in (19.20), in addition to integrating over x we must perform a sum 
over the spin variables. 


By means of integration by parts, we can write the Hamil- 
tonian (19.20) conveniently in the form 


H= | H(x)dx, (19.21) 
where 
H (x)= - vt (x) - Vap (x) + + { b (x — x’) apt (x) pt (x’) p(x’) wp (x) dx’ 


(19.21a) 


is the energy density operator, which is chosen to be Hermitian. 


The energy density operator (19.21a) is not completely de- 
fined by the condition (19.21) since one can add to H(x) a term rep- 
resenting the divergence of some vector; for example, we can define 


H (x) = — 2 (v%pt (x) ap (x) + pt (x) Vp (x)} + Aint (2) = 


~ ave" (x) - Vip (x) — s Ven (x) b+ Hint (x) (19.21b) 


or 
H (x) = — 2 (V%p* (x) p (xe) — 2Vap* (x) - Vp (x) + pt (x) Vy (x)) + 


im 


+ Hint (2) = ge { Vo" (x) V(x) — ¢ Vn (x) 4 Hint (x), (19.210) 
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where 


n(x) =p” (x) p(x) (19.22) 
is the particle-number density operator, and 
Hine (x) = | (ea) yt (x) p(x’) 0 (2) 0 (x) ax 
is the interaction-energy density operator. 


This indeterminacy in the definition of the densities of the 
quantities exists in any field theory. In quantum field theory, the 
definition (19.21a) is usually applied. 


The operator 7 (x) obeys equations of motion stemming from 
(19.20) and (19.20a): 


if COM) or {s) = [tp (x), H]= —~ Fwy (x) + | ? (x) n(x ”) ap (x) dx’ , (19.23) 


where n(x) is the particle-number density operator (19.22) (see 
the footnote on p. 244). 


The operator n(x) satisfies a conservation law which follows 
from the equations of motion for % (x) and ~t(x): 


2) div i(x) =0, (19.24) 


where 


j (x)= a {ip* (x) Vap (x) — Vip? (x) p (x)} (19.24a) 


is the particle-number flux operator. The expression (19.24) is 
the quantum analog of the classical particle flux density (19.5). 


We shall obtain the equation of conservation of momentum in 
the local form necessary for the derivation of the hydrodynamic 
equations. The momentum density operator p(x) for a one-com- 
ponent system differs from the particle flux operator (19.24a) only 
by a factor equal to the mass of a particle: 


x 
p (x) = mj (x). (19.25) 
The equations of motion for p(x) have the form 
. YO FP f apt (x) p(x) , Opt (*) Op(x) 1 a?n (x) 
P a(*) + »> ‘Oxe a Ox. OXxg OXa 0x8 _} Oxp, OXa, }— 


_ | O¢ (x — x’) pt (x) pt (x’) h(x’) a (x) dx’ = — B,(x) (19.26) 
(a= 1, 2, 3). 
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The equation (19.26) is not yet in the usual form of a conserva- 
tion law, since the operator B, (x) is not represented in the form 
of the divergence of a tensor, but, as we shall see below, it is 
possible to do this with good accuracy for real systems with a 
short effective interaction range between the molecules.t In fact, 
we are interested not in the operator B ,(x) itself, but in integrals 
of it, of the type { A(x). B(x) dx , where A(x) is some arbitrary vec- 
tor function of the space coordinates that varies little over dis- 
tances of the order of the range of the forces of interaction between 
the particles; we shall consider such integrals in §20 and below. 


We have 
Ay (x) By (x) dx = { Aq (x) 2@E—*) p(x, x) dx dx’ = 


=F | (A, (x) — Aq (x’)) ae F (x, x’) dx dx’, 


where 

F (x, x’) = spt (x) pt (x) p(x’) p(x) 
is an operator symmetric with respect to x and x'; we assume that 
the function (x — x') is radially symmetric. 


Using the slow variation of the function Ag (x'), we expand it 
in a series in x —x' =x,, up to terms of first order, and then in- 
tegrate by parts. Then 


| Ae) Bu (x) de =7d [ ax oy | Ax, X1p “eG 1) F(x, *—x,) = 


~4 [dx A, © Yam [ ax’ (x, — x) 2E=*) P(e, x), 


Since A, (x) is arbitrary, we obtain 
a1 , rn 1 dé(r) 
Bil) =— Lot | (x) SE x 
B 


X pt (x) ph (x) p(x’) p(x) dx’, = r=|x—x' I; 


B,&) is, therefore, the divergence of a tensor. If this expression 
is taken into account, the equation of motion (19.26) for the mo- 
mentum density takes the form of a local conservation law: 


OPa 
PPa{s) Lam Say Ton (#) = 0, (19.27) 


TSee the footnote on p. 246. 
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where 


_ Fi? f apt (x) Op(x) , apt (x) Op(x) 1 A n(x) | _ 
Ppa (x)= 5-4 xg  OXq + Ong dxg 2. Ox, ) 


<4 | (my —¥)(x,— x) BO wt Wyte ole leds’ — (19.27) 


is the stress tensor operator, analogous to the classical expres- 
sion (19.12). 


It follows from(19.27a) that the stress tensor must be sym- 
metric: 


Tug (x) = Pea (x) 3 


this is connected with the radial symmetry of the interaction forces. 


Using the same method it is also possible to take account of 
the higher terms of the expansion in x — x'; in the expression for 
Ty, (x) this leads to terms with higher derivatives of (x) which, 
for short-range forces, are very small (cf. the footnote on p. 246). 


We now obtain a conservation equation for the energy den- 
sity, since we shall need this later to study energy transport. 
By means of the commutation relations or the equations of motion 
(19.23), we obtain for the energy density operator (19.21a) 


OH) + div 71, (x) = B(x), (19.28) 


where 


ity () = qa (AP (x) V%p (x) — Ppt (x) Voy (x) + 


+5 | (x — x’)ap* (x’) j (x) p(x’) dx’, 


1 (19.28a) 
B(x) =— 4 [ V8 (2-2) - ft (w) I(x) 00") + 


+ apt (x) (x) w(x} de’. : 
Following the method of smoothing over small inhomogeneities 

used above in the derivation of the equation of conservation of mo- 

mentum in local form, we shall represent B(x) approximately in 

the form of the divergence of a vector. To do this, we write the 

expression 
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[4(2B@)de= — $f ac A (x) (V? (x — #’) —VW’$ (x — x’))- F(x, x’) dx dx’ 
~4faw- A(x’)) Vo (x — x’) - F (x, x’) dx dx’, 


where 
F (x, x’) = sp* (x’) 7 (x) sp (x’) + pt (x) f(x’) (x) 


is an operator symmetric with respect to x andx'. A(x) is an 
arbitrary function varying slowly over distances of the order of 
the range of the interaction between the particles. 


Using the slowness of the variation of the function A(x'), we 
expand it in a series in x, =x —x' up to terms of first order. After 
integrating by parts, we have 


| A (x) B(x) d -+] Le oA s XiaVP (x,) + F (x, x —x,) dx dx, 
= | dx A(x) Ys AX, XiqVP (H1) + F(x, #~-%,). , 


Since A(x) is arbitrary, we obtain 


BU) = Daeg ¢ | eV OH) FG, 2 ads 


mdiv¢ [ e- HV VP (x — x’) + (pt (27) F(x) p (8) + 
pt (x) 7 (x”) wp (x) ) dx’ 


Thus, we have represented B(x) approximately in the form of 
the divergence of a vector. The equation (19.28) takes the form 
of a local energy conservation law 


oe) + div in (x) = (19.29) 


where 


ji (2) = — oxy (Vp (x) Vap (x) — Vipt (x) Vp (x)} + 


+4 | ble— 2) pt Ww) F(x) w(x!) de! — 


—- < [ (x — x’) VP (x — x’) - (pt (x’) 7 (%) p(x’) + pF (x) F(x’) ap (x) ) dx’ 
(19.29a) 
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is the energy flux operator, corresponding to the classical ex- 
pression (19.17a). 


Thus, we have obtained a complete system of conservation 
laws in local form for the energy, particle number and momen- 
tum for the case of a quantum-mechanical system of identical par- 
ticles: 


oH) = ~ div j,, (x), 
on {ay = — div j (x), (19.30) 


06) = — DivT (x). 
This system is analogous to the classical equations (19.18), but 

the densities of the mechanical quantities in it are quantum- 
mechanical operators. For example, H(x) is defined by Eq. (19.21a), 
n(x) by Eq. (19.22), p(x) by Eq. (19.25), jy(x) by Eq. (19.29a), j(x) 

by Eq.(19.24a), and T(x) by Eq. (19.27a). 


The conservation laws (19.30) can be written conveniently in 
the form of one equation: 
OP m : 
Po LV. jn (x)=0 (m=O, 1, 2), (19.31) 


where 
Py(x)=H(x), Py (x)=p(x), Po(x) =n (x) (19.31a) 


are the densities of the mechanical quantities, and 


fo(x)=fu (x), fA(*e)=T(x), — fo(¥) =F (x) (19.31b) 
are the flux densities. 


In the more general case when we cannot neglect the inhomo- 
geneities of the system over distances of the order of the effec- 
tive interaction range between the particles, there is no need to 
introduce j , (x) explicitly, and the balance equation for the me- 
chanical quantities can be written in the form 


APm(x,t) 1 
tT = a [Pm (x, 8), HI. (19 .31¢) 
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Among the conservation equations (19.30) for the mechanical 
quantities, we have not written out the law of conservation of an- 
gular momentum. This is not accidental, since, for our case of 
centrally symmetric forces, the law of conservation of angular 
momentum follows from the law of conservation of momentum. 
In fact, we shall introduce the angular momentum density ten- 
sor m,g(x), defined by 


Mag (x) = XaPs (x) — *sPa (x), (19.32) 


where p(x) is the momentum density operator. We assume that 
the particles do not have intrinsic angular momentum; otherwise, 
it would be necessary to include it in (19.32). The tensor #m,,(*) 
satisfies the equation of motion 


Armag (x) Opp (#) Apa (x) > AT yp (2) arve(#) 
= =—) ix —Xx 
a Oxy B OXy 


ied Snr); x3 


--» in {aT yg (*) — pT ya(*)} + Tag (#) — Tpa (x). 
v 


In the present case of central forces, the tensor 7,,(x) is sym- 
metric, and the equation for m, (x) already has the form of a 
conservation law: 
Omag (x) 
at 


$+ Dg bial yp (#) — ¥9T ya (2) = 0. (19.33) 
Y 


Thus, the law of conservation of angular momentum in the case of 
central forces follows from the law of conservation of momentum. 
For noncentral forces, the tensor 7,,(x) is nonsymmetric and the 
angular momentum | m,,(x)dx is not conserved; however, all this 
means is that it is necessary to take into account the contribution 
of internal degrees of freedom to the total angular momentum, for 
example, to include the angular momentum associated with the rota- 
tion of the molecules or with the spin of the particles (cf. [41]). 

To take the noncentral forces into account without introducing the 
internal degrees of freedom would be inconsistent. T 


19.3. The Virial Theorem for the Nonuniform Case 


The virial theorem, both classical and quantum, for the case 
of statistical equilibrium was considered in Chapters I and II in 


fin this case, it is possible to symmetrize the tensor T,,(*), by making use of the in- 
determinacy in its definition [69]. 
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§§5.3 and 11.3. We now discuss how it can be generalized for the 
spatially nonuniform case. 


We shall start, in the quantum case, from the expression 
(19.27a) for the stress tensor [in the classical case, one must use 
the expression (19.12)]. Below, we consider the quantum-mechani- 
cal case. 


If there are no hydrodynamical fluxes in the gas (or liquid), 
then the stress tensor (T,(*)) coincides with the pressure ten- 
sor (P,a(x)). But if there are fluxes with average velocity 


v (x) = Gi (x))/(2(x)), (19.34) 


then, to define the pressure tensor, it is necessary to go over to 
the moving coordinate system in which the hydrodynamic velocity 
is equal to zero, and define the pressure tensor in this system. 


The transition to a system moving with velocity v(x) can be 
realized by means of a canonical transformation of the operators! 


p(x) =p (x) e?, v(x) = 2 V@ (x). (19.35) 


In this case, Tap (x) goes over into Tos (x), which we shall call the 
pressure tensor operator P,, (x): 


Pag (*) = Tag (x) — m (Uajg (#) + Ogig(*)) + mn (x) 0405. 


By analogy with ordinary hydrodynamics, we can define the 
pressure operator as one-third of the trace of the tensor P,, (x): 


p(x) =-5 Y) Pau (2). (19.37) 


T The canonical transformation (19.35) effects a transition to an inertial accompanying 
coordinate frame and is valid in the case of an irrotational velocity field. To go 
over to a noninertial accompanying frame in the general case of an arbitrary ve- 
locity field, it is convenient to make use of a Lagrangian coordinate frame. In the 
case of classical mechanics, such a transformation can be effected by means of the 
generating function [235] 


F (ppt) = —Z Of +8 (,0)-(p; — mv (9, 2)). 
t 


Here, p; is the momentum of the i-th particle, tt is its Lagrangian coordinate, con- 
nected with the Eulerian coordinate r; by the relation r; = tt + sci, t), Si, t) is the 
field of the macroscopic deformations, which is given as a function of the initial 
points Ty and the time t, and vr, t)= as(ri, t) /dt is the Lagrangian velocity field. 

In the quantum case, this transformation is effected by a certain unitary operator [235]. 
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Consequently, p(x) is a scalar operator, equal to 


P(t) = ga { VO" (2) - Vo (x) -— 7 Vn (x) } 


“3 j (x — x”) Vo (x — x”) pt (x) pt (%)  (2’) p(x) dx” — 
2 mo(x) + j(x) +z mnie) 0 (x). (49.372) 


We obtain the virial theorem for the nonuniform case by aver- 
aging (19.37a): 


(p (x)) = Fo {Wpt (x) - Vip (#)) — FV (n(x) b- 3 m 2 - 


Ah [ (wa) Vo (2-2) (0) Ot XH) HO) dx’, (19.37) 


where (...) represents averaging in which (j(x)) = (n(x))o(x). 


It is easy to see that the average pressure for a spatially uni- 
form state with v(x) = 0 satisfies the virial theorem in its usual 
form (11.15). Indeed, in this case, 


(n(x))o =const and V? (n(x))y =0, 


where (...)o represents averaging over the equilibrium state; 
therefore, the average equilibrium pressure is equal to 


p=(p(x)o= = ge (Nt (x) + Vap (x) — 
~5 [ez Vo(x—x')Fy(x—x’)dx’, (19.38) 
where 
F(x — x’) = (apt (x) pt (x’) p(x’)  (x))o (19.38a) 


is the equilibrium pair correlation function. 


In formula (19.38), the first term is equal to two-thirds of 
the average kinetic energy density, and the second term is equal 
to one-third of the virial of the interaction, i.e., (19.38) coincides 
with (11.15). 


In §§5.3 and 11.3, the virial theorem was proved by a method 
using an infinitesimal increase (5.9b), (11.10b) in scale of the co- 
ordinates and momenta; thus, it is an exact theorem. It may ap- 
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pear strange that we have obtained it from an approximate ex- 
pression for T,,(*). We shall convince ourselves that there is no 
contradiction here, and that for the uniform state the higher terms 
of the expansion give no contribution to (T,,(x)),. By the same 
method as that of §19.2, taking into account all the terms in the 
expansion, we obtain 


_ Bf opt (x) Op(x) | Opt (x) Op(x) 1 O’n(x) Y_ 
Pop (x)=s5 OXg Oxg + Ox. OXg 2 Ax Ox \ 


n—l ' 
Xa a [ AER") (xy — yy" (x) p* (x’) p(x’) wp (x) dx’. 
For a uniform state, the pair correlation function (19.38a) 
depends only on the difference x — x', and the average value of the 
integrals in the right-hand side of this expression, therefore, does 
not depend on x. Consequently, in the sum over nin (T,p(*))o, 
only the one term n = 1 remains, and this gives the virial. 


19.4. Conservation Laws for a Mixture of Gases 
or Liquids [185] 


In the preceding subsection, we studied the conservation laws 
for particle number, energy, and momentum for the case of a sys- 
tem of identical particles with direct interaction. We now ex- 
amine the conservation laws for a mixture of different gases or 
liquids, confining ourselves to the case when there are no chemical 
reactions between the components and no excitation of the inter- 
nal degrees of freedom of the molecules. This example is of in- 
terest in that it enables us to investigate the mutual exchange of 
energy and momenta between the components, since these quan- 
tities are no longer integrals of motion for each component. 


The Hamiltonian of a system of interacting molecules of / 
types has the form 


u 
H= yw ()| an, + a [ bee — 9) WE (2), (21) ax’ | (x) dx, 
i k 


(19.39) 
where ¢,,(x— x’) is the potential energy of the interaction of par- 
ticles of types i and k, assumed to be radially symmetric, and the 
second-quantized operators 7; (x) and %, (x) for each component 
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satisfies the commutation relations of Fermi or Bose statistics 
tp, (x) pt (x) & pF (&’) p, (x) = 8 (x — x’), 
wp; (x) ap; (x’) © sp; (x’) p; (x) = 0 


depending on the parity of the spin of the molecules, and commute 
for i + k, i.e., for different components. 


We write the Hamiltonian (19.39) in the form 
H= p2 H, (x) dx, (19.39a) 
where 


H, (x)= mn WOE (x) - Vap, (%) + 


+ > z ,,(% — x’) pt (x) pt (x’) , (x’) sp, (x) dx’ = (19.3 9b) 
k 


is the energy density of the i-th component with allowance for the 
interaction with the other components. 


The number of particles of the i-th component is represented 
by the operator 


N,= { n,(x)dx, n,(x) =f (x), () (19.40) 
and is conserved, since 


us (x) (19.41) 


+ div j; (x) = 


where 
ju 2) = goer (OF) V0, (&) — Vor? (*) v, ()] (19.41a) 


is the flux density operator for particles of the i-th component. 
This is a consequence of the fact that there are no chemical reac- 
tions between the components. 


The equation of conservation of energy of the i-th component 
in local form is 


SHO div iy, (x)= J, /(*), (19.42) 
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where 


Re 
9. 
Ami 


iy, (*) = {Vap} (2) Vp, (x) — V'apt (x) Vip, (x)} + 


+ x z i} #4, (8 — ¥’) py (x) 7, (x) wp, (x") dx’ — 


7 x ine | (x — x’) Vo, , (x — x’) - [pF (x’) J, (2) sp, (2) + 


tpt (x’) J, (2) ap, (x) + et (x) 7, (x) p, (x) + pt (x) fi, (8), ()} dx’ 


(19.42a) 
is the energy flux density operator of the i-th component, and 


Ju, (@) = — Sy | Vb le — 2°) At (2) i (2) + 1 (8) fe (22) - 


— Ny (") fn (%) = th (X) §, (x) dx’ (19.42b) 


is an operator representing the rate of change of energy of the i-th 
component as a result of its interaction with the other components. 
In obtaining Eqs. (19.42)-(19.42b), we have made use of the method 
of smoothing operators over small inhomogeneities described in 
§19.2. 


The operator J H, (x) in Eq. (19.42) satisfies the relation 
Diy, (x) =, (19.42c) 
i t 


which is a consequence of the conservation of the total energy. 
This operator cannot be represented in the form of the divergence 


of a vector, since H,; == { H,(x)dx is not an integral of motion. 


The total energy density 
H (x)= 2H, (x) (19.43) 


satisfies a conservation law in the usual form 


EAS) + div in (x) =0, (19.44) 


where 


iy (*) = Diy, (#) (19.44a) 
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is the total energy flux density. The rate of change of energy of 
the i-th component is equal to the integral of (19.42) over the vol- 
ume: 


Se dny (19.45) 


where 
Jny= — YE | Vise — 2") =n) fs 2) + 04 (8) in (2?) ded’ (19.48) 
is the operator of the total energy flux for the i-th component, with 


diy, =0. (19.45b) 


The equations (19.45) and (19.45b) describe the exchange of 
energy between the components of the mixture. Using them, we can 
study the relaxation of this process, if the energy transfer occurs 
slowly (for example, if the masses of the components are very dif- 
ferent). 


The equations of conservation of momentum for the i-th com- 
ponent and of the total momentum in local form are 


ap; (x) 


a + Div T, (x) =F (x), (19.46) 
21) 4 Diy T (x) =0, 
where 
pi(x)=miji(x), p(x) = pa mij; (x) (19.46a) 


are the densities of the momentum of the i-th component and of 
the total momentum, 


af hr (ove (x) Ob; (x) | OF (x) Op; (x) 1 O*ny (x) \_ 


i (x)= 2m; OXy Ox Ox OxXq 2 Ox, Ox 
B B B 


ail ; rv | abji(r) 
Ye! O-e- 7 a x 
X {bt (x) ppt (x’) wp, (x), (x) + apy (x) pF (He), (x) wp, (x) dx’, 
(19.46b) 


T (x) = pa TH (x) , 
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are the operator of the stress tensor of the i-th component and the 
total stress tensor, and 


fle) = — YE] 8 Ge — 2’) (ny (w) me) — ry (x), (@")) dx? (19.460) 
Lei 


is the operator of the density of the frictional force between the 
i-th component and the other components. The sum of all the fric- 
tional forces f; (x) is equal to zero: 


dh (x) =0. (19.46d) 


The total momentum of the i-th component 


P,= | pi (x) dz (19.47) 
is not conserved, since 
OPi _ fF 19.47 
ot =F, ( a) 
where 
Fix | filxde= 


=— >> s | VP jj (x— x’) {rj (x) 1; (x) — 1, (x") 1; (x)} dx dx’ (19.47 b) 
jet 
is the friction force between the i-th component and the other com- 


ponents. The total momentum P=) P, is, of course, conserved, 
since , 
DF; =0. (19.47c) 


The equations (19.42), (19.41), and (19.46) can be written con- 
veniently in the form of one matrix equation: 


Pi aig. Imi (*) = Jini (*), (19.48) 


where 


Po (x)= Hix), Py (x) =p, (x), Px (x) =n; (x), 
jo(e)=fn,(%) fi) =Ti (x), fos (4) = 9, (2), 


(19.48a) 
Jo; (x) = Ly, (x), Jie (x) =F; (x), Jo; (x) = 0, 
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i.e., Pmi(x) is the matrix of the densities of the mechanical quan- 
tities (energy, momentum, and particle number), j,,; (x) is the 
matrix of the fluxes, and J,,; (x) is the matrix of the sources. 


19.5. Conservation Laws for a System of Particles 
with Internal Degrees of Freedom 


If the gas or liquid consists of complex molecules, then excita- 
tion of the internal degrees of freedom, for example, vibrational, 
rotational, or other degrees of freedom, is possible. Exchange of 
energy between the internal and translational degrees of freedom 
may be difficult, and then relaxation phenomena, i.e., the slow es- 
tablishment of equilibrium between the external and internal de- 
grees of freedom, are possible. In order to study these phenom- 
ena, we must formulate the laws of conservation of particle num- 
ber, energy, and momentum for subsystems with specified internal 
states of the molecules; following paper [4], we shall do this in 
this subsection. 


We denote by y the aggregate of variables y,, yo, .... describ- 
ing the internal degrees of freedom of a molecule and use x to de- 
note the coordinates of its center of gravity. The Hamiltonian of 
the system has the form 


H= [w(x {- 2 4 Hin + 
+ ary (x’, y’) (xy, x’y’) p(x’, y’) dx’ dy’ }» (x, y) dx dy, (19.49) 


where ¢(xy,x’y’) = $(x’y’, xy) is the operator of the energy of inter- 
action between the molecules, and H;, (vy) is the Hamiltonian of the 
internal degrees of freedom, with 


Hin (y) Oy) =E,gi(y), p(x, y= WT »> aye **q,(y), (19.49a) 
ki 


where 9; (y) and E; are the eigenfunction and energy of the internal 
state i, and a,; are second-quantized operators in the occupation- 
number space of k and i. 


We introduce the second-quantized operators 4; (x) describing 
the subsystem with given quantum number i: 


vile) =e Mane **, vee = Yorly ple). (19.496) 
Rk i 
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The operators 7, (x) satisfy the commutation relations 


wp, (x) F(x’) = wy (x) , (x) = 8,8(e 2’), 


bi (x) 1p, (x’) + 1p, (x”) ; (x) =, (19.49c) 


where the plus sign is taken for odd spin of the molecules, and the 
minus sign for even spin. The relations (19.49c) follow from the 
commutation relations for a,;. 


Taking (19.49a) and (19.49b) into account, we write the Hamil- 
tonian (19.49) in the form 


2m 


H=Y {op (- 2+ 2) ye ae+ 
i 


th D [op op een, “)0,@ ule) dede’, (19.50) 


bir 


where the function ¢# (x, x’) has the form 


H(x, x)= { @; (y) @ (u’) P (xy, xy’) ®, (y’)9,(y) dy dy’ (19.50a) 
and possesses the symmetry properties 
ip (% *)= P(e, x), Pi (%, XY = P(e *), (19.50 b) 


which follow from the symmetry of the function ¢(xy, x’y’) with 
respect to the replacement x— x’, yy’ and the Hermiticity of the 
interaction operator. 


The function $i (x, x’) plays the role of the potential of the 
interaction between molecules in states k and 7 that transforms 
them into molecules in states i and j.. We may imagine that a 
chemical reaction occurs between the molecules, in accordance 
with the scheme 


(k) + () = (i) + (). 


The function ou (x, x’) can be estimated from the effective cross- 
section of the inelastic collision with the transition k, [—i, j. The 
Hamiltonian (19.50) is similar to the Hamiltonian (19.39) of the 
gas mixture, with the difference that in (19.50) the internal energy 
E; of the molecules and the possibility of transitions k, {!==i, j in 
the collisions are taken into account. 
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The Hamiltonian in the form (19.50) was used in [4]. It can 
be regarded as a starting model for a system of particles with in- 
ternal degrees of freedom; it could be written down immediately 
(the above arguments are no more than indicative). A more de- 
tailed consideration of the internal degrees of freedom is given in 
the papers of Pokrovskii [41, 209], and in the thorough review of 
Dahler and Hoffmann [228], where references to other papers are 
given. 


The operator 7; (x) satisfies the equation of motion 
Obs)  f BP 
in SU) =f vet By hep (x) + 


+ + »> | pt (x) (PH (x, x”) + PR (x’, x)) p, (x’) th, (x) dx’. (19.51) 


TRI 
The number of particles in state i 
nN; (x) = pt (x) p; (x) (19.52) 


is not conserved, since in the collisions transitions from one in- 
ternal state to another are possible. The operator n, (x) satisfies 
the balance equation 

20? + div fi(x) = I(x), (19.53) 


where 
a(x) = pe | (ve (2) vf) FH Ge, FON, 2) OE) 0, (2) 
ikl 


— pt (x) pg () (PR (He, 2’) + PR (%, x)") p, (%’) p, (%)} de” (19.53) 


is the operator of the "reaction" rate of formation of particles in 
state i. The particle flux operator j;(x) has the usual form (19.41a). 


The total density of particles in all the internal states 
n(x) = dn; (x) 
is conserved, since, using (19.50a), we have 


7 
Bi (x) =0. (19.53b) 
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On the other hand, the number of particles in state i 


N,= J nn, (x) dx (19.54) 
is not conserved, since 
ON; _ _ 
of Ji(x)dx= J, (19.54a) 


where J; is the operator of the rate of formation of particles in 
state i, which is nonzero. 


The internal energy density in state i 


H, (x) = E;n; (x) (19.55) 
satisfies the balance equation 


ee + div E,j; (x) = E, J,(x), (19.55a) 


and the total energy in state i 


Hy= | Hy(x)dx (19.56) 
satisfies the equation 


OH; _ 
= Ei). (19.57) 
The conservation equations (19.53), (19.55a), (19.54a), and 
(19.57) enable us to investigate the relaxation of the internal de- 

grees of freedom; we shall study this in §23. 


The complete set of conservation laws in the case of a system 
with internal degrees of freedom can be written in the matrix form 
(19.48), where i is the index indicating the internal degrees of free- 
dom and 


Ja; (x) = J; (x), (19.58) 


which, as before, is nonzero, i.e., there are sources not only of 
energy and momentum, but also of particles. This is the most 
general form of the conservation laws. 


§20. The Local-Equilibrium Distribution 


To determine the thermodynamic functions of nonequilibrium 
states, it is necessary to construct the corresponding statistical 
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ensemble representing systems in a state differing from the equi- 
librium state. 


Sometimes, this is done by means of switching on the auxiliary 
field that would make the thermodynamic state an equilibrium state 
while leaving it nonuniform, as was done in Leontovich's text 
on statistical physics [70]. However, no auxiliary field can produce 
nonuniformity of temperature, unless we introduce the rather ar- 
tificial procedure of switching on a gravitational field satisfying 
the general theory of relativity [9]. Therefore, we shall make use 
of another method, based on the introduction of Gibbsian local- 
equilibrium distributions. 


20.1. The Statistical Operator and Distribution 


Functions for Local-Equilibrium Systems 


The concept of a Gibbsian statistical ensemble can be carried 
over to nonequilibrium stationary systems in the following way. 


By a Gibbsian statistical ensemble in this case, we shall mean 
an aggregate of systems under identical external stationary con- 
ditions, i.e., having the same types of contact with thermostats and 
semipermeable partitions and possessing all the possible values 
of the microscopic parameters consistent with the given values of 
the macroscopic parameters. The latter may be given within small 
well-defined limits of the order of the possible fluctuations, ra- 
ther than exactly. 


In a system situated in stationary external conditions, a cer- 
tain stationary distribution will be established; we shall call this 
a stationary local-equilibrium distribution. If the external con- 
ditions depend on time, the local-equilibrium distribution will be 
nonstationary. For a precise definition of a local-equilibrium en- 
semble, it is necessary to define the distribution function for the 
statistical operator corresponding to it. 


Let the nonequilibrium state be specified by a nonuniform dis- 
tribution of energy and particle number; corresponding to the den- 
sities of these are the operators H(x) and n(x) [cf. (19.21a) and 
(19.22)] or their Fourier components 


He = | et ® #H (x) dx, 
Ne = i ei kn (x) dx, (20.1) 
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which, for a one-component system, have the form 


hi? + l / 
H,=-y q.(qtk)ata,.,+ 37 »> v(kj—F,) apa a 
q Ri thy=k thyth 


(20.1a) 


+ + + 
y= 87 Oye (H; =H_,, ny =n_,). 


We shall assume that there are enough of these variables to de- 
scribe the macroscopic state of the system. 


In the classical case, H, and n, are the collective variables 
(19.19a). 


We note that the zero Fourier components of the energy den- 
sity and particle number density are integrals of motion: 
Heleo=AHo= A, Nelo =m=N. (20.1b) 
Consequently, for sufficiently small k they are almost integrals 
of motion. 


The simplest method of constructing the local-equilibrium 
statistical operator (or distribution function) is based on informa- 
tion theory, the connection of which with statistical mechanics was 
discussed in §§4 and 10 (cf. [71, 72]). 


The statistical operator or distribution function is determined 
from the maximum of the information entropy, which is equal to 
(10.1) in the quantum case 

' §,=—(Inp)=— Tr(pin Tr p = 1), 
i (In p) (pinp) (Trp=1) (20.2) 
or equal to (4.5) in the classical case 


S,;=—(nfy=— { finfar (20.2a) 


under the supplementary conditions that the average Fourier com- 
ponents of the energy density and particle-number density remain * 
constant on variation of p or f 


(Hz) =const, (2) =const (20.2b) 


and that the normalization be constant 


(1) =const. (20.2c) 
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Here the brackets denote either quantum or classical averaging. 


As usual, we seek the absolute extremum of the function 
S’=-— Tr (Ine) — X6_, Tr (0H,)+ dv, Tr (p2,)—A Tro, 


where 6_,, V_, , andA are Lagrangian multipliers determined from 
Eqs. (20.2b) and (20.2c). The extremum condition for S', i.e., that 
its variation with respect to p vanish, gives the statistical opera- 
tor of the local-equilibrium distribution 

p= Q exp {— Z(B_ gH, vat) } (20.3) 


where 
Q,= Tr exp { — X (Bete — Yo") | (20.3a) 


is the corresponding partition function. 


For the classical case, by precisely the same method, we ob- 
tain the local-equilibrium distribution function 


f= Qy' exp {— 2B», —¥_a%)t, (20.4) 


where 


Q,= { exp | — Baa —¥ at) |aP (20.4a) 


In their external form, (20.3) and (20.4) are equivalent; the’ differ- 
ence lies only in the fact that in (20.3) H, and n, are operators, 
while in (20.4) they are functions of the coordinates and momenta 
of the particles. 


Going over from the Fourier components H, and nx to the 
operators H(x) and n(x) of the energy density and particle-number 
density, we write (20.3) and (20.3a) in the form 


6, = Qy' exp — [ B(x) [H (x) — u(x) n(e)] dxf, 


: 20.5) 
Qi= Ts exp} — | B(x) [H (x) — w(x) a(x)] deh. 
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where 


B(x)= DB, B(x)n (x)= Dv,e! *, (20.6) 


B (x) plays the role of the local inverse temperature, and p (x) 
that of the local chemical potential. 


For the classical case, (20.4) and (20.4a) can be written in 
the same form as (20.5): 


f= Q" exp | — J B() LH (x) — p(x) n(2)] dx}, 
Q= | exp { — | BU) LH (e) — w(x) 0 (x)] dx\ at. 


(20.7) 


In the special case when the temperature and chemical poten- 
tial are spatially uniform, (20.7) and (20.5) go over into the grand 
canonical distribution (3.30) and (9.42). 


We have shown that (20.3) corresponds to an extremum of the 
information entropy. We shall prove now that this extremum cor- 
responds to a maximum, by making use of the inequality (10.2) 

Tr (pInp) > Tr(pInp,), (20.8) 


which holds for any two statistical operators. The equality sign 
holds only for p = 9). 


Substituting (20.3) into (20.8) we obtain 


Sj= > Tr(pInp)<In Q+ DB Ha) 9-4 (t)) (20.9) 


where 


(H,)= Tr(pH,)= Tr (0,1,)=(H,), (0, ) = (it), (20.9a) 


If we take (20.9a) into account, the inequality (20.9) can be rewrit- 
ten in the form 


S;=— Tr(plnp)<— Tr (9, In), (20.8a) 
where the equality sign holds only for p = p,. 


Consequently, the local-equilibrium distribution (20.3) [like 
(20.4)] corresponds to the maximum of the information entropy 
under the supplementary conditions that the average Fourier com- 
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ponents of the energy and particle number be constant and that the 
normalization be conserved. 


In the general case, for systems with conservation laws in the 
matrix form (19.48), the local-equilibrium distribution has the form 


p= Q exp | <M J Fem (2s £) Pra (2) az}. (20.10) 
i,m 


The possibility of introducing a local-equilibrium distribution 
is connected with the fact that there exist two relaxation times, 
of a different order of magnitude [1, 30]: the relaxation time 7 for 
the establishment of statistical equilibrium in the whole system 
(this time depends on the volume of the system), and another, much 
shorter relaxation time T, « 7, which determines the time for es- 
tablishment of equilibrium in a volume that is macroscopically small 
but contains a large number of particles; this time does not depend 
on the volume of the whole system. A local-equilibrium state is 
first established in a time 7, in these small volumes, and then tends 
slowly to a Gibbsian distribution, with characteristic time 7, if 
there are no external forces impeding this. 


The kinetic theory of gases is also based on the existence of 
relaxation times of different orders of magnitude — the collision 
time, the time 7, between collisions, and the time 7 taken to es- 
tablish equilibrium in the whole volume. This idea was first ex- 
pressed, and developed systematically as the basis of approxima- 
tions, in the papers of Bogolyubov on dynamic problems in sta- 
tistical physics [1]. 


The two scales for the relaxation times do not always exist. 
For extremely dilute gases, T, may become of the order of 7, and 
the local-equilibrium distribution loses its meaning. 


The local-equilibrium distribution is sometimes introduced by 
means of nonrigorous intuitive arguments [30]. We shall give a 
brief description of these arguments. We shall assume that, ina 
time tT, in a macroscopically small volume AV about the point x, 

a "quasi-Gibbsian" distribution with local temperature T(x) = 67\(x) 
and chemical potential p (x) is established. It is proportional to 
the Gibbs factor 


exp | —Bia)f | H (x) dx — ute) | n(x) ax)|. 
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Assuming that the distributions of this type in different volumes 
AV are statistically independent, we multiply these operators and 
arrive at the local-equilibrium distribution (20.5). The weak point 
in this argument is that the operators H(x) at different points do 
not commute, and the product of the exponentials is not equal to 
the exponential of the sum. 


We shall elucidate now the physical meaning of the parameters 
Bx and vy. They can be expressed in terms of (Hz),,and (ne), 
from the equations 


(H,), = Tt (9,44), (Mt, = TT (P;M24)- (20.11) 


Differentiating InQ, with respect to B_, and v_,., we obtain 
the relations 


(Hedi = — (Set) tne = (GE ), (20.12) 


which are analogous to the thermodynamic equalities (8.33a). 


We introduce the entropy of the local-equilibrium distribution 
by the relation 


= — Tr (p,Inp,)=InQ, + »> (Be (44); — Ve (ny))) = 
k 
=InQit f B(x) (A (x). — w(x) (a(x) dx. (20.18) 


This can be regarded as a function of (He): and (n,),, if we as- 
sume that 6, and: y, are expressed in terms of (Hz); and (ne), 
from the solution of the system(20.12). Then we shall have 


0s os 


B_, = 3H), Vip O(n,’ (20.14) 
since on variation of (20.13), the remaining terms cancel each 
other by virtue of (20.12). 


The equalities (20.12) and (20.13) can be also written in the 
form of relations in functional derivatives: 


CH (2) we) (ne) = — (SR) 


(n(x), = B7! (x) ( nah . (20.14a) 
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and 


8S 8S 
BO) = Sa, UMBH)=—- tate, - (20.14b) 


The thermodynamic relations (20.12)-(20.14b) can be regarded 
as the generalization to the nonequilibrium case of the usual ther- 
modynamic relations (11.7), (11.24), and (11.25). This indicates 
that 8 (x) = [T(x)]7! can be interpreted as the inverse temperature 
at the point x and py (x) as the chemical potential at the same point. 


The role of the partition function is played by the functional 
Q:{B (x), u(*)] (20.5), (20.7), and that of the entropy by the function- 
al S((H(x)),, (n(x)),); thus, for a local-equilibrium state, the ther- 
modynamic functionals play the role of the thermodynamic func- 
tions. 


The local-equilibrium distribution is easily generalized for 
an /-component system with a nonuniform distribution of momen- 
tum density and particle-number density. In this case, in addition 
to the Fourier coefficients H; ofthe energy density operator and 
ng of the particle-number density operator of the a-th component, 
it is also necessary to use the Fourier coefficient p, of the mo- 
mentum density operator: 


p,= { et k-* n(x)dx, p(x)= x Mala (*). (20.15) 


In the second-quantization representation, 


Pe=~ AlgatF) addy se (20.15a) 


Ct 


For k =0, we have Hy =H, np = Ng, and py =p, where Ng is 
the number of particles of sort a and P is the total momentum. 
All these quantities are integrals of motion, and, consequently, 
for small k they change slowly. This is clear if only from the 
fact that the conservation laws (19.30) in the momentum repre- 
sentation have the form 


aH, 


OPp any 
oF a TAT 


’ ot R? ot 


=—hk. 7? 


=—k-i,, 


where the right-hand sides contain the small vector k. 
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Choosing as our starting point the operators H,, nf, and Po 
we determine the statistical operator for a local-equilibrium state, 
by analogy with (20.3) from the extremum of the information en- 
tropy (20.2) under the supplementary conditions 


(H,) = const, 9) = const, (P,) = const. (20.16) 
Then 
p, = Qy exp {— 2% (Belts — dive tg Vig . Pa) (20.17) 
or 


e= Or exp] — J BCa)) 1 (2) ~ 3 (pala) - 
~ 7 vy? (x)} f(x) —v(x)-p (x)| dx \, (20.17a) 


where we have introduced the notation 


(te (x) _ e v2 (x)| Nt) (x) =v, (x) = ») viel hex : 
° (20.17b) 
v (x) B(x) = ¥ (x) = XV, ei (kx) 


and where 
Qi= Teexp| - [pie [n (x) — DY (nae) - 


Ma 


5 UP (x)} m4 (x) — v (x) - p (x)| dx ! _ 


= Tr exp _ 2 (B+! - Svt nt — Vig" Ps) (20.17 c) 


Rk a 


is the partition function, which is a functional of the parameters 
(20.17b). 


In the expression (20.17a), B(x) is the inverse temperature, 
Ut (x) is the chemical potential of component a, and v(x) is mass 
velocity. 


The physical meaning of this choice of parameters is easily 
understood. The average of the logarithm of p; determines the 
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entropy. In order to eliminate systematic motion of the liquid, we 
must choose the system of coordinates moving together with the 
element of liquid, with velocity vx). In this coordinate system, we 
define the statistical operator 


=; exp { — f B(e) je (x) — Yh) () dz}, (20.18) 
where H'(x) and n4, (x) =n,(x) are the densities of the energy and 
of the number of particles of sort a in the moving system. 


By means of the canonical transformation (19.35), we trans- 
form to the laboratory system, where the energy density is H(x) 
and the momentum density is p(x): 


H’ (x) = H (x) —0(x)-p (x) + 2) 0 (x), 
p’ (x) = p(x) — 9 (x) v (x), (20.18a) 
where 
p(x) =X mgr, (x) (20.18b) 
is the mass density operator. 


Substituting (20.18a) into (20.18), we arrive at (20.17a). 
We define the mass velocity v(x) by the relation 


_ (p(x)) 
v (x) = (ote), , (20.19) 
and so 
(p’ (x)): = Tr (p,p (x)) =0, (20.19) 


i.e., the average momentum in the accompanying system is equal 
to zero. 


It follows from (20.19) that the variational derivative of In Q; 
with respect to v(x) is equal to zero: 


vag = B(x) {(p (x)), — (o (x)), v (x)} = 0. (20.19b) 


If the average hydrodynamic velocities v, (x) and the temper- 
atures T, (x) =6 * (x) are assumed to be different for different 
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components, then the statistical operator for a local-equilibrium 
state with such a "separation" of the temperatures and velocities 
of the components can be defined in the form 


e,=Q, exp ~ { B,, (x) | HG, (%) — w,, (x) 114 (x)| ax}, (20.20) 


where for each component we choose its accompanying coordinate 
system, moving with velocity v, (x). In this case, transforming to 
the laboratory system, we write the statistical operator (20.20) 
in the form 


0,=@;'exp{~¥ J 8,2) ¥ (2) - 


- (n, (x) ~ = v2 (x)) fa (x) —v, (x)- Pp, (x)] dx}, (20.20a) 


where we have 


8 in Ot 8, (2) (Pa (#))~ (0a (X))1 Ba ()} = 0 


(04(#) = Mat (#)). (20.20) 
f 

If the molecules are not spherical, it is necessary to take 
into account the transfer of angular momentum in the collisions. 
Just as we introduced earlier the average velocity v(x) of the hy- 
drodynamic motion, we can also introduce the average angular 
velocity w(x) of the rotational motion. For this, it is necessary 
to define first the statistical operator in the system rotating lo- 
cally with angular velocity w(x) equal to the average angular ve- 
locity of the rotational motion of the particles in the vicinity of 
the given point. In this system, any systematic rotation of the par- 
ticles is compensated by the motion of the coordinate system (cf. 
[41]). The distribution function and the hydrodynamic equations 
for systems of molecules with intrinsic angular momentum was 
treated earlier by Grad [73] and Curtiss [74]; the latter generalized 
the Boltzmann kinetic equation and the Chapman—Enskog theory to 
the case of molecules which do not possess radial symmetry. 


The calculation of average values by means of p; is a fairly 
complicated problem, although in the local approximation, when 
the parameters £ (x) and py, &) vary little over distances of the 
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order of the correlation length of the quantities H(x) and n(x), the 
principal term in the calculation of the averages is very simple. 
It is equal to 

(A)r = (CA)o)B=B (H), vss Bg =e (#) 


i.e., in the equilibrium averages, we must replace the equilibrium 
parameters by their values depending on spatial position. This 
relation can be proved by selecting and summing the appropriate 
terms of the perturbation-theory series. For a method of cal- 
culating local-equilibrium averages, see the paper by Kuni and 
Storonkin [236]. 


20.2. Thermodynamic Equalities 


We obtain the thermodynamic equalities for a nonuniform sys- 
tem by taking the variation of the partition function (20.17c): 


Qi = Tr exp | — DY, [ Fin (2) Pm (x) dx | (20.174) 
where 
Fy (x) =B (x), Py (x) = A (x), 
F, (x) = — B(x) v (x), P. (x) = p(x), (20.17e) 


Fass (2) = ~ BCR) [Ha (2) — S20? (x)), Puss (x) = my (2) 
(a=1, 2,...), 


with respect to the local parameters F ,,(x), whence we shall have 


6InQ 
BFetay =~ (Pm (X))0 (20.21) 


or, in more explicit form, 


— SS =H (x), — Ya) (te Ys 


a 


6 In Q; 
Sut) = B(x) (Mu (#0 (20.21a) 


6inQ; _ 
du(x) 7? 


where H'(x) isthe energy density in the accompanying system. 
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The relations (20.21a) are a natural generalization of the 
thermodynamic equalities (11.25) which hold in the case of sta- 
tistical equilibrium. 


From the relations (20.21a) for the variational derivatives, 
we obtain for the total variation of Q, 


din Q= | — (CH! (2). — J oa (%) Cita ())0) 88 (x) + 
+ B (x) »» (tq ())y Sug (X) dx. (20.21b) 


Writing 
InQ,; = — | B (x) Q(x) dx, (20 .21¢c) 
we obtain 


J {9@(#) 2(2))—((H" Dy Ha) (a (22) (8) + 


+ B (x) »> (Mtg (%))1 Opa (x) \as = 


whence, since the volume is arbitrary, it follows that 
86 (x) Q (x) ) = CA’ (x), 6B (x) — x (Ma (x))1 6 (B(x) Ha (x))- (20.22) 


Equation (20.22) is called the Gibbs —-Duhem relation. 
We introduce the entropy density S(x) by the relation 


Bo (x) S (x) = CH (x) ~ 2 ta () (Ma (*)- 2 (#), (20.23) 


which is analogous to (11.24), and rewrite the thermodynamic 
equality (20.22) in the form 

— 62 (x) = S (x) &87' (x) + 2D (ny (x) Sg (x) (20.24) 
or 

Bo! (x) 6S (x) = 8 CH’ (x))) — Dg (#) 8 (tg (x))1. (20.24a) 


We introduce quantities calculated for unit mass, namely, 


_ _S§(x) 
S (x)= Tota) (20 23a) 
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which is the entropy per unit mass, 


_ (He) 
u(x) =~ Te, (20 .23b) 


which is the energy per unit mass in the moving system, and 


oe JG ("tq ()): 
Cq (x) (p (x))1 (20 .23¢) 


which is the relative mass concentration of particles of component 
a. Then the thermodynamic equality (20.24a) takes the more usual 
form 


T (x) ds (x) = 6u (x) + p(x) UE Patt) “1 He" 8¢,, (x), (20.24b) 


where 


0 (x)= 7 wun (20.24c) 


is the specific volume per unit mass, and 
p (x)= — Q(x) = T (x) S (x) — CH’ (x)) + Zina (x) (na (x), (20-24d) 
is the pressure. | 


The thermodynamic equality (20.24b) is analogous to the equal- 
ity (5.8) and (20.24d) is analogous to the relations (3.34), and (5.27) 
of equilibrium thermodynamics. 


We have considered the variation of quantities in the accom- 
panying system moving with the center of mass of the element 
with velocity v(x); consequently, (20.24b) can be written in the 
form of a relation in total derivatives: 


T (x) ds(#) _ _ #(#) + p(x) ) ae dels) ~ Qe ) Heats) (*) (20 .24e) 


where 
d 0 
ao +0 (x)-V 


The relation (20.24e) is usually postulated in nonequilibrium ther- 
modynamics as an expression of the local-equilibrium hypothe- 
sis [27]. 


20.3. Fluctuations in a Local-Equilibrium Ensemble [3] 


The local-equilibrium distribution (20.17a) makes it possible 
to express fluctuations of the densities of energy, particle number, 
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and momentum in terms of the variations of the average values of 
the densities of these physical quantities with respect to the local 
parameters £ (x), 4 (), and v(&), just as in §§6 and 12, the fluc- 
tuations of the mechanical quantities for the grand ensemble were 
expressed in terms of derivatives of their average values with 
respect to the corresponding parameters. 


We shall calculate the variation of the average value of the 


arbitrary operator A(x) with respect to B (x), u,(x), andv(x). We 
have 


(A(x), =Q7' Tr | Ju Hede 4 yh (20.25) 
where 


Fi (x) =H (x) — [a (#) — 5 0° (2) 14 (x)| - (4) - p(x) = 


a 


=H’ (x) — Mita (x) na(x) —-(20.25a) 


Noting that, for any operator, the variation of the exponential is 
equal to (12.13), and taking into account, that the variation of Q; 
gives the thermodynamic relations (20.21), we obtain 


b(A(#) 1 _ _ (A(x), A (x’)), 


df (x’) 
SAD — B(x’) (A (x), Ma"), (20.26) 
S{AO B(x) (A(e) p(x’) P(x) 0 (#')), 


where for the quantum correlation functions we have introduced 
the notation . 


1 
(A(x), B(x’) = { (A (x)—(A (x) (B Ue’, ix) (BD) dt, (20.26) 
0 


B(in) ptf Be) Hende Re" f B (x) A (x) dx (20 .26b) 


The notation of (20.26a) and (20.26b) is analogous to that of (12.18) 
and (12.16) used earlier in §12. In the limiting case of classical 
mechanics, the quantum correlation functions (20.26a) go over into 
classical correlation functions: 


(A(x), B(x’)) = (A (*) — (A (x))) (BX) —(B(#)))). (20.26 c+) 
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t 
From (20.26) we find the fluctuations of the energy, particle- 
number, and momentum densities: 


=SHt _ (7 (2), H(x')), 


op (x’) 

8 (Ng (*)) , , 

ey = B (x’) (na (*), 1, (#")), 0.27) 
SP _ B(x’) (p(x), p(x’) —0(#*) 012") 


In the Same way, one can also express other variational derivatives 
in terms of correlation functions. 


We shall consider the more general case of a nonequilibrium 
ensemble in which the state is determined not only by H(x), ng), 
and p (x), but also by quantities é , (x) which, generally speaking, 
are not densities of integrals of motion. In this case, we may again 
construct a statistical operator, which is constrained to give 
average values of E,, (x) equal to the averages (&,(x)); over the 
local-equilibrium state. 


The statistical operator corresponding to the maximum of the 
information entropy (20.2) and with given (&,(x)), has the form 


6 = Or‘ exp{ | pte] (2) ~ Bi (nal#)- 


°a@ 


— TE 0? (x) my (x) — 0 (x) « p (x) + Dae (x) Be 2) dx|, 20.28) 
k 


where a; (x) is the auxiliary field which makeg (&.(x)); #0. nonzero. 
The average value (&(x)) corresponding to the state (20.28) is 
equal to 


1 41 
(Ex (x)= TORAGE (20.29) 


where the variation is taken with 6 (x), 1, (x), and the other a, ,(x) 
(k' ~ k) held constant. 


The statistical operator (20.28) can be written conveniently 
in the more symmetric form 


n 


p=exp) —OLF(x), ..., Fx(e— Dd | rite) Picaae (20.30) 


i=0 
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where 
Fo (x) =B (x), Py (x) = A (x), 
F, (x) = — B(x) v(x), P, (x) = p(x), 
Fas: (#) = — B(x) [Ma (*) — G2 0? (x)], Pasi (x)= ma(#) — (20.30a) 
F; (x) = B (x) a; (x), P, (x) =; (x) 
(a=1, 2,..., 4 i=l41,..., 2) 
and 
@ [Fy (x), ..., F,(«)] =1nQ (20 .30b) 


is the Massieu— Planck functional. 


It was shown in §§6 and 12 that in the theory of fluctuations 
it is very convenient to apply the Massieu— Planck function (6.4), 
(12.7). The Massieu— Planck functional (20.30b) also turns out 
to be very convenient for the study of fluctuations in spatially 
nonuniform systems [3]. 


We write the statistical operator (20.30) in the form 


e=exp}—S— ¥ [ Fr(x)(Pi(x)—(Pi(x))) dx}, (20.31) 
i=0 
where 


S=0+) | Fi(x) (P; (x)), dx (20.31a) 
i=0 


is the entropy regarded.as a functional of (P;(x))). The relation 


(20.31a) is the analog for thermodynamic functionals of the Le- 
gendre transformation (3.10b) of thermodynamic functions. 


From the normalization condition for the statistical operator 
in the form (20.30) 


@ =|n Tr exp; — »» | F(x) P;,(x) dx }, (20.32) 
i=0 
we obtain, by varying it with respect to F; (x), the thermodynamic 
equalities . 


re =~ (P;(x))) (@=0, 1,..., 7). (20.33) 
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Analogously, from the normalization condition for the sta- 
tistical operator in the form (20.31) 


S=InTr oo — »» | F, (x) (P; (x) — CP; (x)))) ix} (20.34) 


i=0 


we obtain, by varying it with respect to (P;(x)),, the thermody- 
namic equalities . 


6S 
Pity Pel). (20.35) 


We shall express the fluctuations in terms of the variation of 
the average value (P;(x)), with respect to F,, (x). We have 


5(P;(x)), = Tr (P; (x) 6p). 


Using (20.30), (12.13), and (20.33), we obtain for the variation 6p 


sp=— Mf fen 4¥ (Pi (x’) — (Pi (x) e4* 0-4 BF, (x") dv dx’, 
i 0 


where 
A=O+ J Fi(x) Pi(x)dx. (20.36) 
Consequently, 
8(P, (x)= — » J (Pil), Pm (x”)) Fn (x) dx’, (20.37) 
where 


(P(x), Pm (*’))= [ (Pi(x)e-4*(Pa(x’)—(Pa(x)e4*), dt. (20.37) 
0 


It follows from (20.37) that the quantum correlation function 
(20.37a) can be expressed in terms of the variational derivative 
of (P;(x)), with respect to F,, &"): 


S(Pile) _ _ (P4(2), Py (2) (20.37) 


284 THE NONEQUILIBRIUM STATISTICAL OPERA TOR . [CH. IV 


We shall generalize the Einstein thermodynamic theory of 
fluctuations [75, 76], described in §6 for the equilibrium case, to 
the case of a local-equilibrium state, following paper [3]. For the 
local-equilibrium distribution (20.30), we can introduce a macro- 


scopic functional or a macroscpic distribution function similar to 
the function (6.11). 


We introduce the macroscopic distribution function W for the 
Fourier components P; of the variables P; (x) 


Pi = { P (x)e! ** dx, Fi = + | Flee" * dy 
(i=0, 1, ..., a), 


which gives the probability that the parameters ... P?... PZ... 
lie in the regions ... APs... AP... about the points ... P}... PZ...: 


(20.38) 


WAP2 ... APE=QAP... APE exp | —@— FP |= 
ki 


=QAP,... APhexp| —@ — Bj | Fils) Pils) dx, (20.39) 


where the quantities P% are now to be regarded not as operators 
but as ordinary functions, although we are using for them the same 
notation as for the corresponding operators. For brevity, we do 
not attach subscripts to the k vectors. 


The quantity @AP%... AP ... hasthe meaning of the number of 
micro-states in the region ...AP,... AP% .... It can be estimated 
in terms of the entropy s of the microcanonical ensemble in which 
the parameters ...P;... Pg... are specified to be in the regions 
.. APS... APE... 


Q 
s=In=, (20.40) 


0 


where QQ») is a constant which, for the present, is unimportant; 
we Shall determine it later from the normalization condition for W. 


Taking (20.40) and (20.34) into account, we write the macro- 
scopic distribution function (20.39) in the form 


W = Qyexp| —@ + s— % | Fils) Pulse 
i 


= Qyexp { s—S— Yh F(x) (Pi (x) — (Pi (e))) de |, (20.39a) 
i 
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where § is the entropy in the local-equilibrium grand canonical 
ensemble (20.31a). 


Because of the equivalence of the statistical ensembles, which 
was proved in §13, the entropy in the local-equilibrium grand 
canonical ensemble is the same function of (P%), ..., (P#),as the 
entropy in the local-equilibrium microcanonical ensemble is of 
P?, ..., Pi ,i.e., S and s are the same functions, but of different 
variables. Therefore, it is convenient to expand s —S in a func- 
tional series in AP;(x) = P;(x)—(Pi(x))i and confine ourselves, 
because the fluctuations are small, to the second-order terms: 


s-S= x F;(*) AP; (x) dx + 
+5 +7 {I Seb Patey BP (x;) AP mn (x5) ax, AX». (20.41) 


Substituting (20.41) into (20.39a) and taking into account that 
the linear terms cancel, we obtain 


V= Aexp| 5 5 » || soe reg AP (OP (x2) dx, des}, (20.42) 


or 


W = Aexp | -5 » [| Fan (x 2) AP, (1) AP (2) de dss (20.42a) 


where 


6S 
Fim (1) ¥2) = — Spry) 6 (Paley (20 .42b) 


is a function describing the correlation of the fluctuations in space; 
we shall study this function below. 


Formulas (20.41)-(20.42b) are the direct generalization of 
formulas (6.14)-(6.17a). 


Particularly simple relations for the fluctuations hold when 
the parameters F(x) and the quantities P,(x) are expressed inthe 
Fourier representation (20.38). Then 


0 =exp { —O- DFP E \ . (20.43) 
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The entropy (20.31a) is now no longer a functional, but a func- 
tion of the Fourier components (P;). 


In lieu of the thermodynamic equalities (20.33) in variational 


derivatives, we obtain relations in ordinary derivatives 


rexe) i 
ree (Pin (20.44) 


and, for the quantum correlation functions, we obtain expressions 


i m\ a(Ph,), —_— _ a(R, 
(Pi, Pe) = oFh ope” (20.44a) 


analogous to formulas (20.33) and (20.37b). 


The macroscpic distribution function (20.42) in the Fourier 
representation has the form 


| Y 0S i nt 
W = Aexp| W—_&S_, 
"2 LTE oy ThA, Boets) 
hike 


where AP; = Pi — (Pi), As before, we regard P; as an ordinary 
variable rather than as a dynamic variable. Thus, for the Fourier 
components P;, , the Gaussian distribution (20.45) is approxi- 
mately valid. 


The exponent of (20.45) can be expressed in terms of a cor- 
relation function. In fact, 


— F;? 
a(piy * (20.45a) 


k/1 . 
where § is the entropy (20.31a). Consequently, 


. _# . 
+ mas UP), aPC) 
m 


—k -p* m ~ —k;, m m 
to - 1 - 2 \ tt 2 
mel OF, OF ,? a Pir ),9 Pi, ), mn’, OF, a(P,.), a (Pa 


im 
—_ = Op 


1» 


(20.45b) 


which is analogous to formula (6.24). Thus, the matrices of the 
second derivatives of @ and S are mutually reciprocal. 


The formula. (20.45) describes the correlation of the Fourier 
components (20.38) and thus expresses a relation between the fluc- 
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tuations at different points. If we take into account only the cor- 
relation between the Fourier coefficients Pi, and P™, =p”, i.e., 
use the fact that the state is almost spatially uniform, then the 
formula (20.45) can be represented approximately in the form 


I im m 
W= Aexp! — 37 » fi AP,APT (20.46) 
i,m,kR 
where 
im —ix. 28 
k =| fi,(x)e PB dy = yes ___ im _ mi 
a(Piy,a(P™,),? fe =I — (20.46a) 


This spatial correlation effect lies at the basis of the theory of 
fluctuations near the critical point (the theory of Onstein and Zer- 
nike [77]). This theory was developed further by Klein and Tisza 
[78] (see also the reviews [237, 238]); we shall study it in the fol- 
lowing subsection, following the paper [3]. 


20.4. Critical Fluctuations [3] 


By means of the probability distribution function (20.45), 
(20.46), we can investigate the fluctuations close to the critical 
point, where they can increase sharply. 


First we shall examine some exact relations for the fluctua- 
tions. 


The distribution function (20.45) can be written conveniently 
in the form of the exponential of the complete contraction of a 
product of matrices with elements i, m: 


1 
W=A exp | — 7 Miles APy MP _y, \ (20.47) 


RR: 
where /,, is a matrix with elements 


a’S 


im ! {r ike, +h Ree 
= i (x1, X_)e reel a ?dx, Ax, = _ V 
vsiin OP 5.) 2 (Pe, 


Rik» 


, (20.474) 


AP, is a vector with components AP}, and the symbol : denotes 
the complete contraction of the product of matrices. In the co- 
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ordinate. representation, the function (20.47) has the form 
W = Aexp — + f (%1, ¥_) : AP (x,) AP (x,) dx, dx, \. (20 .47b) 


The distribution function (20.47) can be written in an even more 
compact form: 


l . * 
W = Aexp| —y fs APAP i (20.47c) 


where f is the matrix with elements f{",, AP is the matrix 


with elements AP, and the symbol : denotes the contraction over 
all the indices im, k,k,. 


It is well-known [cf. formula (6.22)] that the fluctuations cal- 
culated by means of a Gaussian distribution function are expressed 
in terms of the matrix inverse to f, i.e., 


g=7, (APAP’) =f", (20.48) 


or, in explicit form, 
pa et, Eee = Sa prs (20 .48a) 


where de is the Kronecker symbol. In the left-hand side of 
(20.48a), a contraction over all indices except i and m is also im- 
plied, while the right-hand side is to be understood as a unit ma- 
trix with indices i and m that are not written out explicitly. Con- 
sequently, (20.48a) coincides with (20.45b). 


Equation (20.48a) in the x-representation is the integral equa- 
tion 
[ F(x, a) ge, x’) dx, =8(x— x’), (20.49) 


where 


g (x,, x’) = + e! By -%,—t Ry x’ Lap, — (P (x,), P (x’)) . (20 49a) 


RR 


Equation (20.49) can be satisfied, for example, if f and g have 
6-function singularities when their arguments coincide (similar 
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singularities in correlation functions are well known in the theory 
of fluctuations). Consequently, this equation can be conveniently re- 
gularized by separating out the 6-function singularities. In place 
of f and g, we introduce the functions f, and g,, which no longer 
have such singularities: 


i (x ,x) = A (x) (6(% — x,) —F, (x, %,)), 
g(x), x’) = A, (x’) (6 (x, — #7) + gy (a), ¥’)). (20.50) 
We shall find the function A,(x) by integrating the second of the 
relations (20.50) twice over a small volume AV about the point 


X = X,; we choose the dimensions of this volume in such a way that 
the contribution from g, can be neglected. Then 


(J AP (x’) dx’ J AP (x \ dx!) = { A, (x’) dx’, 


AV 


whence, applying a theorem on averages, we find 


A, (x) =(AV~')( [ AP (x) dx { AP (x) dx). 
AV AV 


For the volume AV we can choose the volume per particle, AV = 
(n(x))~1; in this case, it is clear that the condition that AV be 
small will be satisfied. 


Substituting (20.50) into (20.49), we obtain an integral equa- 
tion for g;: 


gi(x, x’) =fi(x, x’) + [ file, x) a1(x1, x’) dx, 
A (x) A, (x) = 1. 


(20.51) 


This is the Ornstein—Zernike integral equation for the nonuniform 
case [3]. The function f, is usually called the direct correlation 
function. The function g, satisfies a normalization condition which 
is obtained from the second equation (20.50) by means of a double 
integration over x, and x': 


[ [AD gr (my, 2’) dx, dx’ =(APAP)— | Ai(x)dx, (99 514) 


where 


AP = | AP(s)dz, (APAP)=— 202) Fa 
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For the uniform case, /, and g, depend only on the difference of 
the arguments, and Eq.(20.51a) goes over into the usual Ornstein— 
Zernike equation [77-79]: 


ei (x— x’) =f, (x — x’) + fy (% — *) gy (x, — x") dx, (20.52) 


with the normalization condition 
[ei(yde=- 122 1, (20.52a) 


The spatially uniform case can be treated by starting from 
(20.46) directly: 


. 1 . a 
W = Aexp| _ ov ule: AP, AP’ | (20.53) 
a 


where f, is a matrix with elements /,", with 


aS 


8 (P,), (aPs), = Fee (20.53a) 


ig= | F®) et k*¥ dy= —V 


In place of (20.48a), we shall have the very simple relation 


Pf 2= 1, (20.54) 


which is equivalent to the integral equation 
[ Fe — x1) g(x, — x’)dx, =8(x— x’). (20.54a) 


After regularization of this equation, we again arrive at the usual 
Ornstein — Zernike equation. 


We shall now examine the solution of the Ornstein— Zernike 
equation. In the solution of Eq. (20.52), the assumption is made 
that the function f (x) falls off sufficiently rapidly with distance, 
in such a way that its even moments | x°"f (x) dx are finite and its 
odd moments equal to zero because of the spatial isotropy. The 
function g(x) is expanded in a Taylor series up to the second-order 
terms, and the integral equation is reduced to a differential equa- 
tion [79, 237, 238]. The same results can be obtained even more 
simply by expanding hs in (20.53) in a series in k? and keeping 
only a few terms, as we shall do below. 
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We shall study the behavior of the correlation function of the 
fluctuations 


(AP; (x) APm(x’)) 


at large distances |x —x'| in the case of spatial uniformity. For 
this, we expand fi” (20.53a) in a series in powers of k*, confin- 
ing ourselves to terms upto and including k*. The expansion in 
small k means that we are considering the behavior of the cor- 
relation function at large |x —x'|. The coefficients of the odd 
powers of k are equal to zero because of the spatial isotropy of 
f ). We have 


2 4 
R = Qim + Bim + Cime ’ (20.55) 
where 
Aim = { Fam (x) dx, bim = — z | fin (x) x? dx, 


(20.55a) 
Cim = br | Fim (x) x4 dx. 
Here we are assuming that the integrals (20.55a) converge, i.e., 
that /.,, (x) has the character of a short-range function. 


At the critical point, the zeroth terms of this expansion, i.e., 
the matrix 
=a= _ — Sp PS 0.55b 
fo-a= | Fle)dx=—V T(P) a(Ps) ~~ Y PIP) (20.55b) 
becomes singular, corresponding to the stability limit. Inthis 
case, the determinant of the matrix f)™ goes to zero, 


| fo" | =0, (20 .55c) 


and the matrix inverse to fy, which, according to (20.48), deter- 
mines the fluctuations, tends to infinity. Therefore, if we did not 
take into account the correlations between the fluctuations at dif- 
ferent points, they would tend to infinity. In reality, the fluctua- 
tions only increases strongly at the critical point, and this growth 
is suppressed by the correlation between the fluctuations. We 
note that, at the critical point, the expansion (22.55) in powers of 
_k? becomes difficult to justify, and a nonanalytic dependence on 
|k| is possible. The Ornstein—Zernike theory, strictly speaking, 
refers not to the critical point itself, but to its neighborhood. 
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The average value of the fluctuations is expressed in terms 
of the matrix inverse to fy, i.e., 
i m 2 4\—! 
(AP4 AP™,) = V (a+ bk’ + ck’), (20.56) 


The Ornstein— Zernike theory follows from (20.56) with c =0. The 
case c ~ 0 also presents no difficulties. 


For the correlation function 


Bim (% — x’) = >> Y (APL AP™,) ef B(#-#" 
k 


(20.57) 
we obtain the expression 
Bim (# — x)= Di(at bk? + ch’); et ee), (20.57a) 
which satisfies the differential equation 
(a — bV’ + cV‘) g (x) = V 8(x), (20.58) 


where g(x) is a matrix with elements g,,, (x). The differential 
equation (20.58) with c =0 is treated in the Ornstein—Zernike 
theory. We can find g(x) by solving this equation, but it is sim- 
pler to calculate the integral (20.57a) directly. 


In the case (c = 0) treated by Ornstein and Zernike, we ob- 
tain for the correlation function of the fluctuations in the diag- 
onal representation 


Vol r -1. Vor! _ 

Si (r) = on (aj; + b,,R?) : sin (kr) kdk= ie e ( ai] 
0 

if ay/b,>0, (20.59) 


i.e., an exponential fall-off with distance. Here, a;;, 6:;, and ci; 
are coefficients of the expansion of f, in the diagonal represen- 
tation. 


At the critical point, i.e., for a,;;=0, we obtain 


Voi 
Bi (r) = “Tby 7’ (20 .59a) 


i.e., the fluctuations fall off very slowly. 
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In the more general case when c;; #0, we obtain 


gut) = He | lau + but? + enk4\" sin (kr) kde = 
0 


Vii 9 —h¢,—ar ~ aur 
=a7Re {(O;, — 44,,¢;;) (e-a" —e )}, (20.59b) 


where 
1 
ap= — ays (b,, — Vbi,— Aa ,C;;), 
. 1 _ 
a= — 50;;' (6,, + V2, —4a;,¢;;), 
if Rea, >0 and Rea, > 0. 


Thus, the fluctuations fall off exponentially and oscillate. At 
the critical point, a:;= 0, a,=0, and aj=— 5,,/c,, 3 Conse- 


quently, 
a= —Votfpe ] J oti 
g(r)= ind, (1 cos rm r). 


An experimental investigation [79] of the fluctuations in solid 
binary solutions, close to the critical point of separation of the 
mixture, points to the existence of attenuating and oscillating fluc- 
tuations in the correlation functions coupling the densities of the 
different components. 


Critical fluctuations were considered in the work of Klein 
and Tisza [78], who divided the system into small cells and took 
the continuum limit; this is a somewhat arbitrary device. The 
meaning of this method lies in the use of a well-defined, but per- 
haps not very successful, representation for the functionals, which, 
in the equilibrium case, are the thermodynamic functions. As we 
saw above, the Fourier represéntation for the thermodynamic 
functionals is considerably simpler and more natural and reduces 
them to functions. 


The theory of critical fluctuations described has a semi- 
phenomenological character, since it uses the macroscopic dis- 
tribution function. We have given an account of it as a simple ex- 
ample of the application of the local-equilibrium distribution func- 
tion. The ideas of the Ornstein— Zernike theory turn out to be 
useful in the theory of transport phenomena [238, 233]. 
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20.5. Absence of Dissipative Processes in a 
Local-Equilibrium State 


We shall show that in the local-equilibrium state (20.17a) 
there are no dissipative processes, i.e.,. no thermal conduction, 
diffusion or viscosity. We shall calculate the average values of 
the fluxes of energy jy; (x), particle number j,, (x), and momentum 
T(x) over the local-equilibrium distribution. 


We first put v(x) =0. Then the statistical operator (or dis- 
tribution function) is equal to 


oy = Qrexp| -f p(o/ 4 (x) ~ Dus (x) n, ()| ax}, (20.60) 
i 


where H(x) is expressed by formula (19.18) in the classical case 
and by (19.21a) in the quantum case. The expression (20.60) con- 
tains only the energy density (19.13), (19.21a) and the particle- 
number density (19.3), (19.22), which are invariant under reversal 
of the momenta, i.e., they are even quantities. Therefore, p;: is 
also invariant under this operation, i.e., is an even quantity. On 
the other hand, under this transformation the ~ components of the 
fluxes of particle number j% (x) and energy ig&) and the off-diag- 
onal elements of the tensor T,,(x), which depend on p& and pB, 
change their sign; consequently, the average of these quantities 
over (20.60) is equal to zero. The local-equilibrium average of 
the integral part of the off-diagonal elements of Tp(x) goes to 
zero because of the fact that it contains a product of (x, — x4) (x, — x4) 
with the two-particle distribution function, which depends only on 
|x —x!'| in the local approximation. This can be seen from (19.5), 
(19.17a), and (19.12) in the classical case, and from (19.24a), 
(19.29a), and (19.27a) in the quantum case. 


Consequently, on averaging over p;., the quantities j (x), j,, ), 
and the off-diagonal elements of 7,,(x) go to zero, since inside the 
trace (or integral) there is a product of quantities of different 
parity: 

(i (*)),, = Tr (0,7 (x)) =0, 
hy (*)),, = TH (Opty (%)) =9, (20.61) 


(Top (x)),, = Tr (0, Tap (x)) = bp (Tug (x)),, = 8u8 (p (x))) 


§20] THE LOCAL-EQUILIBRIUM DISTRIBUTION 295 


where we have introduced 
ry 
(p (x))), ~3 (Toa (x)),-5 


which has the meaning of the pressure (19.37). 


Now let v(x) # 0. We go over to the coordinate system moving 
with velocity v(x) by means of the transformation 


P; = P; + mv (x), 


in the classical case, and by means of the canonical transforma- 
tion (19.35) in the quantum case.f For v(x) we choose the aver- 
age mass velocity, i.e., 


_ (p (x))1 . 
V(%) = OG) (20.62) 


In this case, the densities of energy, momentum, and particle num- 
ber are transformed as follows: 
H (x) =H’ (x) +.0(x) > p’ (x) + 50 (x) 0 (x), 


(20.63) 
p(x) =p’ (x) +o(x) v(x), 2, (x) =n; (x), 


where 


= 3 m,n; (x). (20.63) 


In the new variables, the statistical operator takes the form 
9, =Q;! exp —f p(s) (x) — Yu, (x) 07 (2) | | (20.64) 
t 


where H'(x) and n}(x) have the same form as before, but with » (x) 
replaced by w'(x), or, in the classical case, with P; replaced by Di. 
In the moving system, we have 


Gi (*)),=0, (i, (x)), =0, 


20.65 
(Tap (x), = (p (x)), Sag, ( 


TSee the footnote to p. 255. 
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where p(x) is the hydrostatic pressure operator (19.37), which we 
have left unprimed since it is precisely in the system moving 
with the mass velocity that the hydrostatic pressure is defined. 


When we go over to the coordinate system moving with ve- 
locity v(x), the fluxes of the particle number (19.24a), energy 
(19.29a), and momentum (19.27a) are transformed according to 
the formulas 


i, (x) = 7; (x) + 1, (x) 0 (x), 
fry (4) = Hig (8) + { HY (x) + 9 (x) + (0 (x) - p! (x) bo (x) + 


v? (x) 


+23 pi (x) +1 (x) +0 (8) + Vn-V 0 (2), 
T (x) =T’ (x) + 0 (x) p’ (x) + p’ (x) v (x) + 9 (x) v(x) u(x). (20.66) 


In the formula (20.66) for j,,(x), the term _ Vn(x)-V v(x) has a 
purely quantum origin and is very small in real cases, when v(x) 
and (n(x)) vary little over distances of the order of the de Broglie 
wavelength corresponding to the average energy of the particles; 
therefore, we shall omit the term with the velocity gradient. The 
transformation formulas for the densities and fluxes then take the 
form 


H (x) =H (x) +0 (x) p(x) + 5 0 (x) 0°(x), 
n, (x)= nj (x), Jj, (*) = 7) (x) + 1, (x) 2 (x); 
p (x) = p’ (x) + p(x) v (x), 
iy (2) = ff, (x) +4 H (x) + 0 (2) SS” + (Pe) v(x) to (x)+ 
+2) p’ (x) +1 (x) - 0 (2), 
T (x) = T’ (x) + 0 (x) p’ (x) + p’ (x) 0 (x) +0 (x) 0 (x) 0(*), (20.67) 
which are valid in both the quantum and classical cases. 
Since the relations (20.65) are valid in the system moving with 


the local velocity v(x), by averaging (20.67) over the local-equi- 
librium distribution we obtain 


CH (x), = CA" (x): + 5 (0 (4) 07 (2), 
(n(2)), = (m%())0 Ge), = 4, )), 2 (), 
(p (x))1 = (0 (x)), 0 (x), (20.68) 
Gin (#))={ h(x) + (=H) bow), 
(T (x))1 = (p (%))1 U + 4p (x))1 0 (x) v (x), 
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where 
h(x) = (H’ (x))) + (p (x); (20.68a) 


is the enthalpy density, (p(x)), is the average pressure, and U is 
the unit tensor. 


It can be seen from formulas (20.68) that in a local-—equilibri- 
um state we have only those fluxes which are characteristic for 
an ideal liquid [82]. The fluxes of energy and particle number 
are proportional to the mass velocity, and the momentum flux 
to a bilinear function of the mass velocity. They do not depend 
on gradients of the thermodynamic parameters, and have a con- 
vective character. 


The local-equilibrium distribution (20.17a) is determined 
from the condition that the information entropy be a maximum at 
given values of (H(x)), (p(x)), and (n;(x)),.- This means that there 
is arbitrariness in the specification of these quantities or of the 
corresponding thermodynamic (and hydrodynamic) parameters 
B(x, t), u(x,t), and pi(x,t). We shall specify them in such a way 
that they satisfy the hydrodynamic equations of an ideal liquid. 

The fluxes (20.68) correspond to precisely this case. We put 


PO LW. iy (#))p 
a (ee) ~_~V-(T (x)), (20.69) 
Ot =v Gia), 
or, in more compact notation, 
DP nN — V+ Cin (x))). (20.69a) 


These equations cannot be obtained simply by averaging the con- 
servation laws (19.18) over p;, since p; does not satisfy Liouville's 
equation, and, therefore, for p, the derivatives of averages of oper- 
ators are not equal, generally speaking, to the averages of their 
derivatives. 


Using the relations (20.68) and the balance equations for the 
total mass and the kinetic energy 


2 (0 (x)); = — div (o (x)), v (x,.4), 
a (9 (x))y ae = — div { (0 (x))1 ote) y (x, it — v(x, t)- Vp (x), 
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we write the hydrodynamic equations (20.69) of an ideal liquid in 
the form 


ating. Vu = — (u+p) div», 

dn on, : 

a =a +0 -Va,= — 1, div, (20 .69b) 
dv 


-~ M1 y.W=—o7! 
T= arte: Vo=—p'Vp, 


where 

w=(H' (x), 1, =(ni(x)),= (0, (x)),, 

v=v(x, 2), e=(o(x)), p=p(x), (20.69c) 
i.e., uis the energy density in the accompanying system. 


We shall show that, for the local-equilibrium distribution, it 
follows from (20.69) that the entropy 


S=- (In e),= D+ > { F.,(%, t) (P., (x)), dx, (20.70) 
where 
=In Tr exp! — Jy J Fy (X, t) Pn(s)de (20.70a) 


is conserved, i.e., cannot be produced inthe system, but only flows 
into or out of the system through its surface. 


The time derivative of the entropy (20.70) is equal to 
SAD | F(x 2 (Pn (oy dx, - (20.71) 
since it follows from (20.70a) that 
oo )) [ Hage Fins) (pe (x)), de. (20.71a) 


Using the hydrodynamic equations (20.69a), we write (20.71) in the 
form 


8S DY | F(x, V+ lin (@) ede = 


= DJ Fale ine do+Y | VF n(n (de, (20.71b) 
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where the integral in the first sum in the right-hand side of the 
equality is taken over the surface of the system. The second sum 
in (20.71b) is equal to 


SVE n(x, 1) Gn (8) = 
={ Gn) — (Ta). 2 (4, D+ (x), “FH? v(x, Of VBC, 
— B(x, £1) ((T (x))1 — (0 (x), 9 (x, £) 0 (x, 2}: Vo (x, t) —- 
— Yo (x, t) (n;(x)),- VB(x, Api (x, 4). (20.71) 
The latter sum in (20.71c) can be expressed in terms of the 
gradient of the function 
@ (x) = B(x, ¢) p(x, #), (20.71d) 


where p(x, t) is the pressure, by making use of the Gibbs —-Duhem 
relation (20.22) and (20.24d): 


d@ (x) = 5 (B (x, t) p(x, t)) = — CA’ (x)), 6B (x, t) + dn (x)),6v; (x, t), 
vi(xt,) =B(x, Dux, 1), B=InQ,= i D (x) dx, (20.72) 
whence it follows that 


AO (x , OW ( 
op i 7 = — (H’ (x)), av, ne = (n; (*))). (20.72a) 


The gradient of (x) as a function of @ {&, t) and v;, t) is equal to 


VO (x) = 


OD (x) 
% 0+ Mace Seay WV 8) 


= — (H’ (x), VB (x, t) + Yi (x)): Vi (x, 0). (20.72b) 
i 


By making use of this relation, we write (20.71c) in the form 


SV Fi (5 8) + Ci (2) = 4 Gn (8) - 


— (CH (2). — (0 (4), ~E) 0 (x, 1) = (7 (a) (x, Of - VBR, O— 


— {(T (x)), — Up (x) fle) )), 0 (x, £) U(x, f)}: B(x, t) Vo (x, 4) - 
— div (u(x, ¢) B(x, £) p(x)) = — div (v(x, t)B (x, ¢) p (x)), (20.73) 
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since the factors multiplying Vp(x,/) and yu(x,t) go to zero by 
virtue of (20.68). 


In addition, 
DF (x, £) im (%)): + B(x, £) 0 (x, £) p(x) = Cj, (x)), = 0 (x, ft) S(x), (20.74) 
since it follows from (20.23) that 
Bo' (x, 1) S (x) = CH" (x) + p(®)— Bu) mel )- (20.75) 


Taking (20.73) and (20.74) into account, we write the balance 
equation (20.71) for the entropy in the form of a surface integral: 


a ~ | ot, t) S (x) - do, (20.76) 


or, in local form, 


OS (x) 


a TT div (v(x, t) S(x)). (20.76a) 


Thus, the entropy in a local-equilibrium state can change only 
as a result of its flowing into or out of the volume of the system. 
Consequently, in a local-equilibrium state, dissipative processes 
are absent and although the state describes nonequilibrium pro- 
cesses, these processes are reversible. 


It is easy to convince oneself that in any quasi-equilibrium state 
which is described by the operator 


Pq = XP {-@ — = Pn km }= exp{-—S(Z0)}, 
the entropy production is equal to zero. In fact, 


{ S(t, 0) P = Tr (S(t, OJexp {- S(t, o)}) =Tr {= [ S(t,0), H] exp {— S(t, 0)} } = 0, 


since 
Tr{ 25.0) p{- S(t, o)\h= <tr exp {- si.o)} = 


and the operators S(t, 0) and exp{—S(t, 0)} commute. 


Thus, the local-equilibrium distribution enables us to define 
the thermodynamic functions of nonequilibrium states and obtain 
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thermodynamic equalities for nonuniform systems; however, it 
does not enable us to describe transport processes. This is con- 
nected with the fact that p; is not a solution of Liouville's equa- 
tion, since H(x), n(x), and p(x) are not integrals of motion. We 
note, however, that these quantities are defined only within the di- 
vergence of a vector or tensor, and that we can make use of this 
fact to construct a statistical operator satisfying Liouville's equa- 
tion [2-5]. This question will be treated in the next section, in 
which the local-equilibrium distribution is modified to enable it 
to describe irreversible transport processes. 


§21. Statistical Operator for 
Nonequilibrium Systems [2-5] 


The existence of exact (i.e., valid for any interaction) expres- 
sions for the kinetic coefficients in terms of the equilibrium time 
correlation functions, which we studied in Chapter III, prompts the 
thought that these expressions might be obtained by generalizing 
the statistical operator to nonequilibrium states and expanding it 
in small gradients of the thermodynamic parameters. We shall 
show, following the papers of the author [2-5, 184-186], that it is 
possible to generalize the Gibbsian method described in Chap- 
ters I and II to the nonequilibrium case and to construct a nonequi- 
librium statistical operator or distribution function which will en- 
able us to obtain transport equations and calculate the kinetic co- 
efficients in terms of the correlation functions and which, for the 
equilibrium case, goes over to one of the Gibbsian distributions. 
In the linear approximation, these distributions lead to the results 
of the linear response theory described in Chapter III. 


Bogolyubov's idea of a hierarchy of relaxation times in non- 
equilibrium statistical mechanics [1] has very great significance 
for the following development and will now be described.f 


If the initial distribution is arbitrary, in the initial stage the 
state of the system may be very far from equilibrium and, to de- 
scribe it, it may be necessary to specify a large number of dis- 
tribution functions; we then need not only one- and two-particle 


fFor a very clear account of these ideas of Bogolyubov, see the article by Uhlenbeck 
in the book [83], 
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functions, but also functions of higher order, which vary rapidly 
with time in accordance with Liouville's equation. 


However, for many systems with a large number of particles, 
"synchronization" of the distribution functions sets in very rapidly 
(for example, in a time of the order of the collision time for low- 
density or weakly interacting gases); this is the kinetic stage, 
when all the distribution functions are completely defined by spe- 
cifying the one-particle distribution function. For this stage, it 
is possible, starting from Liouville's equation, to construct a ki- 
netic equation for the one-particle distribution function. 


For larger time scales (for gases, appreciably larger than 
the time between collisions), the number of parameters necessary 
for the description of the state of the system is still further re- 
duced, and the hydrodynamic stage arises. This stage can be de- 
scribed by the hydrodynamic equations (together with the thermal- 
conduction equation), i.e., by only a few moments of the distribu- 
tion function (by the average number of particles, the average en- 
ergy and the average velocity). The distribution function then de- 
pends on time only through these parameters. 


Below, we shall show that it is possible to describe the hy- 
drodynamic stage by means of a certain nonequilibrium distribu- 
tion function or statistical operator, depending on time through 
its parameters, and that this is possible not only for dilute gases 
and systems with weak interactions, but also for the more gen- 
eral case of condensed matter. 


Gibbs' construction of the equilibrium statistical ensembles, 
which we studied in Chapters I and I, is based on the Liouville 
theorem, according to which the time derivative of the statistical 
operator (or distribution function) is equal to zero if the statistical 
operator is a function only of the integrals of motion. The Gibbsian 
distribution (3.30), (9.42) is obtained by assuming that these in- 
tegrals are the additive integrals of the motion, namely, the energy 
and particle number. Below we shall start, as in the equilibrium 
case, from the Liouville theorem, but we shall generalize the class 
of integrals of motion on which the statistical operator or dis- 
tribution function can depend. 


21.1. The Nonequilibrium Statistical Operator 


We attempt to construct a statistical operator for a nonequi- 
librium system (for example, for a liquid) consisting of 1 com- 
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ponents, taking into account transport of energy, particles, and 
momentum. 


We shall consider a system whose state is macroscopically 
defined by giving the fields of the temperature, chemical poten- 
tial, and velocity (i.e., the densities of energy, momentum, and 
particle number) as functions of the space and time coordinates. 
We can regard this system as being in thermal, material, and 
mechanical contact with a combination of thermostats and re- 
servoirs maintaining the given distribution of parameters. 


We assume that the chosen parameters are sufficient to char- 
acterize the state of the system macroscopically. If this is not so 
(for example, if it is impossible to describe the system by a sin- 
gle temperature, or if in general the concept of the temperature 
of the system loses its meaning), it is necessary to choose an- 
other, more complete set of quantities characterizing the state of 
the system. 


The construction of the Gibbsian grand ensemble is based (cf. 
§§3.4 and 9.4) on the laws of conservation of energy and particle 
number. We too shall start from the laws of conservation of en- 
ergy, particle number, and momentum, but in local form; these 
were discussed in detail in $19: 


oH i OMe —,,— + div jx (x, t) =0, 


re] t 
21 ai )=0 (=1, 2,..., 0, (21.1) 


Sele) Div T (x, t) =0, 
t) = Di mij; (x, 2), (21.1a) 


where H(x); n;(x), and p(x) are the operators for the density of the 
energy, particle number, and momentum, j,, ) is the energy flux 
density, j; (x) is the particle-number flux density, and T(x) is the 
momentum flux tensor or stress tensor. The form of these oper- 
ators is assumed to be known. For example, for a many-com- 
ponent mixture of different particles with direct interaction in 

the quantum case, they are expressed by formulas (19.39b), (19.43), 
(19.40), (19.41a), (19.42a), (19.44a), and (19.46b), and for a one- 
component system in the classical case, by formulas (19.13), (19.5), 
(19.6), (19.17), and (19.12). 
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In the quantum case, all operators are studied in the Heisen- 
berg picture, for example, 


H (x, t) = efHthH (x)e-tHt/A (HI (x, 0) = H(x)), (21.2) 


where H does not depend on the time. In the case of classical 
mechanics, the Heisenberg picture (21.2) is replaced by the ac- 
tion of the evolution operator (cf. §2.3) 


H (x, t) =e-"t 1 (x), (21.2a) 
where L is the Liouville operator (2.16). 


If the system under consideration consists of subsystems with 
a small interaction which leads only to slow exchange of energy or 
momentum, then we can study the balance equations for the energy 
and momentum for each subsystem. Then the right-hand sides of 
Eqs. (21.1), written out for each component separately, will con- 
tain source terms expressing the exchange of energy and mo- 
mentum between the subsystems [cf. Eqs. (19.42) and (19.46)]. 


If excitation of the internal degrees of freedom. (or chemical 
reactions) is possible during the molecular collisions, then the 
equation for the density of particles with a given quantum number 
(or of molecules of a given type) will contain in the right-hand side 
a term representing a source of the particles with the given quan- 
tum number, this source being due to the excitation of the internal 
degrees of freedom or to the fluxes of the molecules formed in 
the chemical reaction [cf. Eq. (19.53)]. 


It is convenient to write the conservation laws (21.1) ina more 
compact form, analogous to (19.48): . 


mie iy. im (%, t)=0 (m=0, 1,..., 2+1), (21.3) 


where 
Po (x) = H (x), fo (*) = Tn (x), 
P, (x) =p (x), j (x) = T (x), 
Piss(x)=1 (x), fiat) =H(%) G=1,2,..., D. 


It follows from the definitions (21.3a) that the densities P,, &) 
may be scalars or vectors, and the fluxes j ,,@, vectors or ten- 
sors. The dot after the nabla operator denotes the scalar prod- 
uct, i.e., the divergence of the vector or tensor. 


(21.3a) 
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Below we shall consider only the quantum case, as the classi- 
cal case is completely analogous. 


To construct a statistical operator describing nonequilibrium 
processes, we Shall make use of the facts that in irreversible 
processes there are different time scales of relaxation, as men- 
tioned at the beginning of this section, and that we shall be inter- 
ested in the state of the system for time scales that are not too 
short. 


We shall assume that in a small interval of time 7 a nonequi- 
librium distribution is established which depends on time only 
through its parameters and comparatively slowly, with character- 
istic time tT, > 7. Then we shall seek the statistical operator p 
for t > 7 as an integral of the quantum Liouville equation (8.6) 


do | 


in which the partial derivative of p denotes differentiation with 
respect to time on which the parameters F,, appearing in p de- 
pend. Depending on the choice of the parameters F,,, and the 
operators P,,, such an approach is possible in both the hydro- 
dynamic and kinetic stages. The exposition of the remainder of 
this chapter will be concerned with the hydrodynamic stage. 


To construct the statistical operator p describing a nonequi- 
librium state of the system, we use a set of operators B ,,{x; t) 
depending on the position x and time t through the values of the 
parameters F(x, t). 


Let the B., &, t) satisfy the equation 


OB in (x, t ! 
OBnle D+ + 1B, (x, 1), H]=0. (21.4) 


Then, if p(t) is a functional of the B,,(x, t) as functions of x, i.e., 
if 

o(f)=p{... By(x, t)...}, (21.5) 
then p(t) satisfies Liouville's equation. In fact, the functional 
(21.5) can be regarded as a function of the Fourier components 


of the B,, &, t) with respect to x; the latter also satisfy Eq. (21.4) 
and consequently, so too does p itself. 
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To construct the quantities B,,(x, t), we shall start from the 
balance equations for the energy, particle number, and momentum 
in the differential form (21.1), or, in the more compact form (21.3). 


We shall construct operators which depend on time through 
F 1, t) by taking the invariant part of the operators F,,, (x, t + t,) « 
Pi, t,) for the case of evolution with Hamiltonian H, i.e., 


0 
By (, t)= Fm (X, 1) Pm(#)—e [ et Fu (x, t+) Pals, t)dti (8 >0), 


(21.6) 


where the parameters F ,,{, t) have the meaning of the thermody- 
namic parameters (20.17), which depend on time: 


Fy (x, t) = B(x, t), 
F, (x, t)= —8(x, t)o(x, 2), (21.6a) 


Fist = B(x, ) (u(x, )—-Seor(x, 1); 


G(x, t) is the inverse temperature, py; (, t) is the chemical poten- 
tial, and v(x, t) is the mass velocity [their meaning will be elu- 
cidated below; cf. (21.15) and (21.16)]. The time argument of the 
operator P,, (x, t,) refers to the Heinsenberg picture (21.2) with H 
independent of time; for the present, we confine ourselves to this 
case. The parameter ¢ will tend to zero, although after the ther- 
modynamic limiting process. 


The operation of taking the invariant part, which smooths the 
oscillating terms, is used in the formal theory of scattering to 
impose the boundary conditions which exclude the advanced solu- 
tions of the Schrodinger equation [84, 85] (see Appendix J); we too 
select the retarded solutions (in this case, of the Liouville equa- 
tion) in this way. 


If the parameters F , &: t) do not depend on time, then, 
Br (#) = Fin (X) Pin (X), 


sav oye ne : ° (21.7) 
Priz)=e | etPp(x, t)dt=Pp(x)+ | etV-in(x, t)dt, 


—oao —oO 


nn 


where ?,,(x) are local integrals of motion which differ only by 
divergences from the corresponding densities P,,(x) and there- 
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fore also have the meaning of densities of the energy, momentum, 
and particle number. We shall show that they are, in fact, local 
integrals of motion for ¢ — 0. 


In the Heisenberg picture, Eqs. (21.7) have the form 


0 


Pra (t, )=Pm(x, t+ [ eVejn(x, t+ t)dt,. (21.72) 


—0oo 


Differentiating (21.7a) with respect to time, and using the conser- 
vation laws (21.3), we obtain 


0 


0 
aP.. (x, fb) oP , t fs) . ; t +4 / . 
Sa et + [ env. Fim tt) at, =e | esP, (x, 2+ 1,)dt,, 


— 00 —o0o 


(21.8) 


i.e., the derivative of (21.7) is expressed in terms of the same 

integral as that which occurs in the right-hand side of (21.7), but 

OP im (x, £) 
at 


with one more factor €. Consequently, goes to zero as 


€ — 0, if the integrals in the right-hand side of (21.8) are finite; 
consequently, P,,(x,t) are local integrals of motion for ¢ — 0. 


We shall call P,,(x,#) integrals of motion although they are 
conserved only in the limit & — 0 (which is taken after the ther- 
modynamic limit) and it would be more correct to call them "quasi- 
integrals of motion." Below, we shall not make this qualification 
but shall call them local integrals of motion. We remark that the 
operations of taking the invariant part and of taking the thermo- 
dynamic limit do not commute.f 


Integrating by parts, we can write the operators (21.6) in the 
form 
Br (x, t) = F,, (x, t) Pm (x) — 
0 


_ { es fF, (x, t +t,) Py (f,) + eet") pw, t)bdt,. (21.9) 


— 


TWe may note the close analogy between this property and the Van Hove condition 
[86] of the “diagonal singularity" of the matrix elements, which also arises when the 
volume of the system (or the number of particles) tends to infinity. 
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They satisfy the equation 


Pal 2 + (Bn (x, 1), H] = 


ot 


0 
me [et {ra(x, t+) Pu (et) + Pyle, ti) dty, 


where in the right-hand side we have operators of the same type 
as those in (21.9), but multiplied by the parameter €. Conse- 
quently, for « ~ 0, the B,,(x, t) satisfy Eq. (21.4). 


For the functional (2.15), we choose the same form as for the 
local-equilibrium state (20.17a): 


(= Qt exp} DY | Bm (x, as, 
Q=Tr exp | — Y | Bm (x, )ax| 


or, in explicit form, 


(21.10) 


; | 
(=a exp| ~ Ye [ eFax, E+ 41) Pm (x, #1) dan} 


=Q" exp| -¥ {Fae 1) Py (x) — fe (Fy (a, + £1) Pra (fy) + 


OF m (%, 
+ eet +h) Pin (x, )) a, as| , (21.10a) 


where in the calculation of the averages the limit © — 0 must be 
taken after the thermodynamic limit. For the distribution function 
in the classical case, we take the analogous expression 


f(t)= Qr'exp{ — Xd! Bn (x, axl, 


Q= | =) J Bm (x, t) dx} a, (21.10b) 


which, unlike (21.10), is not an operator, but a function of the co- 
ordinates and momenta of all the particles. 


We shall verify that (21.10) does indeed satisfy Liouville's 
equation (21.3) for « —0. 
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We recall that, if p satisfies Liouville's equation, then 


n= —Inp (21.11) 
also satisfies Liouville's equation [cf. (8.24) and (2.23)]. 


In our case, 


0 
on Sty, H=e> | [ em {Fn (x, t +t) Pm (x, £1) + 


$e (Pm (ty 1) — (Pla, t))) fat dx, (21-12) 


i.e., the right-hand side of (21.12) contains operators of the same 
type as those in the second term of the exponent of (21.10a). Con- 
sequently, In p satisfies Liouville's equation in the limit & — 0. 


Using the conservation laws (21.3), integrating by parts and 
neglecting the surface integrals, we represent the statistical oper- 
ator (21.10a) in the form 


e()=Q" exp | — JJ [Fal £) P(X) — 


0 
— Je (VF m (x, f+ 11) + fm (x, £1) + 2ST *O) p(x, ¢,)) dt] da. 


(21.10c) 


If j (x) is a tensor, it is assumed to be symmetric. 


The statistical operator (21.10c) is not yet an exact solution 
of the usual Liouville equation for & — 0, since we have neglected 
the fluxes of energy, particles, and momentum through the sur- 
face of the system. These terms correspond to the "nonconserva- 
tive forces" which MacLennan introduces to describe the influence 
of the thermostat [37-40] (cf. Appendices II and II]). 


In the stationary case, (21.10a) goes over to the distribution 


p= Qrtexp| ~ { Fn (X) P(e) dx} 


0 
= Q-'exp — »» { LF mn (x) Pn (x) — { e* F., (x) P,, (x, t)dt]dx$, (21.10d) 


—oo 


where the P,(x) are also densities of integrals of motion, differ- 
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ing from the P,(x) only by divergences; (21.10c) goes over into 
the expression 


—0O 


0 
p=Q- ‘exp | LJ late ) Pin (#) — [eins )- VFa(e) ded], 


(21.10e) 
which was obtained in paper [2]. 


It is more convenient, however, to treat the stationary case 
as the limit of the nonstationary case when oF ,,/at + 0. Can- 
cellation of the terms representing the free evolution of the oper- 
ators then occurs more naturally. 


Substituting into (21.10c) the expressions (21.6a) for the pa- 
rameters F,, &, t) and (21.3a) for the densities P(x), we write 
the statistical operator (21.10c) in the explicit form 


p()=Q-*exp| ~ | Bix | (2) — Y(t i) - 
— BL oP (x, t) 1, (x) ~ 0 (x, t)- p (x)| dx + 
+f fe Gin (x, f:) VB (x, t+ 1) + A(x, 1) PEO) _ 
~ Lie £1) VB (x, £44) (us (x, +1) — FE 08 (x, £40) ) + 


+¥a (x, t:) B(x, f+ 1) (a(x, £44) — FE 0 (x, f+ 4)) - 
T (x, t:): VB (x, £+¢,)0(%, f+4,)—- 
— p(x, ty) oe B(x, ¢+4,) v(x, t+1,) dt, dzx\. (21.108) 


Here, V and @/ dt, act on all the thermodynamic parameters, 
8, Mi, andv, standing to the right of them. The statistical opera- 
tor (21.10f) was obtained by MacLennan [37, 38] by another method, 
based on the introduction of nonconservative forces describing the 
influence of the thermostat (see Appendix I). For other deriva- 
tions of (21.10a), see §27 and in [170, 186-189]. A very simple 
derivation of the nonequilibrium statistical operator (21.10a) by 
means of the imposition of boundary conditions of the retarded 
type on the solutions of Liouville's equation is given in Appen- 
dix II. 
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We shall examine particular cases of the distribution (21.10f). 


If all the parameters F,, (x) are constant in space, then (21.10f) 
goes over into the Gibbsian distribution for the grand ensemble of 
a system moving as a whole with velocity v: 


Py = Qy!exp{— 2 FnPn} 
= Qi" exp /—B(H — Sus —9-P +3 0° Yn). (21.13) 
i i 


If in (21.10f) we neglect the term with the fluxes, we obtain the 
statistical operator of the local-equilibrium distribution 


=Q- exp{- Fn (%, t) Pin (X) dz} 


= Qr'exp | — [Bt [He Lm 2- shore, #))n:(2)— 


—v(x, t)«p (x)] dxt, (21.14) 


which was used by Mori [29-31] as the initial condition for the so- 
lution of Liouville's equation. The local-equilibrium statistical 
operator is not a solution of the Liouville equation and does not 
describe irreversible processes, although for small gradients of 
the thermodynamic parameters it differs little from (21.10f). The 
latter circumstance is the reason for the success of Mori's theory. 


21.2. Physical Meaning of the Parameters 


We shall discuss now in more detail the meaning of the pa- 
rameters F,, (x, t) which appear in the statistical operator (21.10)- 
(21.10c). 


We choose the parameters F (x, t) in such a way that they 
have the meaning of the thermodynamic parameters (21.6a) con- 
jugate to the (P,, (x)) and satisfy the thermodynamic equalities 
(20.21). For this, it is sufficient to require that the average values 
of P_(x) over the distribution (21.10a), (21.10c) be equal to the 
averages over the local-equilibrium distribution, i.e., that 


(Pan (#)) = (Pin (*))1; (21.15) 


this gives the conditions for the determination of the parameters 
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F(x, t). Indeed, we then have 


6 In Q; 


SF Gey = 7 (Pm (#)) = — (Pm (2), (21.16) 
where 
Q,= Trexp {- »» { Fin (x; t) Pin (¥) a. (21 16a) 


A similar definition of the thermodynamic parameters is well 
known in the kinetic theory of gases. In the theory of irreversible 
processes, Green [14], Mori [80], MacLennan [37-40], and many 
other authors follow this procedure. 


Such a definition of the parameters F,, (x, t) corresponds to 
the introduction of the concept of thermodynamic functions of non- 
equilibrium states [70, 14], by which we mean the thermodynamic 
functions of the local-equilibrium state that is characterized by 
the same quantities (P,, (x)) that characterize the given nonequi- 
librium state. The local-equilibrium state can be regarded as an 
equilibrium state in fictitious external fields [9]. 


The introduction of the statistical operator (21.10a)-(21.10f) 
depending on the local parameters F,, (x, t) is based on the assump- 
tion that there are enough of these parameters to describe the 
macroscopic state of the system and that the fluctuations of the local - 
mechanical quantities are not too great. We may formulate the con- 
dition for the applicability of the method in the following way. 


If the macroscopic state of the system can be described by the 
parameters F,, (x, t), then the corresponding statistical operator 
has the form (21.10a). 


We can apply the statistical operator to describe the hydro- 
dynamic stage if the parameters F,, (x, t) have the meaning of 
(21.6a), although this is not a necessary requirement. The method 
is also applicable with another, more general choice of parameters. 
For example, we can choose them in such a way that the statistical 
operator is also suitable for the description of the kinetic stage, 
and derive the generalized kinetic equations [56] (cf. § 25). 


If the fluctuations are large, the state is characterized not only 
by the average values of the mechanical quantities but also by their 
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variances; the latter too could be regarded as thermodynamic pa- 
rameters characterizing the macroscopic state of the system. The 
extent to which the statistical ensemble is representative is char- 
acterized by the completeness of the set of parameters. For ex- 
ample, a statistical ensemble which is characterized only by aver- 
age values of the velocities is not representative for the descrip- 
tion of turbulent motions. For this, it is necessary to introduce a 
random field of velocities and their correlations. 


21.3. The Meaning of Local Integrals of Motion 


We now make a few more remarks on the meaning of the local 
integrals of motion in the form (21.6) and (21.7). 


If we assume that for the operator P,,(x,t) the limit lim P(X, t) 


exists, then the operation of taking the invariant part would c coin- 
cide with the operation of time averaging, i.e., 


0 


0 
lime [ ex P., (x, t) dt = lim + [Pn (x, t)dt = P,, (x, —o). 
fon) To —T 


e>0 


According to the Tauber theorems [88, 239], if one of these limits 
exists and P,,(x,/) has a lower bound, then the second limit also 
exists and is equal to the first. 

In fact, lim Pm(x,t) is not fully defined and there exists only 


t>-— 00 


the limit of the expressions - 
(Ay =Q7 rs {A exp(— y! Fro 1) Pm) dx) 


(where first V-— o, and then e« — 0) for any operator A represent- 
ing an observable quantity; therefore, the Tauber theorems are in- 
applicable, and it is impossible, generally speaking, to replace the 
taking of the invariant part by a time averaging. However, if we 
do make this replacement, we again obtain local integrals of mo- 
tion, but with another definition of the meaning of the improper 
integrals, namely, 

c 


P,, (= | Pp (x, 2) dt = Pm (x) + i 1+4 +)V: im(e, t)dt, (21.17) 


~T 
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i.e., integrals in the sense of Cesaro, rather than in the sense of 
Abel as in (21.7). 


The quantities (21.17) are also conserved for T-—- ©. In fact, 


Pm (x, 0)—Pm(x, —T) _ 
rr ahs 


Application of the local integrals of motion in the form (21.17) 
is not convenient, as we shall see in §22.3, because a further supple- 
mentary definition of the meaning of the integrals obtained is required. 


The formula (21.17) corresponds to the usual time smoothing 
ofthe dynamic variables, and (21.7) toa causal time smoothing of them. 


The choice of the local integrals of motion in the form (21.6), 
(21.7) is not the only one possible. It is possible, for example, to 
choose local integrals of motion not of the retarded type, like (21.6), 
(21.7), but of the advanced type, i.e., 


oo 


P(e) = Pa(e)— | eV j(x, Oa, (21.18) 
0 


or to choose a superposition of the retarded and advanced solutions. 


The quantity (21.18) is conserved for & — 0, in the same way 
as is (21.7a), since 
aPy, (x, # r 
Sepa me | ee Win x, tt) at 


0 


which is analogous to the relation (21.8). 


As we shall see in §22.4, the local integrals of motion of the 
advanced type (21.18) give not an increase but a decrease of the 
local entropy production, and it is therefore necessary to reject 
the choice (21.18) in constructing the statistical operator.t 


TThe choice of the advanced solution leads to the conjugate thermal conduction equa- 
tion 


Tt pore 
ey} =xV°T 


—¢e 


with a minus sign before the time derivative, unlike in the usual thermal conduction 
equation. The conjugate temperature T* is convenient as an auxiliary concept in 
the formulation of the variational principle [87]. Conjugate equations can be in- 
troduced analogously for other quantities too. 
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The choice of local integrals of motion of the retarded type 
correSponds, as has already been mentioned above, to imposing 
boundary conditions that exclude the advanced solutions of Liou- 
ville's equation, i.e., to imposing causality conditions. This is 
intimately related to the choice of boundary conditions in formal 
scattering theory. This connection becomes especially obvious 
if we compare these boundary conditions with those in formal scat- 
tering theory as described by Gell-Mann and Goldberger [84, 85], 
where retarded solutions of the Schrédinger equation are also se- 
lected by using the passage to the limit e— 0 in integrals of the 
type (21.6),:(21.7) after taking the limit V -- » (see Appendices I 
and III). — 


We shall show that the nonequilibrium statistical operator 
(21.10a) corresponds to the invariant part of the logarithm of the 
local-equilibrium operator (21.14), i.e., that 


0 


Inp=ing;=e { einp(¢ +t, ti) dt,, (21.19) 


where ¢ -- 0 after V-- ~. The first argument of p, denotes the 
time dependence through the parameters, and the second denotes 
the Heisenberg-picture time dependence. We have 


Inpi(t + ty th) = —O(t+)~ Qf Fn (es f+) Pm (x, fr)dx, (21.20) 


where 


@,(¢+4,)=In Tr exp | - YD | Fm (es f+ 11) Pra (2) as}, (21.21) 
Using (21.20), we write (21.19) in the form 


0 
exp | -0~ Ye J [ew Fry (%, t + £1) Pr (%, t1) dey ax|, (21.22) 
m 


—oo 


where 
0 
O=e | effi @,(¢ + #,) dt, = 


—-c3o 


0 
=€E [ at, e% In Trexp [ODL Pate 40) Patera. (21.23) 
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On the other hand, from the requirement that the normalization 
is conserved after the invariant part is taken, we obtain 


0 
® = In Tr exp | - Vie et F(x, t+ t,) Pa (x, t) dt, ax| _ (21.24) 


0 


It follows from (21.23) that 


(x,¢4+4)dt,dx, (21.25) 


tt 


0 
SD = —e eti(P, (x) ith OF 
and from (21.24) that 
0 
sD = —e f [ee (Pin (x, #1) OF im (x, @+4,)dt dx.  (21.25a) 


Consequently, the fulfillment of the condition 
(Py, (5 t,))¢ = (Pg (DE (21.26) 


ensures the conservation of the normalization, since in this case 
the variations (21.25) and (21.25a) coincide. For the case of sta- 
tistical equilibrium, (21.23) and (21.24) also coincide. 


Thus, the conditions (21.15), which were applied earlier in 
order to satisfy the thermodynamic equalities, can be obtained 
from the condition that the normalization be conserved after the 
invariant part of the local-equilibrium operator is taken (cf. 
[184, 185, 188]). 


We shall give a further simple interpretation of the nonequi- 
librium statistical operator (21.19). We write it in the form 


t 
= f LSet )/T AH (ta) tH (ft) ay 


Inp} (to, 0)€ 


where rt =1/e and ty =t + t,. This means that, starting from time 
tp, the logarithm of the statistical operator evolves freely with the 
Hamiltonian H, up to time t, after which the system undergoes a 
random transition under the influence of the interaction with the 
surroundings (the thermostat), with probability W(t, tp) = (1/7) x 
exp {—(t —to)/7}. The quantity 7 defines the average time inter- 
val between the random impetuses, which obey the Poisson distribu- 
tion W(t, to). The true distribution is obtained after averaging over 
all initial times with probability W(t, ty). 
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§22. Tensor, Vector, and Scalar 
Processes. The Equations of 
Hydrodynamics, Thermal Conduction, 
and Diffusion in a Multicomponent Fluid 


In this section, we shall obtain the linear relations between 
the fluxes and thermodynamic forces, the entropy production, and 
the transport equations for the example of a many-component 
fluid. We shall study tensor, vector, and scalar trans: ort pro- 
cesses, when the fluxes and thermodynamic forces arc tensors 
(shear viscosity), vectors (thermal conduction, diffusion, thermal 
diffusion, and the Dufour effect), or scalars (bulk viscosity). 


22.1. Transport Processes in a Multicomponent Fluid. 


The Statistical Operator 


We shall consider processes involving the transport of energy, 
momentum, and particle number in an isotropic multicomponent 
system (liquid or gas), when the statistical operator has the form 
(21.10e): 


p= Q-texp | - BJ | Pate t) Pr (*) — 


—o 


0 
. 0 m ’ : 
- J ert (im 2, t))+ VF q(x, t+¢,)+ Py (x, t) atest) ale} 


(22.1) 
where 
Fo (x, t) = B(x,#), Py (x) = H (x), 
F, (x, 1) = —B(x, t)o(x, 2), P, (x) =p (x), 
(22 .1a) 


Frsi(x, = —B(x, (mele, 1-3 v*(w, 1), Prax) =m (x), 
jo(*)=ine) A®)=T), fn)=hlx) GSD). 


In addition to gradients of the thermodynamic forces, the ex- 
ponential in (22.1) also contains time derivatives of the thermo- 
dynamic forces. The latter can also be expressed in terms of 
gradients by means of the hydrodynamic equations [38]. 
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Confining ourselves to the local approximation, we shall as- 
sume that the pressure p(x) at the point x is a function of the values 
B (x) and v;(x) at this same point, i.e., that p(x) = p[B (x), ..., Vj(X),--613 
consequently, 


Vp= a5 P+ Loy Ou Y YE (22.2) 


This assumption may be violated near critical points (cf. §20.4). 
If we take (22.2) into account, the last equation of the system 
(20.69b), i.e., Euler's equation, takes the form 


ao p 
di er oF VB Toy Lao PH 


(p) = (e (x)), 


(22.3) 


where 
d ) 
ae they 
is a total time derivative. We shall make use of the thermo- 


dynamic equalities (20.72a), which, when (20.71d) and (20.69c) are 
taken into account, have the form 


OBp _ OBp _ 
Py, Bon, (22.4) 
or 
Op _ _ utp Op i 22 .4a 
op pB ’ vi «OB? ( ) 
where 
u=(H’ (x)), 


is the energy density, and 
ny = (n; (x), 


is the particle-number density, and write (22.3) in the form 


dv _ utp ve-¥) 7 Vv,. (22.5) 
i 
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Thus, the time derivative of the velocity is expressed in terms of 
gradients of the thermodynamic parameters f and v; and of the 
velocity v. 


Analogously, 8 8/8 t can also be expressed in terms of these 
gradients. As before, confining ourselves to the local approxima- 
tion, i.e., assuming that B (x) = 8 [u(x), ..., n;(X), ...], we obtain 

_ Op du Op dny 
a ~ Ou dt +2 ‘On, dt’ (22 6) 
or, using the first and second equations of the system (20.69b), 


a —(ut+pZ, an V8 — By 7 fy div ¥ 


Op Op (1 dp ap 
=| 38 ou Oy, an, |B dive, (22.64) 


where we have taken the thermodynamic equalities (22 4a) into ac- 
count. 


According to (20.35), 


p= 25 _y = OS 
Ou’ vi Gay? 


(22.7) 


where 8S is the entropy as a function of u and n;. Consequently, 
B and v; are connected by the thermodynamic equality 


OB _ ow aS (22.7a) 
On dus Ou On; Oni’ 


we can therefore rewrite (22.6a) in the form 
Op Op Op. ot Op : 
at ar | oR On +h Ov, ai |B dive 837), div v, (22.8) 


i.e., the partial time derivative of 8 is expressed in terms of 
v- VB and div v. 


Postulating, further, that v; (x) = v; (u(x), ..., NL (X), ...), we 
obtain 


dvi _ Ov du Ovi dng _ cals _ avy . 
dt Ou dt + bs Ong dt 7 (U + p) diva “Ong divv, (22.9) 
k 
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or, taking into account (22.4a), (22.7), and the thermodynamic 
equality 
SME (22.9a) 


which is derived analogously to (22.7a), we obtain 
Op Ovi Vv Op Ovi Op Ov; Op OvR \dive _ 


ao on ~ 2 fad OV, ONE |B dive =B| OB Ou ad Ove Ory 
Op oOp- Op OV, 

-_ ~B oF “ony + Lim On; ‘anf av? = —B (32 

Finally, for the time derivatives of the thermodynamic pa- 


rameters in the ideal-liquid hydrodynamic approximation, we shall 
have 


| divv.  (22.9b) 


ay _ 9 ( 20 2p.) div v, (22.10) 


a nt 8 
=pyp YB- Loe 


We now express the sum 
Lim (x) . VF ni (x, t), 


appearing in the exponent in formula (22.1), in terms of V8, Vv; = 
=VBu;:, and Vu. We obtain 


Din (#) - VF = in (#)- VB — Yi () - VB (es —-) — 7 (x): BO 
= (in (x) — T(x) -0 + p(x) +). VB— Vie) Vv,— 


— B(T (x) — vp (x)): Vv, (22.11) 


3M 

oe 
3 

cy 
I 


=~ alan T(x) 0+ p(x) > — AEP p (x) - VB— 


- Xl (x) — tid A. p (x) - Vv; —B(T (x) —vp(x)): Vo, (22.11) 
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since, taking into account (22.2), (22.4a) for the gradient of the 
pressure, we have 


Vp = — “72 vp + YS vy, (22 .11b) 
t 


This form is convenient, since, on averaging over a local-equi- 
librium state, the coefficient of Vv; goes to zero, 


Cis 2D) — EF (i (a) = Gi (2) r= (ra) 9 (4) = 
We shall express 


OF m (x, 
Y Pn (4) CFO 


i.e., the second term in the exponent in formula (22.1), in terms 
of Vp, Vv,;, and Vv. We obtain 


x Pn (x) orn = H (x) >> oP (x) - ofp _ ps n, (x) <8 u, _ ) 


=H (x) FP p— Lamte) (x) Se — Bp’ (x) SP, (22.12) 


H’ (x) =H (x)—p(x)-v+p(x)-2,  p’(x)=p(x)—p(x)v —(22.12a) 


are the densities of energy and momentum in the system moving 
with the mass velocity v [cf. (20.66), (20.67)]. We substitute the ex- 
pressions for 08 /dt, dv; /dt, and dv/dt from (22.10) into (22.12). 
Taking (22.11b) into account, we obtain 


Pate ) Fn = PO) avy —(H eens 


+S (orn Sov 
+B(H (x) )(32) 0S x)(ge ),U +p’ (x) 0): Ve, (22 .12b) 


where U is the unit tensor. Combining (22.11a) with (22.12b), we 
note that the terms with the pressure gradient cancel each other, 


Lin's): + VE m+ Pm (2) “5) = 


== jg (x) » VB— Bj! (x): Vo — 3B ia (x) -Vvi= x i" ( (x) + Xm (x), (22.13) 
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where 


P (2) = fq (x) = i(2) — ZO b (®), 


x)= 7) — (SE) HU - SV (ZE) mix) U, 22.182) 


On; 
i=) =) — Fp’) CSN) 


are the operators of the thermal, viscous, and diffusional fluxes, 
and 


Xo (x, t) = VB(x, 2), 
X, (x, t)= —B(x, t) Vo (x, 2), (22 .13b) 
X 141 (x, #1) = —Vv;, (x, t) = —VB (x, u(x, 1) G21) 


are the corresponding thermodynamic forces. 


Taking (22.13)-(22.13b) into account, we write the statistical 
operator (22.1) in the form 


p= Q'exp{— XJ (Fale t) Pr, (x) — 


0 
_- J ert i (x, t) + Xm (x, E+ £)) at, ) ax} (22.14) 


—co 


This expression, unlike (22.1), is approximate, being correct 
to within gradients of the thermodynamic parameters in its ex- 
ponent, since the time derivatives of the thermodynamic param- 
eters were eliminated by means of the hydrodynamic equations 
(22.10) of an ideal liquid. In higher approximations, if we elim- 
inate the time derivatives by means of hydrodynamic equations 
with viscosity, thermal conduction and diffusion, the exponent of 
(22,14) will contain terms with higher spatial derivatives of the 
F,,- Another approximation made in deriving (22.14) was the ap- 
plication of thermodynamic relations in local form. 


22.2. Linear Relations between the Fluxes and 


Thermodynamic Forces 


If the thermodynamic forces are small, then by means of 
(22.14) we can obtain linear relations, which are nonlocal and with 
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time retardation, for the average fluxes, relating the latter to the 
thermodynamic forces. 


We write the statistical operator (22.14) in the form 


0=Q'e4-4, (22.15) 


where 


A= Pf Fn(x, ) Pn (x) de, 


0 
\) * 
B=- »» | [ ext i” (x, £1) > Xm (", (+ 1¢,) dx dt, 
m ~oo 


and expand e-4-8 ina series in powers of B following the same 
method as in §12. For this, it is convenient to introduce an opera- 
tor K(7t) by means of the relation 


e-(A+B) t = K (t) e~At, (22.16) 


which is equivalent to the operator equation 


tT 


K())=1— | K (ue-A" BeMtde, (22.17) 


0 
with the initial condition 


K(0) = 1. 


Iterating this equation, we obtain in the approximation linear in B 


! 
e~A-B = e-A — { e— At Beat eA dr, 
0 
1 
eA f e7 4 BeAt eA de 


6 


I 
Tre 4~ [a (e~ At BeA™ 9A) dt 
0 


1 
~ | 1— (e-47 BeAt — (e- 47 Bed) dr ¢ 0, (22 .18) 
0 ' 
where 


0; =e74/Tr e-A (22 .18a) 
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and 
(...)2= Tr(p;...) (22 .1 8b) 


denotes averaging with the local-equilibrium distribution (21.14), 
(22.18a). 


By means of (22.18) for the average values of the fluxes, we 
obtain 


t 
C7 (x)) = Ci CD AD ff eee -P GH), P&L -)) Xn (x, PY at dx’, 


(22.19) 


where 
B 
(8), POR’, Y= BF GDR, f, 10) — G(R, Dydd 
; 


(22 19a) 
are the quantum time correlation functions, 


jr (x,t, it) = enP 1A ja’, A) oP At, (22 .19b) 
The linear relations (22.19) between the fluxes and the ther- 
modynamic forces are retarded and nonlocal. 
Suppose the thermodynamic forces depend periodically on the 


time, with frequency w, 


X, (x, 1) =X, (x’) cos ot’. 
Then 


i" (x) = G" (®t YReet ff ceo x 
« (7 (x), 7° (x, to —t))- X, (x) ef 9 dt’ dx’. (22 .19c) 


The Fourier components of the quantum correlation functions 
are the kinetic coefficients in (22.19c), i.e., taking retardation into 
account leads to dispersion of the kinetic coefficients [89, 90, 233]. 


If we neglect the retardation in (22.19), i.e., assume that 
Xp (x', t'!) changes little in the attenuation time of the correlation 
between the fluxes, then we can take the thermodynamic forces at 
time t' = t outside the integral over the time. We then obtain linear 
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relations between the thermodynamic forces and fluxes that are 
without retardation, but nonlocal in character: 


Gi (x)) = G7 (x) YF Linn (, 0”) Xn (x, td’, (22.20) 


where 
0 


Linn (x, x/)= | e% (i (x), 7 (x", t)) dt (22 20a) 


—oo 


are the kinetic coefficients. 


In the expressions (22.20b) for the kinetic coefficients in the 
linear approximation, we can replace the averaging over the local- 
equilibrium distribution by averaging over the equilibrium statisti- 
cal operator Py (21.13) with the inclusion of variables F,,, (x) de- 
pending on position, or even with spatial average values of these 
parameters. For the kinetic coefficients, we then obtain the ex- 
pressions 


Bp Oo 
Linn (%, #’)=B! | f eM (7 (x) 7" (x, t+ itt) — i" (x Yo)o ded, 
(22 .20b) 
where 
(..+)o= Tr (p)...). 


We assume that the fluxes commute with N,, the total number 
of particles of type n: 


i, N,] = 0, 
which is usually the case. 


The expressions (22.20b) for the kinetic coefficients differ 
from those obtained by Mori [29-31] using ordinary rather than 
causal averaging, 


p T 
Lnn(e®)=B' { | (1-4) Gr@une, t+ in) — "(eyo dedt 
0.0 


only in the fact that our improper integrals are defined in the sense 
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of Abel, and those of Mori in the sense of Cesaro. This is easily 
seen by replacing t + —t and 7 — 8 — 7 and taking (16.17) into 
account. 


If we neglect the nonlocal character, i.e., assume that the 
thermodynamic forces vary little over the correlation length over 
which Lynx, x') differs appreciably from zero, then in (22.20) we 
can take X,(x', t) at the point x' =x outside the integral over space. 
Then 


7" (#)) = Gi" (4) + Di Linn () Xn (XD, (22.20c) 
where 
Linn (#) = [ Linn (X, x!) dx’. (22.204) 


From (22.20) for the average thermal, viscous, and diffusional 
fluxes, we obtain 


dg (x)) = (i, (x)) = y) J Lon (Hr ¥) > X,, (x, t) dx’, 
(I (x)) = (2 (x) + Mf Lin (es 2’) Xa’, Dae’, (22.20e) 


G(X) = GO) = Vf Lines #)-X, (0, dx’ EDN), 


since, according to (20.65), 
Ti ()), = G(X), = 0. 


dn the local approximation, the linear relations have an alge- 
braic rather than an integral character: 


Cig (#)) = City (@)) = Di Loy (4) Xn sO, 
(T’ (x)) = 1" (x) + Lin (#) Xn Os (22.208) 
Gi (*)) = Gi) = DL (a) X,(% ES I) 


Noting that in (22.20a) the averaging is performed over the 
local-equilibrium state, 


6, = Q) exp — | B(x, o(w (x) — Dine, An) )) ds\, (22.21) 
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we may omit the primes in formulas (22.13a) and (22.21), putting 
P(x) = jg (#) = in (2) — “Tp @), 


PG)=7(e)— (FE), HU — Ds) me), (22.22) 


i (x) = fh (2) = 7,2) 2 pix, 
and replace the averaging with (22.21) in (22.20a) by averaging with 
0, <Q exp { — [ B(x, 2) [# (x) — Mas (e, #1, (2) dx . (22..21a) 
t 
In the case when the thermodynamic forces are constant in 


space, the linear relations (22.20) can be written in the form of 
relations between the total fluxes and the thermodynamic forces: 


I") =U) + BV Linn» Xns (22.23) 
where 
ym = [| j™ (x) dx (22.23a) 


are the total fluxes, and 


0 
Linn =f eI, T(E) (22.23b) 


are the kinetic coefficients. 


22.3. Onsager's Reciprocity Relations 


The kinetic coefficients (22.20b) can be expressed in terms of 
the two-time retarded Green functions (15.48). In fact, introducing 
a further integration over t, we write (22.20b) in the form 


i~) 
” 


B 
Linn (*, *#)=B- | | {ex Un (j™ (x) ai j" (x’ , t+ iht) dt dt’ dt, 
5 


~=c ~00 


since we assume that the correlation between the fluxes vanishes 
ast— — CO, i.e., 


tim, Ci (x) 7" (%, EY) = 7" (XN GI" (¥))o- 
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Carrying out the integration over T, we obtain 


Linn (x, x’) = 
0 t 


p On € {(j" (x) 7" (x’, t” + itp) — Cj (x) j" (x, t))} dt dt’, 


where we have dropped the subscript 0 from the brackets (...). 


In the first term in the integrand, we can change the order of 
the operators by a time displacement of iff, using the identity 
(16.17), which in our case gives 


(i (x) j” (x, t+ imB)) = G7" (#7, F(x), 


whence we obtain 
0 t 


Lnalts X= — 8 fet ap IG) Me, OM) ata’ = 


0 


t 
=-p" f [ex (i (x) f(x’, UY dt dt’, (22.24) 


—o —co 


where in the integrand we have a retarded two-time Green function 
of the type (16.1). (22.23b) can also be represented in an analogous 


form: 
t 


0 
=-gr J Jeunrenyaar. —— @a.zaa) 
The Onsager relations for the kinetic coefficients follow di- 
rectly from the expressions (22.24) and (22.24a) and from the in- 
variance of the Hamiltonian under time reversal, t ——t, with 
simultaneous reversal of the magnetic field, H ~—H. It follows 
from the symmetry property (16.50) of the Green functions that 


(Ci (x) (0s EV a = CP (® DP () UYY) 


since the flux operators are Hermitian; therefore, the Onsager 
reciprocity relations 


Linn (x, x’, H) = cam (x’, x, — H) 
Linn (H) = Lam (— H) (22.25) 


are valid for the kinetic coefficients. 
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If the system is rotating with constant angular velocity w, the 
rotation induces centrifugal and Coriolis forces, and since the 
latter change sign on reversal of the velocities, on time reversal 
it is necessary to reverse the direction of the angular velocity. 
Consequently, the Onsager reciprocity relations in this case have 
the form 

Linn (*, #’, ©) = Lam(x’, *, — ©), 
smn (o) = Lam (— ). 

We shall study the condition under which the kinetic coeffi- 
cients (22.20b) have finite values. Since these expressions and 
(17.35) have the same form, apart from the factor g7!, as is clear 
after the replacements t ~ -t and 7 ~ 8 —7, the formula (22.20b) 
can be transformed in the same way aS was (17.35) in §17.4. As- 
suming that there is no magnetic field, we obtain 


(22.25a) 


Lan = ay | UI") — (I) dt = 317 Inn 0) (22.26) 


—oo 


i.e., the kinetic coefficients are proportional tothe spectral inten- 
sity of the correlation function of the fluxes at w =0 and are finite 
when this quantity is finite, i.e., for dissipative processes.f 


Earlier [see (21.17)], we pointed out the formal possibility of 
defining the improper integrals over time differently, in the sense 
of the passage to the limit T — o, 


0 
{( +A) V- jn x, tat. 
—T 
We shall show that this definition of the integrals is considerably 
less convenient than (22.20b). For the kinetic coefficients, we 
would obtain the expressions of Mori [30] 
0 


— (BV) 7 f(t L) Im Ut + ine) —(I"))) de dt. (22.27) 


—T 


Assuming that the limit V - o has already been taken, we cal- 
culate the limit of (22.27) as T — o. For this it is sufficient to 
consider the integral, in the sense of (22.27), of one harmonic of 


TThis occurs for dissipative systems in which the fluctuations of the fluxes are an er- 
godic process, in the terminology customary in the theory of random processes. 
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the quantum correlation function, i.e., 
0 
. 1 1 . 
[ (1 + +r) e-i0! df = — 7 4+7-7 (1-e!?), (22.27) 
-T 


Using this equality and the spectral representation (16.15), we ob- 
tain for the kinetic coefficient (22.23b) 


8° 1 daw 


I 
Linn = OV Ima (©) Ba Sie? (22.28) 


—co 


since the contribution due to the second term of (22.27a) tends to 
zero as T — o. The integrand in (22.28) has a pole at w =0, 
since 

hpo _ 1 


hpo 


J mn (@) - 


is finite as w — 0 (J, (0) is assumed finite). Therefore, the in- 
tegral in (22.28) is, strictly speaking, not defined so long as the 
integration contour is not chosen. Ih order to give this integral 
a definite meaning, we displace the integration contour over w 
from the real axis by ie into the upper half-plane, making the 
replacement w —- w + ie (€ > 0, w real). Then 


if eO_1 da I 
Linn = OAV | tan (0) pp A = a Iran (0) 


(22.29) 
i.e., we obtain the same result as when the integral is defined in 
the sense of (22.20b). 


We note that the displacement of the integration contour over w 
by ie into the upper half-plane is equivalent to the introduction of 
a damping factor exp(et) into the time integrals. Thus, in doing 
this, we are again returning to the definition of the integrals in 
the sense of (22.20b), and the introduction of the factor (1 + (t/T)) 
is found to be superfluous. 


The definition of the integrals in the sense of (22.27) is equiv- 
alent to the time smoothing procedure (21.17), which has often 
been applied in the statistical mechanics of nonequilibrium pro- 
cesses, for example, in the work of Kirkwood [13]. The discus- 
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sion given above demonstrates the inadequacy of this procedure 
and the advantage of the causal time smoothing (21.6). 


22.4. Entropy Production in Nonequilibrium Processes 


The meaning of the thermodynamic functions of nonequilibrium 
states has already been discussed in §21.2 in choosing the param- 
eters F n(x, t). The quantity — (In p), where p is given by for- 
mula (21.10), cannot be chosen as the entropy, since ln p satisfies 
Liouville's equation and the entropy would be conserved rather 
than increase. We shall define the entropy of the nonequilibrium 
state (21.10), (21.10c) as the entropy of the corresponding local- 
equilibrium state 


P= Qr"exp | — Di | Fr (x, t) P n(x) ds}, (22.30) 


which is characterized by the same values of the average den- 
sities [cf. (21.15)], i.e., we put 


S= — (Ing; = — (ney) (22.31) 
or 
S=O+) f Pale, 1) (Pp (x), de = 
=O+) [ Pala, 1) (P(x) de, (22.32) 
where 
=InQ, (22.33) 


is the Massieu— Planck function of the local-equilibrium state. 


We have selected the local-equilibrium state from the con- 
dition that the information entropy be a maximum for arbitrary 
given values of (P,(x)).: [cf. (20.16)]; this arbitrariness is re- 
moved by the conditions (21.15). 


According to (21.31), the entropy of a nonequilibrium state 
is the entropy of that equilibrium state, in auxiliary fields F,, «, t), 
with the same distribution of densities (Pn(x)) of the mechanical 
quantities, i.e., (n(x)), ((x)) , and (p(x)} , as in the given non- 
equilibrium state. This interpretation of the thermodynamic func- 
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tions of nonequilibrium states was given a long time ago by Leon- 
tovich [70], in the theory of fluctuations, for a state with non- 
uniform density (n(x)) . A nonuniform distribution of energy (H (x)) 
may be regarded, following Luttinger [9], as the result of the in- 
fluence of a gravitational field (taking the general theory of rela- 
tivity into account), and nonuniformity of (p(x)) as the conse- 
quence of the influence of a magnetic field through a vector po- 
tential. 


The definition (22.32) of the entropy ensures that the thermo- 
dynamic equalities are satisfied. In fact, we have 


Fea = — (P(x) = — (Pm (x), (22.34) 


consequently , 


8S 
3(Pate) ~ Fp, (x, ¢), (22.35) 


where S = S(...(Pm(x))...) which confirms the correctness of the 
definition (2.31) 


We shall calculate the change with time of the entropy (22.32): 
= 22S f Fm (pc) de + Dy | Fults #) Pm (2) de. 
m nt 
Differentiating (22.33), we find 


-- YA (P,,, (x)) de. 


Consequently, 
-y Fn (, t) (Pm (x)) dx. (22.36) 


Using the conservation laws and integrating (22.36) by parts, we 
obtain 


ro — | Fal (x, t) Gin (x)) « do+¥) | (nts) VF m (x, t)d (22.36a) 
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where do is an element of surface. Thus, the entropy can change, 
even if the surface integral in (22.36a) is equal to zero, i.e., un- 
like the energy, momentum, and particle number the entropy in the 
system is not conserved. 


We introduce the entropy density S(x) using (20.21c) and 
(20.24d): ) 


S= f S(x)dx, = [ B(x, t)p(x, tds, (22.37) 

S (x) = Di Fin (*, t) {Pm (x)) +B (x, t) p(x, 2). (22.37a) 
Then, using (20.73), from (22.36a) we obtain the entropy balance 
equation 


OS (x) 
ot 


= — divjs(x) +0 (x), (22.38) 


where 


is(#)= DP n(t, Yin ()) + BCH, (x, p(x) (22.38a) 


is the entropy flux density, and 


0 (x) = 2 (jm (#)) — (im (%)):)* VF in (%, 2) (22.38b) 


m 


is the local entropy production, i.e., the density of its sources. 
The quantities S(x), js (x), and o(x) depend also on t, but we shall 
omit this argument for brevity. According to (20.38b), the entropy 
production is equal to a sum of products of the thermodynamic 
forces with their conjugate fluxes. 


We write the local entropy production (22.38b) in terms of the 
thermodynamic forces X ,, (22.13b): 


o (x) = Dim (#)) — Ge (#))) “Vn = 


= (Hi (#)) - VB B((T” (x)) — 1" (x)),) Vo — 2 (i (2) + Vv, = 
= Di" (x) — G"())) Xm (#), 22.89) 


where we have used the relation (22.11) and the fact that the aver- 
ages of n(x), H(x), and p(x) are equal in the state (22.1) and in the 
local-equilibrium state. 
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Using (20.74), we see that the average entropy flux, according 
to (22.38a), is equal to 


is (#, )= J) Fn (x, #) Cin (2)) + B(x, £0 (x, #) p(x) = 
= S(x) v(x, 1) +(x, £) ig(#))- 
~Dareper, o(n@, 9-229), 22.40) 
i 


where S(x) is the entropy density (22.37a), and the average thermal 
diffusional and viscous fluxes are given by formula (22.20e) or 
(22.20f). The first term in (22.40) represents the convectional 
flux, while the remaining terms represent the contribution of ir- 
reversible transport processes. 


Substituting the linear relations (22.20) into (22.39), we ob- 
tain for the local entropy production the expression 


o (x)= >> Linn (#, #)° Xy(#, 1)Xm(*, td’. (22.41) 


We shall show that the total entropy production is positive, 
i.e., that 


J o(#)dx>0. (22.42) 
In fact, (22.42) can be written in the form 


[o(x)dxe= [e(C,c@)dt>0 (ct=0), (22.42a) 


where we have introduced the notation 
c= [ i (x) Xn, Ode. (22.42b) 


That (22.42a) is positive follows from the fact that the spectral 
intensity of self-adjoint operators is positive [cf. (16.18a)]. Trans- 
forming (22.42), analogously to (17.38), we obtain. 


[owde=+ | C/CH-Cwndt>0, (22.43) 


since C =Ct, 
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In the local approximation, when the thermodynamic forces 
vary little over distances of the order of the correlation length, 
as is usually assumed in hydrodynamics, not only the total, but 
also the local entropy production is positive. In this case, we have 


o= Dy Linn XaX mn (22.44) 
m,n 


Thus, the entropy production is a positive-definite form of the 
thermodynamic forces. 


Consequently, choosing the retarded local integrals of motion 
(21.6), (21.7a) leads to the law of increase of entropy. However, 
as already noted above, this choice is not the only possible choice. 
If in place of the integrals of motion of the retarded type (21.7a), 
we choose integrals of motion of the advanced type (21.18), then in 
place of formula (22.20) we obtain 


Cim (#)) = Cin) — YY f Linn (3, ”)-Xn lx, dx’. (29,45) 


In this case, for the entropy production, in place of (22.41) we 
shall have 


o(x)=— Df Linn (X, 2!) Xn (x's Xm (4, t) dx! 


mn 


or, in the local case, 


i.e., the same expressions as earlier, but with the opposite sign; 
consequently, the entropy decreases rather thanincreases. There- 
fore, under ordinary conditions, it makes sense to choose the local 
integrals of motion to be of the retarded, rather than of the ad- 
vanced type. However, cases of nonequilibrium systems are pos- 
sible for which fluxes reflected from the boundaries are important. 
For the description of such systems on the microscopic level, a 
Superposition of integrals of motion of the type (21.7a) and (21.18) 
are found, generally speaking, to be appropriate. An analogous situa- 
tion is also found in gadiation problems, when standing waves are 
obtained by means of a superposition of retarded and advanced 
potentials. 
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Nonequilibrium thermodynamics can give a new approach to 
the very old question of the heat death of the universe. 


The entropy of an isolated closed system increases, as fol- 
lows from (22.42). If we regard the universe as an isolated closed 
system and assume that the results of thermodynamics are ap- 
plicable to it, then the universe must tend to a state of statistical 
equilibrium, i.e., to heat death, which in reality does not occur. 
This paradox has occupied scientists since the time of Boltzmann. 
It is, of course, not justified to treat the universe as-an isolated 
closed thermodynamic system. The derivations of thermodynamics 
refer to large, but finite systems, situated in given external con- 
ditions; it is, therefore, better to treat the observable part of the 
universe as a large but finite nonisolated system. Here, too, a 
paradox remains, since it follows from irreversible thermody- 
namics that the local entropy production (22.44) is positive, and 
thermodynamics indicates only one possible process — entropy 
increase. The reverse process — local decrease of entropy not 
involving entropy transport — is not permitted by thermodynamics, 
and it seems incomprehensible why the universe does not tend to 
statistical equilibrium. . 


This paradox is still not resolved at the present time, and dif- 
ferent hypotheses have been proposed to explain it, for example, 
the fluctuational hypothesis of Boltzmann [91, 92], according to 
which the universe is a gigantic fluctuation from the state of sta- 
tistical equilibrium. The weakness of this hypothesis lies in the 
fact that the probability of fluctuations from the state of statistical 
equilibrium is extremely small and decreases exponentially, since 
it is described by the Gaussian distribution (6.16). Therefore, 
the appearance, as a result of fluctuations, of states differing great- 
ly from equilibrium states is very improbable. 


Considerably more convincing are the hypotheses based on the 
general theory of relativity [92, 93], according to which the uni- 
verse must be regarded not as a closed system but as a system in 
a varying gravitational field with a time-dependent metric tensor. 
Indeed, if gravitation is taken into account, a uniform distribution 
of mass is unstable and does not correspond to the maximum en- 
tropy. Therefore, the formation of stars and galaxies from uni- 
formly distributed matter may occur with increase of entropy [94] 
and, thus, the increase of entropy does not contradict the evolution 
of the universe. 
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The derivation given in this section of the increase of entropy 
of a system is based on the linear relations between the thermo- 
dynamic forces and fluxes, which are valid only for small devia- 
tions from equilibrium. For certain very simple cases, one can 
prove the increase of entropy for strongly nonequilibrium states 
too (cf. §23). However, as was noted in § 15.3, there may be cases 
in which there is absolutely no one-to-one connection between the 
thermodynamic forces and the fluxes, namely, when there exists a 
feedback mechanism of the type (15.61) in nonlinear nonequilibri- 
um thermodynamics. We have already given examples of this in §15.3. 


If a state of statistical equilibrium of the universe is unstable, 
like an unstable center in the theory of nonlinear vibrations, and 
there exists a feedback mechanism, then fluctuations in it will 
grow and it will go over into a strongly nonequilibrium but stable 
self-oscillating state, similar to the limit cycle of the theory of 
nonlinear vibrations. The heat-death paradox could not now be 
extended to this model of the universe with feedback. An oscillat- 
ing model of the universe, in which oscillations without increase 
and with increase of entropy{ are possible, is known in relativistic 
astrophysics (cf. [94], Chapter 20). The first case corresponds to 
a self-oscillating regime. These problems are still in the develop- 
ment stage and are far from completely solved. 


22.5. Tensor, Vector, and Scalar Processes. Thermal 
Conduction, Diffusion, Thermal Diffusion, the Dufour 


Effect, and Shear and Bulk Viscosity 


The entropy production (22.39) can be written conveniently 
in a somewhat different form by decomposing the viscous stress 
tensor (n) =(T(x))—(T(x)), and the tensor Vv into a part with 
zero trace and a divergence multiplied by the unit tensor U: 


(x) = (II)U + (x), (22.46) 
Vo = + U div v + Vo (22.46a) 
where 
1 1wyY 
(Il) =3@)Uaz »» (Tea) (22.46b) 


Here, by the entropy of the universe we mean the entropy of the corresponding model 
of the universe. 
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The tensors () and Vv have zero trace. The complete contrac- 
tion of the tensors (22.46) and (22.46a) is equal to 


(n) : Vo = (nm): V°o + (IL) diva. (22.460) 
Noting that (™) is a symmetric tensor, we obtain 
(x) 1 Vo = (x) 2 (V° v) + (ID dive - (22 .46d) 


(the superscript s denotes the symmetric part of the tensor), since 
the complete contraction of a symmetric and antisymmetric ten- 
sor is equal to zero. 


It follows from (22.22) that the average diffusional fluxes are 
connected by the relation 


Yi, G60) = Y (mdi ey - "LS (wig) =0, e247) 


since (p(x)) is the total momentum. Taking (22 46d) into account 
and eliminating the J-th diffusional flux by means of (22.47), we 
obtain for the entropy production the expression 


f-1 
o = (jo (x)) » VB— »> (ji, (x)) mV (= — os ~ B(x) (Vo) —B (ID) div v. 
=| 1 
' (22.48) 


According to the nature of the fluxes and the thermodynamic 
forces, irreversible processes can be divided into three groups: 
vector processes [the first two terms in (22.48)], associated 
with the transport of energy and matter, a tensor process 
{the third term in (22.48)], representing the shear viscosity, and a 
scalar process [the fourth term in (22.48)], describing the 
bulk viscosity. 


For an isotropic medium, the linear relations between the 
forces and fluxes can be simplified if we take into account that, 
according to Curie's theorem, fluxes and thermodynamic forces 
of different tensor dimensions cannot be connected with each other 
(cf. the proof of this theorem in [27]). 


Consequently, in this case, the linear relations can be written 
separately for vector processes 


dT 
(ia) = — Loo’ an -¥ Loy * grad (4), 


i=} 
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1 
dT © Lu 
Gay =~ Lio" ac — »» Liy+ grad (4) , (22.49) 


tensor processes 
yy, 
(st) = = GH - (V°v) (22 49a) 
and scalar processes 


Lo 
(I) = Ly (itqq) = — —z--div 9, (22 .49b) 


a=] 


where the kinetic coefficients are equal to 


Lio= | { e*Golk), ig(x’, t)) dx’ dt, 
0 
Ly = | [ (ig (x), F(%% 2) dx’ dt, 
0 
Li= ff et Gi(@), ig(x’, 0) dx’ at, (22.50) 
0 
L,,=| J et (ji (x), f(x’, t)) dx’ dt, 
Li} = | fern T(x’, ‘)) dx! dt 
0 
Li) = | |e (p (x), p(x’, t)— (32) HU t)— 


Here, jg(x) is the heat flux density, determined by formula 
(22.22), j4(*) is the diffusion flux density (22.22), and T(x) is 
the divergenceless part of the stress tensor (19.46b), 


T (x) = T (x) + Up (x), (22.51) 
where p(x) is the pressure operator 
Iw 

p(x)=3 2 Taa(*) (22.51a) 


a 


and U is the unit tensor. 


In the formulas (22.50), the averaging is performed with the 
local-equilibrium distribution (22.21). The brackets denote the 
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quantum correlation functions (22.19a). In the case of classical 
mechanics, the flux density operators must be replaced by the 
corresponding dynamic variables (cf. §19.1), and the quantum cor- 
relation functions by classical correlation functions. 


As a consequence of the Onsager reciprocity relations (22.25), 
we have for the kinetic coefficients (22.23b) in the absence of a 
magnetic field the symmetry relations 


Lo =Ly, Li = Ly, (22.52) 
or, if there is a magnetic field H, 
Lo (HM). =Ly(— HH), = Li; (H) = Ly (— ). (22 .52a) 


For the case under consideration of an isotropic medium, the 
relations (22.49)-(22.49b) and the expressions (22.50) can be still 
further simplified. In this case, correlation functions constructed 
from vectors or tensors have the form of scalars multiplied by 
unit tensors: 

Lho = Loduy, LO; = Lg = aun 


, (22 .52b) 
Li BVEAN = pot 71 Sundvr, + Ouv Ov, _ 3 3 Sunda \. 


We have added the last term in the right-hand side of the last ex- 
pression in order to satisfy the properties 


7 Vib 
>uve 1 SL" Hy 1 0, 
w Hy 


since the correlator is constructed from tensors with zero trace. 


We shall find the scalar functions Lo, L;, and L; by calculating 
the trace (i.e., the contraction) of the tensors in the left- and right- 
hand sides of the relations (22.52b): 


Lo =—% Tr Lop = Li, 
— Tr Lo: =_Tr Lo= Liv, (22 .52¢) 
LP aE TL = 2 (ey), 


In fact, 


she 6, +88 25 5 bas, 


wD ov“ ve 3 wy op 


Substituting (22.52b) into (22.49)-(22.49b), we obtain 


L 
ig) = — Ly S354 - VL, grad(4t), 
t=] 
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: dT 
(iy = — 1, #829) ered (Mt) 
j=l 


° LY) ¢ a0 Ov, 
Gg) = — ae [EF SE Flap div of, (22.58) 
iv 
()=-=- - div», 


where the kinetic coefficients have a scalar character and are equal 
to 


0 
Lom | fetlols)- dole, tae" at, 


-1{ fe (ig (x) - i (x’, t)) dx’ dt, 
(22 53a) 
Ly = | J ett (jt (x) « h(x", £)) dx’ dt, 


0 
Lat f [er Pai tw, t)) dx’ dt; 


the dot denotes the scalar product of vectors, and two dots denote 
the complete contraction of tensors. 


Rewriting (22.53) in another, more usual notation, we obtain 


(ie) — 3.97 ~ ¥ Ligrad (74), 
Gy=—-L, Se — YL, rea 1), 


; x (22.54) 
° Va . 
(Sag) = —_ nf axe + 8 _ = div 0 bag}. 
(II) = (p) — (pi = — Edivy», 
where 
0 0 
Ly 4 4 : : 7 / 
A= = oF [fet Got) ‘|g (x’, t)) dx dt =y- I e* (15 (x), 15 (x, t)) dx’ d 


(22 54a) 
is the thermal conductivity coefficient, 


wy rg 9 
n=s-=s5r | Eaconace t)) dx" dt 


—-00 


0 


=F i} | | e% (Tey (x), Tey(x’, t)) dx’ dt (22 54b) 


—0o 
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is the shear viscosity coefficient, and 


ee fel (x), p(x’, )- (32) H(x’, )— 
~ LSE), mie, \) dx’ dt (22.540) 
t 


is the bulk viscosity coefficient. 
The kinetic coefficients 1, 7, and ¢ are positive. 


Noting that, on the basis of (22.52b), (22.52c), (22.54), (22.54b), 
and (22.54c), the tensor Ly; = Lh}? = L92)u is equal to 


Iv. 2 
Li" 7 oat Ty { Sup Sv, “i buv,Ovp, =S 3 Suvdu,v, by TEduvOnv., (22 54d) 


and putting yp = v = py = v1, we obtain another expression for the 
bulk viscosity: 


0 
C ++ > y= + Li* = + i ef (Ty (x), Pps (x’, t) = 


— (2 oe 1. H(x’, t)— by Gar n,(x’, t)) dx’ dt. (22 .54e) 
t 

The coefficients L; describe the transport of matter due to 
the temperature gradient, i.e., thermal diffusion (or the Soret ef- 
fect), and the transport of heat due to a concentration gradient, 
i.e., the Dufour effect. Such processes are called cross-pro- 
cesses. They will be considered in more detail in §22.7 with 
the example ofa binary mixture. The coefficients Li; describe 
the transport of matter due to a concentration gradient, i.e., or- 
dinary diffusion (cf. §22.7). , 


The expressions (22.50), (22.53a), and (22.54a-d) for the ki- 
netic coefficients were first obtained by Green [14] by a method 
from the theory of stochastic processes for the classical case, on 
the basis of the microcanonical ensemble. In this case, we can 
omit the terms with @p/8 u) , and (8p/ On,),, in the expression 
(22.54c) for the bulk viscosity. In fact, all the kinetic coefficients 
can be expressed in terms of the total fluxes J™: 

0 ty) 
=> Jf eunw, *@, O)dede dah Peru, ovat, 


<== 00, 


(22 .54f) 
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where 
y= fj (x) dx. 


In (22.54e), we have taken into account that the average correlator 
depends only on x — x' and one can introduce a further integration 
over x, with the factor 1/V. The formula (22.54c) for the bulk vis- 
cosity then takes the form 


Efe O-(W)4-EGE), Ha exw 


where 


is the average pressure operator, and 
H= | H(x)dx, N,= | nj (x) dx 


are the total Hamiltonian‘ and total number of particles of type i. 
If the averaging is performed over the microcanonical ensemble, 
as in Green's paper [14], then H and N; do not experience fluctua- 
tions, and, consequently, in the correlator (22.54g), the terms with 
(8p/du), and (@p/dn,),, can be omitted. Then 


0 


c= + | e“(p, p(t)) dt. (22 .54h) 


—~-® 


Such an.expression was obtained by Green. However, the mi- 
crocanonical ensemble is inconvenient for calculations, since in 
any case one has to take into account the supplementary conditions 
that H and N; be constant; therefore, formula (22.54g) is more 
effective. 


The expressions (22.50), (22.53a), and (22.54a)-(22.54c) were 
obtained for the quantum case by Mori [29-31], who integrated 
Liouville's equation with the initial condition in the form of the 
local-equilibrium grand canonical distribution (21.14). His expres- 
sions for the kinetic coefficients contained integrals in the sense 
of Cesaro (22.27) rather than in the sense of Abel (22.23b) (this 
difference was discussed in §22.3). In addition, in the expression 
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(22.54g) for the bulk viscosity, he did not include the terms with 
(8p/8u), and (8p/dn,),. This inaccuracy was corrected later by 
Mori himself [95], using the projection-operator method and col- 
lective variables. This result has also been confirmed by other 
authors [38, 9, 10, 62]. 


Since the work of Green and Mori, formulas for the kinetic 
coefficients in the form of correlation functions of the fluxes have 
been obtained by many other authors by means of the different 
methods, discussed at the beginning of this chapter, for taking 
thermal perturbations into account, or by means of combinations of 
these methods. 


The formula (22.54b) for the shear viscosity was obtained by 
an indirect linear-response method by Montroll [8], by treating 
the viscous flow created by a change of the vessel dimensions. 
This idea was expressed earlier by Feynman in an unpublished 
lectures. 


All the formulas for the kinetic coefficients have been ob- 
tained by Kadanoff and Martin [10], and also by Luttinger [9], by 
means of different variants of the indirect linear-response method. 


Kadanoff and Martin considered a state of a liquid, weakly non- 
equilibrium in the temperature, chemical potential, and velocity, 
and introduced fictitious mechanical perturbations (the difference 
between the exponents of the local-equilibrium and equilibrium 
distributions) bringing the system to the same state. This pertur- 
bation is switched off instantaneously at t = 0, and the system then 
develops in accordance with the equations of hydrodynamics. 


The average values of the mechanical quantities (the densities 
of the energy, momentum, and particle number) at t < 0 can be ex- 
pressed in terms of the perturbation and the susceptibility, the 
latter being expressed in terms of correlation functions or Green 
functions. From a comparison of these expressions with the solu- 
tions of the hydrodynamic equations, we can express the suscep- 
tibility in terms of the kinetic coefficients. Inversion of these re- 
lations gives formulas for the kinetic coefficients in terms of cor- 
relation functions. 


The method of Luttinger [9] is very close to that of Kadanoff 
and Martin, although, compared with the latter authors, Luttinger 
aims at a closer analogy between the auxiliary mechanical per- 
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a 


turbations and the real fields. The perturbation of the local tem- 
perature is associated with a gravitational field giving rise to the 
same nonuniformity in the energy density, the perturbation of the 
chemical potential is associated with an electric potential field, 
and the perturbation of the velocity is associated with a magnetic 
field described by a vector potential. These fields can create the 
same distributions of energy, mass, and momentum in an equi- 
librium state as those in the given nonequilibrium state. 


Other papers in which formulas are derived for kinetic co- 
efficients in terms of correlation functions in the case of thermal 
perturbations have been mentioned already at the beginning of this 
chapter, and we refer the reader to the literature cited there. 


The formulas for the kinetic coefficients in terms of correla- 
tion functions in the case of gases of sufficiently low density, when 
the Boltzmann kinetic equation is applicable, lead to the same ex- 
pressions for the kinetic coefficients as those given by the Chap- 
man-—Enskog theory [96] in the linear approximation in the gra- 
dients of the thermodynamic parameters [32, 97-99, 240]. This 
result is understandable, since the normal solution of the Boltz- 
mann equation (studied fn the Chapman—Enskog theory) is based 
on assumptions. similar to those which were used in constructing 
the nonequilibrium distribution, namely, that for a time sufficiently 
long compared with the time between collisions, the distribution 
function begins to depend on time only through its thermodynamic 
parameters.t 


In obtaining the Chapman—Enskog formulas from (22.53a), 
we can omit the terms with the interaction potential in the expres- 
sions (22.22), (19.12), (19.17a), (19.27a), and (19.29a) for the fluxes. 
For liquids, these terms are essential. For monatomic ideal 
gases, according to the Chapman— Enskog theory, the bulk vis- 
cosity coefficient is equal to zero, ¢ = 0. 


In higher approximations in powers of the density, formulas 
(22.50) leads to the same results as the theory of Bogolyubov [1, 
100], which is based on solving a chain of equations for the distri- 
bution functions by expanding in powers of the density. For the 
higher approximations, three-body collisions and collisions of 
fSuch solutions are called normal solutions. As shown in a paper [241] by the author 


and Khon'kin, they can be obtained if an appropriate boundary condition for the 
Boltzmann equation is formulated. 
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higher order must be taken into account, and this is a very com- 
plicated problem. For the connection between the calculation of 
the kinetic coefficients and the solution of the generalized kinetic 
equation of Bogolyubov, see in [33]. For the theory of transport 
processes, see also [216-226, 251]. 


22.6. Transport Processes in a One-Component Fluid. 
The Thermal-Conduction Equation and the Navier — 


Stokes Equation 


In a one-component liquid (or gas), the diffusion flux density 
operator j ,(x) (22.13a) vanishes identically, since 


i (x) — os p (x) =0; (22.55) 


consequently, diffusion and thermal diffusion processes and the 
Dufour effect are absent, since 


L,;= Lij =(Q, (22.56) 


In this case, there remain only the processes of thermal conduc- 
tion and viscosity, which we shall consider below. (If the one-com- 
ponent fluid is a mixture of isotopes, then equalization of the iso- 
topic composition, i.e., a self-diffusion process, can occur in it.) 


According to (20.68), in a local-equilibrium state the densities 
of the fluxes of energy, momentum, and particle number are equal 
to 


Gah= (utp+oy)», 
(Tog)t = Pdag + PUap, (22.57) 
1 =v, = (e (x)),, “= (H’ (x))1, 


while the corresponding entropy, entropy flux, to (20.74), has the 
form 


is = S(x)v, (22.57a) 
where S(x) is the entropy density (22.37a). 


To study the thermal conduction process, we can consider the 
transport equation for either the energy or the entropy, the entropy 


? 
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transport equation in a local-equilibrium state having the very 
simple form 


OS (x) 
ot 


= — divjs = — div (S (x) 2) (22.58) 


[cf. (22.38) and (22.38a)]. 


The linear relations (22.54) between the thermodynamic forces 
and fluxes in a one-component fluid take the form 


° Ov ov ) . 
(Nag) = — n{ ie, +3 — = bag divo}, (22.59) 


(I) = (p) —(p) = — Sdiv a, 


where (x) and (II) are the divergenceless and divergence parts of 
the viscous stress tensor,’ 


(Tag) — (Tag)t = (Stag) + (IT) bag. (22.59a) 


The first equation of the system (22.59) is sometimes called 
Fick's first law. , 

The conservation laws for the mass, energy, and momentum 
and the entropy balance equation have the form 


do : — 
3p div pv = 0, 
OH . : 
po + div in) =9, 


8 (pa) 0(Tpa) _ (22.60) 
at + »» OXp 0, 


oS te) + divjs =o, 
where 
6 = (jg) -VB—B (a): (Vo)’ — BIL) diva (22.61) 
is the entropy production, and 
js = S(x)¥ +8 Gg) (22.62) 


is the entropy flux, since the other terms in the formulas (22.48) 
and (22.40) go to zero. 
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Taking the linear relations (22.59) into account, we write the 
entropy production (22.61) and the entropy flux (22.62) in the form 


2. ° s, [e) s .s . 
= (wry + Bo): (Wey + (divey, (22,62a) 
js=S(x)v-+VT, (22.62b) 


and the balance equations for the energy, momentum, and entropy 
in the form 


2 (w+ pZ)tdiv(ut p+ 2)v=V(VT) 


49V . (1 (Vo) - v\+V ; ( tu.dive), 


2000. 
+ Lae Bxg Pa%— + i 
Ovq 2 . 0 . 
Lig Ox," ‘ee A 3 Sag div v) +3, & div v, 


+ div(S(x)v) =V- (+ vr) +4 (VT? +70 (Vo): (Vo) + as (div v)?. 


(22.63) 


OS (x) 
ot 


In Eqs. (22.63), the kinetic coefficients depend on the thermody- 
namic parameters, for example, on the pressure and temperature, 
and, consequently, for a spatially nonuniform state, may depend on 
position. However, this dependence is usually small and these 
kinetic coefficients can be regarded as constant and placed to the 
left of the gradient symbol. Then, 


tf) 3 ; 2 O., . 
Z(utp >)+ div (utp +p )o=AVr+ QnV . ( (Wo) : o\+ tv: (wv dive), 
G) I . . 
o(-32 +0. V0) +Vp=nvo+ (t+ yn)Vdive, (22,684) 
a A © 5 Pus ; 
o( sto: Vs)= 707 +5 (Wo) : (Voy + 4 (div oy, 
where 
s (x) = S(x)/p 

is the entropy per unit mass. 


The second equation of the system (22.63a) is the Navier — 
Stokes equation, and the first (or third) is the heat trans- 
port equation. Because of (22.37a), the third equation fol- 
lows from the first two and from the law of conservation of mass. 
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If the flow velocity of the fluid is much less than the velocity 
of sound, then the change in the pressure as a result of the mo- 
tion is very small and we can neglect the change of the density 
and of other thermodynamic quantities to which it gives rise. 
Consequently, in calculating derivatives of the thermodynamic 
quantities we can regard the pressure as constant and © 


as - (22) ar ve =(57) V7. 


‘Ot \OT |p OF? or (22.64) 
Taking into account that 
Os\ _ 
r( éT \, =Cp (22.64a) 
is the specific heat at constant pressure, we obtain 
Os Cy, OF Cp 
eT w,: Vs =—- VI. (22 .64b) 


Consequently, the heat transport equation for incompressible 
motion of the fluid, when div v =0, takes the form 


Fg VT = yr + Z Woy: (Voy, (22.65) 
where 
X= A/eC, (22.65a) 
is the thermal diffusivity coefficient, and 


v=n/p (22.65b) 


is the kinematic viscosity. In a stationary fluid, when the heat 
transport is due exclusively to the thermal conduction mechanism, 
Eq. (22.65) takes the form 


OT 
“oF T UVT (22.65c) 


and is called the thermal conduction equation or Fou- 
rier's equation. 

22.7. Transport Processes in a Binary Mixture. 

Thermal Conduction, Diffusion, and Cross Effects 


We shall consider transport processes in a two-component 
liquid (or gas) in the absence of velocity gradients. In this case, 
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only vector processes occur (thermal conduction, diffusion, and 
the cross effects, i.e., thermal diffusion and Dufour effect), and 
the linear relations (22.54) between the thermodynamic forces 
and fluxes take the form 


Gig) — ENT - Suv (#4), 
t=1 


(22.66) 
i) =—L, a VI - ) L,;V (44) (i=1, 2). 


The diffusion fluxes (jj), and (j?) are connected by the rela- 
tion 


x mL; =0, pa mLy=0. (22.67) 
[for any VT and V(u,/T)] which follows from the last relation in 


(22.22); consequently, the kinetic coefficients L; and Lj; satisfy 
the relations 


21, Ga) = 0 (22.68) 


In the linear relations (22.66), it is sufficient to consider only 
one diffusional flux, for example, (j))=(i,), since the second flux 
can be found from Eq. (22.67). Taking (22.68) into account, we 
write (22.66) in the form 


(ig) = — FE VT — Lim (+), 


. L 22.664 
(ja) = - Fr VT —Lym,V (+), ( 6 ) 
where we have introduced the chemical potential [82] 
a Ht _ be 
my, Mg . (22.66b) 


The chemical potential (22.66b) occurs in the thermodynamic 
equality (20.42b). In fact, 


ds = du (x) + Bp do(x)—B Je dC, 
1 


= Bdu (x) + Bp do (x)—p (4 - #2\ac, (22.69) 


my Mg 
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where C, + C, =1, C = C, = mjn,/p is the mass concentration, 
u (x)= (H’(x))/e is the energy density per unit mass, and v(x) = 1/p 
is the specific volume per unit mass. 


It follows from (22.69) that 
a 
p=—r(3e) (22.69a) 


We go over in the thermodynamic functions to the variables 
p, T, and C. Then, 


= (2h. On on). 
vu =( ) ve+( Sr ), WT + (55 ) V0. (22.70) 
Substituting (22.70) into (22.66a), we obtain 


: L . 
(iq) = —AVT + Le (ia)s 


; K K (22.71) 
where 
a Op) _ re 9 (fh 
PL = my (Kr (30), , qo (r), ,) (22.71a) 
Lo Li 
ny re — Lyr? (22.72) 


is the thermal conductivity coefficient ina binary 
mixture, 


_ Ew (*) 22.7 
D=— ae) .7 (22.73) 


is the diffusion coefficient, 


0 [pe 
=tttiumoy(F), (22.74) 


K,Dis the thermal diffusion coefficient, Kis the 
thermal diffusion ratio, 


Kp=p (S$). ASt),.r ’ (22.75) 


and K,D is the pressure-diffusion coefficient. 
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It follows from the second equation of the system (22.71) that 
the diffusional flux is induced by gradients of the concentration, 
temperature, and pressure (ordinary diffusion, thermal diffusion, 
and pressure diffusion). The latter process is important if strong 
pressure gradients are created, for example, in a centrifuge. 


The thermal diffusion coefficient is proportional to the prod- 
uct of C,; = C and C, = 1 —C, unlike the diffusion coefficient, which 
does not depend on the concentrations in the first approximation. 
We therefore introduce the thermal diffusion constant 

Ky 


t= C-6)° 


(22.76) 


The diffusion and thermal conduction in our case, whenv = 0, 
are determined by the equations 


$ au) + div (jz) =0, 
nS ast) (22.77) 
—,— + div js = 
where, according to (22.40) and (22.39), 
is= Gay - 2 (it) ¥,=BUig— i,m), (22.77a) 
o= (jg) + VB— Di (ii) + Vv,. (22.77b) 


Substituting (22.71) and (22.77a) into (22.77) and neglecting 
terms with a pressure gradient and terms of higher order in the 
gradients, we obtain the system of equations 


= =D (vc + + E vr), 


or K, [Op ac (22.78) 
Te at +E (3 pr ot? 


which determines the distribution of concentration and temperature 
in a binary mixture. In the particular case when the temperature 
is constant, we obtain 


sae = DV°C, (22.79) 


i.e., the usual diffusion equation. 
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22.8. Another Choice of Thermodynamic Forces 


In §22.1 we started from the nonequilibrium statistical oper- 
ator in the form (22.1) and chose the thermodynamic forces in the 
form (22.13b) as gradients of the thermodynamic parameters. 
There are also other possible choices for the thermodynamic 
forces. 


We shall start from a nonequilibrium statistical operator in 
the form (21.10a) 


e= Qr'exp{ — »» i Fn (%, t) Pin (x) dx + 


0 
+ ¥ | ex (Fin(x, £-+)) Pm (x, t)) + 
4 Fale t+) py 1) dx dt, } (2.2.80) 


and choose as the thermodynamic forces the Fourier components 
of the parameters F,, (x, t) with respect to the space variables. 


The statistical operator in the form (22.80) is sometimes 
more convenient than (22.1), since it does not require a knowledge 
of explicit expressions for the fluxes j,, (x, t), for which one cannot 
make a completely unique choice. This is especially important for 
a system with long-range forces, when it is impossible to perform 
a smoothing of the operators over a small range of action of the 
forces, as in §19. 


The thermodynamic parameters F(x, t) in the linear approxi- 
mation in the velocities have the form 


Fy (x, t)= B(x, t), 
F, (x, t)= — B(x, tu(x, th=—u(x, 2), 
Fra (t = —B(e, D(w(x, J.-P E®) a 
~— B(x, t)u, (x, )=—v,(x, f). (22.81) 
We shall expand the operators P,,(x) and the parameters F(&) 


in Fourier integrals. Then the statistical operator (22.80) takes 
the form 


0 
0 =Q'exp| - Y Fn (ks t) Pn (—k) + Sy [ etsFn (k, t+) P_(— k, t1)+ 
m,k 


m, RB —0o 


+ HnGith) p(—kt))dib. (22,82) 
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We eliminate the time derivatives of the parameters F ,, by 
means of the relations (22.10), which in the linear approximation 
in the velocities have the form 


Op (x, t a . 
amie a div u(x, 7), 


Ou 
0] _t 0 
ous ) ~( x), div u(x, 2), (22.83) 
Ou (x, f) -“~ 
T= py VB t) >> M2 Ves (x, 1), 


or, in Fourier components, 


OED (ge) ik-u(k, t), 


ot Ou 
Ov, (k, t 
“GO ae ik -u(k, 2), (22.83a) 
Ou (k, t) “? (1, 

= ikp (k - To) ikv; 


Substituting (22.83a) into (22.82) and using the relation 
O(— k)=ik- p(— k), (22.84) 


we obtain 


e=Q" exp{— Vy Fin (By #) Pm (— ) + 
m,k 


0 
+ »> [ et Jin(— Ry t)) Xm (k, t+ )) dt, |, (22.85) 


m,k —oo 


where we have introduced the fluxes of energy, momentum, and 
particle number 


Io(— 8) = H(—&)— 442 6(- my, 
I1(— b)= p(— k) ($2) ket (— b)-— Yi (SE) ikn,(—k), (22.85a) 
i “ 


Jab) =n (— &) — "2 6 (— Bb) 
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and the thermodynamic forces 
X,(k, t)=B(k, t) 
X(k, f)= — alk, 1), (22.85) 
Xiilk, H=—vilk, t) (21). 


Expanding (22.85) in a series in powers of the thermodynamic 
forces, we obtain, analogously to (22.18), 


1 
p= 1 — | (e-4* Beat — (B),) de | 91, (22.86) 
0 
where 


0 
Ba- {et Tn (— Ry £1) Xin (By t+) dty. (22.86a) 


1&8 


Using (22.86), we obtain linear relations between the thermodynam- 
ic forces and fluxes: 


(Jin (k)) = (In (R))o + »> em (Jin (R), In (= R,)) Xp (Ri, t+ ti) dt, 


n, Rk, —oo 


where in the quantum time correlation function in the integrand, 
the averaging is performed over the state of statistical equi- 
librium and, consequently, because of the spatial isotropy, only 
the terms with k, =k are nonzero: 


(In (#)) = Un (by + Y [ et (Jin (A), Jn(— R, t:))X,(k, t+ t,) dt. , (22.87) 


th —0o 


The transport equations (22.87) were used by the author and 
Tischenko [233] to construct nonlocal hydrodynamic equations 
with memory. 


If we neglect the retardation, then 
(Jin ()) = Sin (BY) + pa Lan (kh) Xn (R), (22.874) 


where 


Prin(k)= |e (Im (k), In(— hy t)) dey (22.87b) 


—0o 
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are the kinetic coefficients. Taking into account that, according 
to Curie's theorem, only those correlators coupling quantities of 
the same tensor dimensionality are nonzero, and that, according 
to (21.15), 


(6 ()) = — ik - (p (h)) = (6 (RY, 
CH (R)) =(H (Rk) (22.88) 
(tn (R)) = ten (RD) 


we write the linear relations (22.87a) in the form 


CH (k)) = (H (R))1 + Loo (&)B(R, 1) — 2, Lo n+1() va (R, 2), 


(thn (k)) = (fun (k)), + L ng (R) B (R, t) _ 2, Ln yntl (R) Vn (R, t), (22.89) 
(p (B)) = (p (&)): — Ls (&) - w (B, 2): 


Analogous relations without retardation were obtained by Kubo, 
Yokota, and Nakajima [28] by means of Onsager's hypothesis on 
the nature of the damping of fluctuations. These authors considered 
a one-component liquid and did not take into account momentum 
transport, which is described by the last equation of the system 
(22.89). The improper integrals that they obtained in (22.87b) 
were in the sense of Cesaro rather than in the sense of Abel, since 
they did not take the causality condition into account explicitly 
(see §§21.3 and 22.3). Moreover, in the expressions for the fluxes, 
they did not take into account the additional terms compensating 
the nondissipative motion of the center of mass, since momentum 
transport was not considered. 


The linear relations (22.87a) have, generally speaking, non- 
local character, because of the dependence of Zmn(k) onk. If 
we expand Ymn(k) in a series in k, confining ourselves to the 
first nonvanishing terms of the expansion, we obtain 
Ln (k) SV Linnk® (m, n=0, 2, 3,...), 
LAF (k) =VIn (Fag + | haley) +VTohaky = (22.90) 
4 
= VIN (Sag — hak) + VT (6+ 1) hap 


since odd powers of k are absent, because of the spatial isotropy. 
If (22.90) is taken into account, the linear relations (22.89) take 
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the local form 
CH (h)) = (HI (Be) r+ V Look®B (Re, 1) — V3 Losnesh vn (Fe 4, 
{fn (k)) = (hin (k)), + VL mokB (R, t) — va Lin yat1k Vy (R, t), (22.9 1) 
(p(b)) = (p(B) -V In (Ru (k, t) + Th ku (k, f) —VT¢eR.u(b, 2) . 


It follows from (22.90) and (22.91) that the kinetic coefficients 
L mn» 1, and ¢ are equal to 


Lng = lim te (m, n=0, 2 8, ..-), 


n= lim a by (2) (#85 — hak), (22.92) 


_ kL ‘t 
¢4¢y slim 
Gry n = lim prep 


In the expression for 7 , we have used the fact that 


2 (ba hg — b°Oag)” = 2k‘. 


One can easily convince oneself that the expressions (22.92) 
for the kinetic coefficients are equivalent to the expressions (22.53a) 
obtained earlier. In fact,T 
0 


Loo = lim “gr | e% (Io (kt), Jo(— h, #)) at, (22.93) 
k>0 os . 
where 
Jo(h) = H (k) — =P 6 (k), (22.98a) 
or, Since 
Hi(k)=—ik-jy(k), 6 (k)= —ik- p(k), 
we have 


Jy(k) = — ik- (in (e) -* £. p(k)) = —ik- jg(#).  (22.93b) 


Because of the spatial uniformity of the system, we can transform 


fin such integrals, here and below, it is assumed that first V~-» © and then k—>0. 
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formula (22.93) to the form 


0 


Lop = e (jg (bt), ig(—k, f)): kh dt 


—oo 


0 


1 (ote aye ne 
sins [eo ig(—k, t)) dt, (22,94) 


where the dot denotes the scalar product of the fluxes. In fact, 
the flux tensor can be decomposed into transverse and longi- 
tudinal parts: 


(79, (&), 78 (—h, 1) = AS" (eye, — dagh?) -— Bk, =. 


We obtain formula (22.94) if we take into account that 


0 0 
lim [ et A(k, f)dt=lim { e B(k, dt, 
k>0 * k>0 8) 


since, as k -- 0 the tensor (9 (4), /§(—&, ¢)) must reduce to the 
unit tensor by virtue of the isotropy of space. 


Formula (22.94) coincides with the first of the formulas 
(22.53a). 


Analogously, we write the last formula of (22.92): 


0 


C+ gue lim yer J et R-(S,(R), i(—, t))-Rdt, — (22.94a) 


—co 


where 


I; (t)= — th (7 (©) (3r),4 0 ~ 3 (e,), m0) 
=e {FQ +U(p p(k) — (32 32), #0) —DO(3h), m0), 
i 


Uis the unit tensor, p(k) = —ik-T (k), and T (k) is the divergence- 
less part of the tensor 


T (k) =T (k) + p(k) U. (22.95) 
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We denote 


Ap (t) = p(t) —(5r), 4) — 34 (Sn, ) me) 


Then J, (k) = — ik + {T (k) +U Ap(®)}. Consequently, 
0 
c+ gna lim app je kh :(T(k), T(—&, t)): Rkdt + 
0 
+ lim iv | e* (Ap (k), Ap(—&, £)) dt 
or 


0 
c+ gas linzy | (pe) Ap(—k, t)) dt + 


0 


+lim gry |e P(e: F(—k, O)dt. (22.96) 


—oo 


Analogously, we also obtain expressions for ¢ and n separately: 
0 


t= lim ye fe (Ap (k), Ap(—k, t)) dt 


=limagpy | et (F(k): F(—&, t)) at 


—o 


(22.97) 


which coincide with (22.54c) and (22.54b). 


Thus, the formulas (22.92) for the kinetic coefficients are 
equivalent to the formulas (22.53a) obtained earlier. 


In choosing the fluxes (22.85a) and the thermodynamic forces 
(22.85b) in the entropy balance equation 


as , 
- + div js (x) = 6 (x) (22.98) 
it is convenient to put 


is (x)= x Fr (x, £) (im (X, t))r + B(x, £) 0 (x, £) p (x), (22 .99a) 


=x (CPi (%)) — (Prn (#))1) Fn (2, £). (22.99b) 


360 THE NONEQUILIBRIUM STATISTICAL OPERATOR [CH. IV 


Then the total entropy production is positive, 


{ 0 (x)dx =D) (Pr (B)) — (Pn (B))0) Fn (= 2) 
= > F(R) Lmn (k) Fm (Rk) > 0. (22.100) 


m,n, Rk 


The examples considered show that, to construct the hydro- 
dynamic equations, we can use either of the expressions (22.1) 
and (22.80) for the nonequilibrium statistical operator. 


§ 23. Relaxation Processes 


23.1. General Theory 


Up to this point, we have assumed that the macroscopic state 
of a system can be completely characterized by giving the fields 
of the temperature, the mass velocity, and the chemical potentials 
of the components. However, this is not always so. For example, 
in the case when the system consists of weakly interacting sub- 
systems, between which exchange of energy is difficult, the approach 
to statistical equilibrium occurs in two stages: partial equilibrium 
is first established in the subsystems, and this then tends slowly 
to complete statistical equilibrium, if there are no factors im- 
peding this. A single temperature is insufficient to describe the 
state of such a system, and we must introduce different temper- 
atures for its subsystems. 


Such a situation may occur both for different components, 
because of a large difference in their masses (for example, in an 
electron—ion plasma [101-103]), and for different internal degrees 
of freedom of molecules [100, 104-107], electron spins or nuclear 
spins [108, 109]. The thermodynamic theory of relaxation pro- 
cesses in gases and liquids was developed by Kneser [110], Leon- 
tovich and Mandel'shtam [111, 112], and by many other authors (cf. 
the monograph [113]). A formal scheme for taking into account 
the internal degrees of freedom of molecules on the basis of the 
Boltzmann kinetic equation was developed by Wang Chang and 
Uhlenbeck [106]. Their results were refined by Snider [114], who 
took account of degenerate states. For further developments in 
this direction, see the book [107] and the thorough and original 
review by Dahler and Hoffmann [228], in which the method of the 
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nonequilibrium statistical operator, as described in this chapter, 
is used. 


Sometimes, the system cannot be characterized by a single 
mass velocity (for example, in supersonic flows, when the velocity 
field has excessively large gradients through the shock-wave front 
and the fundamental assumption of the linear dissipative theory, 
i.e., that the velocity gradients are small, is violated). In this 
case, in order not to go beyond the limits of linear dissipative 
processes, one uses the two-fluid model with two velocity fields, 
in front of and behind the shock-wave front [104, 105]. The equa- 
tions of two-fluid hydrodynamics are derived in the papers [115- 
117]. One velocity field is also insufficient for the derivation of 
the hydrodynamics of a superfluid [118-121]. 


The general scheme described in §§ 21 and 22 for constructing 
the nonequilibrium statistical operator can also be generalized to 
relaxing systems. For this, we must formulate the conservation 
laws in more detail than we did earlier, i.e., for each weakly in- 
teracting subsystem separately. We have already considered con- 
servation laws of this type in §19.5, where the subsystems were 
characterized by the quantum numbers of internal degrees of freedom. 


The conservation laws for the energy, particle number and 
momentum for the i-th subsystem have the form 


oi (a) + divig ( x)= Jy, )s 


én, i) 4 div}, (2) =1,(#), (23.1) 


9) ier a) ile 


where H;(x), ni(x), and p;(x} are the densities of energy, par- 
ticle number and momentum of the i-th subsystem, jy,(x), j, (x), 
and T,(x) are the corresponding fluxes of energy, particle num- 
ber, and momentum, J,(x) is the rate of change of the energy of 
the i-th subsystem, f, (x) is the density of the force of interaction 
of the i-th subsystem with all the other subsystems, and J;(x) is 
the density of particle sources. 


The total densities of energy, mass, and momentum 


= LHe), (x)= Zimni(2), p(s) =Derle) (23.2) 
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satisfy the conservation laws 


oF 12) 


4- div jy (x) = 0, 
ou ) cent + div p (x) = (23.3) 


re) . 
me souriy-o 


The conservation laws (23.1) can be written in the form of one 
equation for quantities depending on two indices: 


Pate) (x) AV + jni (x) = mi (* ), (23 .4) 


where we have introduced the notation 


Ps, (x) = A, (x), Jou (x) = hu, (x), Lyi (x) = Jy, (x), 


P,; (x) =p, (x), hii (x) =T; (x), Jig (x) =F, (x), (23.5) 
Poy (x) = mn; (x), jor (¥) = mf, (x), Jos (#) = mJ, (x). 


The operators Jm:(*) satisfy the supplementary conditions 
2iJu,(4)=0,  Dh(*)=0, Ym (x)=0 (23.6) 


or 


x Imi (x) =, (23.62) 


which denote the conservation of the total energy, momentum, and 
mass. 


The operators (23.5) can describe subsystems with different 
internal degrees of freedom, but can also have another meaning. 
For example, if we consider a system in which chemical reac- 
tions occur, then the index i indicates the type of molecule (re- 
agents and reaction products), while the index m indicates the type 
of conserved quantity (energy, mass, or momentum). 


Following [4, 5], we apply the general scheme described in 
§21.1 for constructing the nonequilibrium statistical operator to a 
system with the conservation laws (23.4). 
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The subsystems are characterized by the quantities P,,;(x); 
consequently, the nonequilibrium statistical operator is equal to 


= O"'exp | - Me J [et tate 69? Pmi(, t hata = 


mt 


=a exp { — Jy | Fin (es 1) Paul) dx + 
mt 


0 
+ >> | [ ex (Pras (X, t1) Fim (x, ¢ +t) + 

m,i —00 
+ Pini (x, €1) “Pe Fah) dt, dx} (e > 0) (23.7) 


or, after integration by parts, 


p= Q-'exp { — Dy | Fin (es £) Paula) dx + 
mi 


0 
+ »> { [ ex (imi (#, t1)* VF im (x, t+ £1) + Pras (x, 1) Fini t+ 4) 4 


+ Ini(#, £1) Fin (® t+4))at dx, (23.8) 
where 
Fig (x, t) = B; (x, £), 
F, (x, t) = — B, (x, t) 0; (x, 2), (23.9) 


F in (x, t)= — B; (x, »(* ) -> U; (x, )) 


A, (x, t) is the inverse temperature of the i-th subsystem, ; (x, t) 
is its chemical potential, and v; (x, t) is its mass velocity, which 
we have introduced for the possible generalization to two-fluid hy- 
drodynamics. 


We choose the parameters Fj,, &, t) in such a way that they 
have the meaning of thermodynamic parameters; this is achieved 
if we put 


(Pri (x)) = (Pri (x))1. (23.10) 
Indeed, then 


61nQ 
SFinte ty = 7 (Pm ())e = — (Pi (#)), (23.11) 
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where 


(...)= Tr (9, wee) 


0, = Qr exp| — »> | Fim (#, 8) Pmi (x) dx 


me 


| (23.12) 


is the local-equilibrium distribution, and 


Q,=Tr ex | - > { Pim (%, t) Ping (x) dx} (23.13) 


mi 


is the statistical functional corresponding to it. 


The relations (23.11) are the thermodynamic equalities for 
relaxing systems and confirm the interpretation of B; &, t), u;(, t), 
and v; (x, t) as the inverse temperature, chemical potential, and 
mass velocity of the subsystems. 


To elucidate the physical meaning of the concept of the tem- 
perature of a subsystem, it is convenient to express the thermo- 
dynamic equalities in terms of functional derivatives of the entropy: 


S=—~ (inp) =1nQ+ Y) [Fim x, t) (Pri (x)) dx. (23.14) 
mi 


Taking the variation of (23.14) and taking (23.11) into account, 
we obtain 


6S 
5 (Pm ey) — Pim, 2), (23.15) 
and, consequently, 
6S 
B, (x, ar CAC (23.16) 


where (Hi(*)) is the energy density of the i-th subsystem in the 
accompanying coordinate frame, or, for the spatially uniform case, 


aS, (Ht) = | (Hi (w)) de, 


BE Say’ (23.16a) 


i.e., the inverse temperature of the i-th subsystem is equal to the 
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derivative of the entropy with respect to the average energy of the 
i-th subsystem. 


The temperature of a subsystem need not necessarily be posi- 
tive, but there is nothing paradoxical in this, since B71 is not the 
temperature of the thermostat, as it was in the equilibrium case. 
A more detailed discussion of the meaning of negative temperature 
is given.in §23.2 of this chapter. 


We shall calculate the change of the entropy (23.14) with time. 
Taking into account that 


ainQ ») { FinleD) (Dp, (x)) dx, (23.17) 


we obtain 
OS _ OP mi (x 
BB rae n(n 
m 


~ y! Fin (4, #)V Cin (x)) de t+ Y { Fim (%, t) Imi (x)) dx, (23.18) 
mi mi 


or, after integration by parts, 


a--% [ Fim (a. £) im (2)) + d+ 


+ | Gini) VFin(e)de + Y | Fin (ss Uni (#))de. — (28.18a) 
mi mi 
Below, we shall confine ourselves to the case of one mass ve- 
locity, and obtain the balance equation for the entropy density. 


We introduce the entropy density Sx) and the density ®(x) of 
the Massieu— Planck function by the relations 


S=[S(x)dx, O=1nQ= [ O(x)de. (23.19) 
Then 
S (x)= pa Fim (2, t) (Pini (x)) + ® (2) (23.20) 


satisfies the balance equation 


Sie) = — divjs(x) +0 (x), (23.21) 
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where 


Is (x) = pa Fim (%, 8) (ing (*)) +0 (x, t) O (x) (23.22) 


is the entropy flux density, and 


o (x) = pa (Cini (x)) _ imi (x)).)* VF im (x, t) + » (Imi (x)) Fim (x, t) 


(23.23) 
is the entropy production. 
In deriving (23.21)-(23.23), we have used the relation 
Di Mint (#))1 * VF im (#, t) = — div (0 (x, 1) (x)), (23.24) 


which can be obtained analogously to (20.73) if we take into ac- 
count the thermodynamic equalities 


ra) r om 
(mi (*))1 = Gy" (Hi (x) = — ie, v= Bit: (23.25) 
and the relations 
@ (x) = x D, (x) = pa Bp» p,=(T; (*)),; (23 25a) 


the prime, as usual, denotes the frame moving with velocity v. 


The sources J,,; (x) are not independent, since they are con- 
nected by the relations (23.6a). 


After eliminating the /-th source, we obtain 
o (x) = pa (imi (x)) _ Chi (x)),) ‘ VF im (x, t) + 


+ Bi ni (#)) (Fim (#, 2) — Fim (#, 1)). (23.26) 
Introducing in place of VFim the thermodynamic forces 


X io = VB; (x, 2), 
Xi =~ Bi (x, t) Vo (x, t), (23.27) 


| 1 
Xp=- aa VY (x, t)=— ma, VB (x, u(x, 2), 
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we rewrite (23.26) in the explicit form 


o (x) = Sy i, (x)) VB, — 
i 
— D581 (CL; ()) — (27 ()),) : Vo — YY Gi (a) Vo, + 


+ La -8)- Dee (Ge- ge)» @3.26a) 


where 
Ty, (x) = Vy, (x) —f, (x)- 2. 


Comparing (23.26a) with (22.39), we note that, in relaxational 
systems, new sources of entropy [the last two terms in (23.26a)], 
connected with the exchange of energy and particles between the 
subsystems, have been added. 


Introducing a more compact matrix notation for the fluxes and 
sources 


i (x) =f (23.28) 


and for the thermodynamic forces 
X tin (x, t) = {(VFim (x, t), Fim (x, t) ~ Fim (x, i}, (23.2 8a) 


we write (23.26) in the form 
0 (x)= pa ((7™ (x)) — Gi (x)))) + Xim (%, 2), (23.29) 


since 


(Jo (x))1 = Sy (x) = ir (0), + EXD), + 8 (x, 1) =0, 
(i (x)) = (F(x). = F (x), = 0, 


where the prime denotes averaging in the accompanying frame, 
and we have taken into account formulas (19.42b) and (19.46c) and 
the fact that the velocity varies little over distances of the order 
of the range of action of the forces. 


We obtain the linear relations between the fluxes, sources, 
and thermodynamic forces by averaging the conservation laws 
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(23.4) with the statistical operator (23.8) and confining ourselves 
to terms linear in the thermodynamic forces. In the stationary 
case, we obtain 


Gi (a) =G" (x) + YF LB (x, 2’) Xim(x’)de’, (28.80) 


myi\ 


where 
0 


Li (x, x)= fet (i (x), (x, 1) at 


are the kinetic coefficients. Substituting (23.30) into (23.29), we 
obtain 


o (x) = y { X im, (x) - mits (x, x)» Xim(x’) dx’, (23.31) 


tym, 
with, as before, 


| o(x)dx>0. 


An important particular case of the problem under considera- 
tion is provided by irreversible processes in a spatially uniform 
system consisting of weakly interacting subsystems [for example, 
exchange of energy between components of a mixture which have 
different temperatures (cf. §23.4), or a chemical reaction in a 
homogeneous phase (cf. §23.5)]. The conservation laws for the 
energy and particle number in this case have the form 


‘ 1 . 1 
Ay=Jy =F le A) N= Jy, =a INo AI, (23.32) 


where H,; and N; are the energy and particle number of the i-th 
subsystem, with 


2Ja,=0,  BIv,=0. (23 32a) 


Corresponding to the conservation laws (23.32) are the quasi- 
integrals of motion 
0 0 
H,=H,- {etH, (t) dt, N=N,- { e* N, (t) dt (23.32b) 


00 —o 
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and, in the stationary case, the nonequilibrium statistical operator 
= Qr'exp{ Leth pV d}= Q'exp| Lea, — EN 
+ ¥6:—8:) j et H(t) dt — Y) Gaus — Bn) f eN,(2) " (23.33) 
i 00 i 00 


Averaging (23.32) with (23.33), we obtain 
(H,) = pa (Lijit, (Brn ~ B,) ~ Lit tin (Brab mn ~ Byy,)}; 


. 23 34 
(Wh) = (Lina, Cn 8) — Lins, Bnltn Bn) 


where 


= fer, H, (t))d 


A; Hy 


Lintig = Litgeing =| C8 (Hy Np (O)) at, 
~% (23.34a) 


0 


Li = | et (Ny N,, (t)) dt 


are the kinetic coefficients. 


Below, in §23.2 and 23.3, we shall examine concrete examples 
of relaxation processes for a system of nuclear spins in solids and 
for conduction electrons in semiconductors. In the theory of chemi- 
cal reaction rates, the assumption of a small difference of chemi- 
cal potentials is frequency not fulfilled and it is important to allow 
for nonlinear effects; these will be considered in §23.5. 


23.2. Relaxation of Nuclear Spins in a Crystal [46] 


As an example of the application of the method, we shall con- 
sider, following Buishvili [46], the relaxation of nuclear spins in- 
teracting with magnetic impurities and with the lattice. We write 
the Hamiltonian of the system in the form 


H=H,+Hqt+ H+ At Aa (23.35) 


Here, 


H,-=—{ 2 
p= On BT . (23.35a) 
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is the Zeeman energy of the nuclei in the constant magnetic field, 
li is the z- component of the nuclear spin, and w, is the precession 
frequency of the nuclear spin; 


(23 .35b) 


is the dipole-dipole interaction of the nuclear spins; H; is the 
Hamiltonian of the lattice, which we shall not need explicitly; 


Aig = 2 ots} (23.35¢) 
a 


is the interaction of the electron and nuclear subsystems, and si 
is the electron spin of the magnetic impurity. In (23.35c), we can 
retain, to a good approximation, only the terms inducing a nuclear 
spin flip: 


Hig=>y > ay (v7 (i, nip + ot? (i, n) 17) Siz 
(23 35d) 
; I; = Ii ck ilf. 
Finally, H,, is the interaction of the nuclear spins with the 
lattice. 


We shall confine ourselves to the spatially uniform case, when 
the nuclear magnetization does not depend on position (distance 
from the impurity); otherwise, it is necessary to take the spin dif- 
fusion of the nuclei into account [438, 44, 46]. 


We shall regard the nuclear Zeeman subsystem H,;, the di- 
pole —dipole reservoir Haz and the lattice together with the other 
interactions, 1,+ H,;~+ Ha, as weakly interacting subsystems. The 
exchange of energy between them is described by the operator 
equations 


dH, 
dt =7 


dH ! 
7: =a Has madi Hig t Ha) = Ka, 


[H,, H}= = H,, Higl=K,, 
(23.36) 


since H, commutes with H,. The fact that the right-hand sides in 
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(23.36) are small enables us to regard the subsystems as quasi- 
independent. 


For the stationary case, the statistical operator correspond-~ 
ing to the chosen subsystems has the form 


p=Q” exp{— B,H; — Ball, —B(H — H, — H,)} 
= Q' exp | — BH) — Balla B(H — Hy — Ha) + 


0 0 
+ [e%@,-B)K,()dt+ fe @,—p)Ka(t)dt}, (23.37) 
where 8;,8,, and are the inverse temperatures of the nuclear 
Zeeman reservoir (NZR), the dipole—dipole reservoir (DDR) and 
the lattice respectively. The concept of the DDR temperature was 
first introduced by Provotorov in papers on the theory of nuclear 
magnetic resonance [35]. 


Although the nonequilibrium statistical operator (23.37) cor- 
responds to a stationary state, it can also be applied for a non- 
stationary state, if we assume that 8; and 8g depend slowly on 
time. 


The average, calculated by means of (23.37), of the operator 
balance equations (23.36) gives the relaxation equations 


a (Hy). = (Ky) = p> Ly (B; — 8), 


d (23.38) 
cap Hae = (Ka) = > Lai(B:—B) G@=T, 4), 


where 
0 


Li= | et (K;, K,(t)) dt (23 38a) 


—oo 


are the kinetic coefficients. In Eqs. (23.38), we have taken into 
account that 


(11) =(H1), (Ha) =(Ha)p 


where the index] denotes averaging with the quasi-equilibrium 
operator 


e, =Qr' exp (— B,H, —- ByH,—B(H — H, — H4)}, (23.39) 
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and have used the fact that 


(Ki) = (Ka) = 9. 


We shall express derivatives of the average energies in terms 
of derivatives of the inverse temperatures: 


d(H), ~ d(H ;), ap, 


_ 2 ap, 

dt dp, dt Hig (23.40) 
ayy — €Ha Ba (H2) apy 

at dp, di ast 


dt ’ 


where we have neglected terms with (H Hr). Taking (23.40) into 

account, we can rewrite the relaxation equations in the form 
ap, B,—B 6,-6 apy 6,—-8 B,-6 
rr ir ar | se 


(23.41) 
where tr, Ta. Tid; 


and tar are relaxation times, connected with 
the kinetic coefficients (23.38a) by the relations 
T= Li (Hin, 


ta=— Lia (Hi, 
ta = Lia (HG) 1 


ly yy 23.42 
tai = — Lat (Ha. ( ) 
For spin systems, we can make use of the high-temperature ap- 
proximation and expand the exponential in (23.39) in all the quan- 
tities apart from fH. 


Then the formulas for the relaxation times 
are transformed into 


Tr(1)B ° , Tr(e~PK,K, (¢ + ihe) 
T= 5 | | e — ai dt dt, 
Tr (3) — co Tr e 
B 0 _ 
_, THB wo Tre KK, (t+ iht)) 
Td =- 7) e 4 at dt, 
Tr (#3) yw Tre ! 
B 0 _ 
_;__ Tr(1)B a TE (otk Ky (t+ ihn)) (23.42a) 
tid = 5 é sa at dt, 
Tr (#7) 0 —co Tre t 
8 0 
= Tr (1)B i 
ta = 


—BH . 
Tre om 
Te 


! 
8 
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We note that the traces in (23.42a) are taken over the eigen- 
functions of the spin matrices. 


For the subsequent calculation of the relaxation times from 
formulas (23.42a), see [46], and for a discussion of the results, 
see [122]. 


The nonequilibrium statistical operator enables us to intro- 
duce naturally the concept of a spin temperature, for example, 
the spin temperature Bj! of the nuclei. It may be different from 
the temperature 87! of the lattice and can even turn out to be 
negative. For nonequilibrium statistical thermodynamics, there 
is nothing paradoxical in this, since T; = By! is not the temper- 
ature of a thermostat, but is defined by the relation 


(23.43) 


where § is the entropy. ' 


Negative temperatures have also been formally introduced 
for the equilibrium case [92]; this is possible for systems of 
which the energy spectrum has an upper bound, such as, for ex- 
ample, spin systems. Otherwise, the partition function for nega- 
tive temperatures would diverge. However, real systems with a 
spectrum bounded from above always interact with a system with 
no upper bound to the spectrum (for example, a lattice) and, there- 
fore, the spectrum of the combined system does not have an upper 
bound; consequently, negative temperatures can be introduced con- 
sistently only for the nonequilibrium case. For experimental con- 
firmations of the existence of negative temperatures, see the pa- 
pers [123, 124]. 


The important case of.the action of an alternating magnetic 
field on spin systems is a nonstationary nonequilibrium process. 
However, this problem can be formally reduced to the stationary 
case, if we first eliminate the alternating field of frequency w by 
transforming to a coordinate frame rotating with frequency w, and 
then, in this system, introduce the nonequilibrium statistical oper- 
ator. This was done by Buishvili [46] and leads naturally to the 
concept of a rotating-frame temperature. Unfortunately, if there 
is interaction between the spin system and the lattice it is im- 
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possible to eliminate completely the time dependence of the Hamil- 
tonian by transforming to the rotating coordinate frame. There- 
fore, one first obtains equations disregarding the lattice, and then 
introduces into the resulting equations the appropriate terms de- 
scribing the influence of the lattice. Another more consistent 
method of taking the alternating field into account, also developed 
by Buishvili [46a], consists in first regarding the alternating classi- 
cal field as a quantum subsystem, and then making its temper- 
ature tend to infinity, while the quantum correlators of the field 
variables are replaced by classical correlators. Allowing for the 
alternating magnetic field enables us to use the nonequilibrium 
statistical operator to study the dynamic polarization of nuclei. 

For other applications of this method to nuclear magnetic relaxa- 
tion, see [193-200, 250]. Pokrovskii [157], Muller [191], and Bikkin 
and Kalashnikov [242] have taken an alternating field into account 
in the method of the nonequilibrium statistical operator. 


23.3. Spin-Lattice Relaxation of Conduction Electrons 
in Semiconductors in a Magnetic Field [53b] 


We shall study one more example of the application of the non- 
equilibrium statistical operator in the theory of relaxation pro- 
cesses, namely, spin-lattice relaxation of conduction electrons in 
a quantizing magnetic field, following the work of Kalashnikov [53b]. 
This problem was studied by a kinetic-equation method in refer- 
ences [125, 126]. 


We write the Hamiltonian of conduction electrons interacting 
with optical phonons in a magnetic field in the form 


H=H,+H,+H,+HAep+ Hpi t+ H1, (23.44) 
where H;, is the kinetic energy of the electrons, and H, is their 


Zeeman energy. The sum of H, and H,, i.e., the energy H, of free 
electrons in a magnetic field, is equal to 


— = + 
A, = A,+ Hs = py Evadvalvo> (23 .44a) 
where 


2 


1 1 
yg = re + fd (n + 5) + 7 OLbyH (o=+1) (23 .44b) 
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are the energy levels of a free electron in a magnetic field paral- 
lel to the z axis; vp = (n, p,, p,) are its quantum numbers, g is the 
spectroscopic splitting factor of the conduction electrons, pu is 
the Bohr magneton, w,) = eH/mc is the Larmor frequency, and 
the last term in (23.44b) gives the Zeeman energy H, of the elec- 
trons. Further, 


H, = pa hQgnCqnCqr- (23.44¢) 


is the energy of the optical phonons, where q and A are respec- 
tively the momentum and polarization index of the optical phonon 
with energy fq; 


_ qr qh +) 0+ 
He, = > (UV, voC gr + O45, voCen) Qv'a'Qvyo 
vo, v0" 


(23.44d) 
qn 


is the electron—phonon interaction; Hp; is the energy of the inter- 
action of the optical phonons with the thermostat; H; is the energy 
of the thermostat. For example, if the nonelectronic relaxation 

of the optical phonons is connected with their decay into two acous- 
tic phonons and with the inverse process, then 


_ qa q-Y + opt 1999 —F At 
Api i (D944, Canbagnbq-q’, nN + Dina Conbanrbg-q’, w), (23 o44e) 


H,= pa f@gnbanbarr (23 .44f) 
“ 


where ©. is the frequency of the acoustic phonons. 


We shall regard Hs, Hp and the remaining part of the Hamil- 
tonian of the crystal as weakly interacting subsystems. The mu- 
tual exchange of energy between the subsystems is described by the 
operator equations 


s_! =H 
Fe = 7 Hos H) =a [Aes Heyl = He wp 


df 1 I . . 
= ag [A H\) == [Hp Hep + Ho1\ = Ap (ey + Hpn- 


(23.45) 


Corresponding to the chosen subsystems is the stationary 
nonequilibrium operator 


p=Q-'exp{—p,H,—8,H,-B(H-H,—H,—pN)}, (23-46) 
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where 


0 


He=Hs— { eH, (p (tat 


_—o 


wy . . (23.47) 
H, = Ay ~ | ef (H, (e) (t) + A, (£) (t)) dt; 


and N is the total number of electrons. Consequently, 
p =Q”'exp{— BH. —Bpltp —B(H — H, — Hy —pN) + 


0 
+ .[ & (8-8) Hs wp) (é)dt+ 


_—oO 


0 
+ f e* (8, — 8) (H, (e) (t) +H, (1) coat}, (23.48) 


—o 


where Bs! is the spin temperature of the current carriers, and Bs" 
is the temperature of the "hot" phonons. The other degrees of 
freedom of the crystal are assigned a constant temperature Bo 


In the linear approximation in the thermodynamic forces 
B, ~B and By —- 6, we write the nonequilibrium statistical opera- 
tor (23.48) in the form 


p= {1-@.- p)p™ fa dx | H, (ine) — (H.)o — B 2 (N (étn) — (wy) ] = 
—(8,—)8 dx [H, (ite) — (Hy ol + 


+ (6, — 8) B” ‘fas [ace Hy py (t + itt) + 


+(6,—B)B™ i dt f dt e& (Hye) (t+ it) + Hy (t+ ift))} p, (23.49) 
9 ~* 
where the nonequilibrium chemical potential has been expanded in 


Bs —B8, and fg is the equilibrium statistical operator disregarding 
the interaction. 
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We find the quantity 04/08, from the condition (N); =(N)o, 
i.e., 


(N, HJ=B5E(N, NY. (23 .49a) 


Averaging the balance equations (23.45) with the operator (23.49) 
we obtain the relaxation equations 


2H.) = (Bs — B) Les + (Bp — B) Lsps 


Z(H) = (Bs —B) Los + Bp —B) Lom (23.50) 
where 
0 
Leg = [ dte# (Hs ip, Hs ip (0), 
0 
Lpp = | dte® (Hy ey t+ Hp ws Hp ie) (t) + Hp ()), 
- (23 .50a) 
Lap = | dtc (Hy (py, Hy vey (t) + yp w (8)), 
= 
Lys | dte® (Hy ie) + Hp a, Hse (0) 


are the kinetic coefficients. 


For the calculation of the kinetic coefficients (23.50a) in pow- 
ers of the electron—phonon interaction (23.44d), see the paper 
[53c]. The calculational scheme described in this subsection has 
been applied by Kalashnikov to the theory of spin-lattice relaxation 
in semiconductors with magnetic impurities in a quantizing mag- 
netic field [53c] and to the theory of hot electrons [54]. (See also 
[201-203, 206, 242, 244, 245, 247].) 


23.4. Energy Exchange between Two Weakly 


Interacting Subsystems [55] 


Up to this point, we have everywhere confined ourselves to 
the case of weakly nonequilibrium systems, when it is sufficient 
to take into account only terms that are linear in the thermody- 
namic forces in the expressions for the fluxes, i.e., we have con- 
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sidered linear dissipative processes. In the theory of transport 
processes, one often encounters cases in which the linear ap- 
proximation is not valid; for example, the rates of chemical reac- 
tions are usually nonlinear in the thermodynamic forces [27], and 
the electrical conductivity in semiconductors in a strong electric 
field may be essentially nonlinear [54]. The method of the non- 
equilibrium statistical operator also makes it possible to study 
such strongly nonequilibrium processes, i.e., it is also applicable 
in cases in which the usual Kubo method described in Chapter HI 
can no longer be used. 


In order to take nonlinear effects into account, we shall ex- 
pand the statistical operator not in the thermodynamic forces, which 
are no longer small, but in other small parameters, if such exist 
in the problem. 


Following the work of Pokrovskii [55], we shall consider the 
exchange of energy between two weakly interacting subsystems, 
when this proceeds slowly, for example, because of a large dif- 
ference in the masses of the components or, in general, because 
of the smallness of the appropriate effective cross section. As we 
shall see below, such systems may be characterized by widely dif- 
ferent temperatures and the energy-exchange process is nonlinear 
in the thermodynamic forces. 


We take the Hamiltonian of the system in the form 


H=H,+Hp, (23.51) 


where H,; and Hy are the Hamiltonians of the subsystems 


H,= >) Esataa tu, Hy = Xi Eyby bw, 
a 


, (23.52) 
u= >) Cop] @la'p’) ag bt bwaw; 
ana’y’ 


q@ and uw are the quantum numbers of particles of the first and sec- 
ond types, and @ is the interaction potential between them. For 
simplicity, we omit the interaction between identical particles. 

We may assume that this is included in the renormalized values 

of the energies E, and E, of the elementary excitations, as is 
done in the theory of quantum liquids [127, 128]. 
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We note that, since the total Hamiltonian is an integral of 
motion, when we divide the system into subsystems only one of 
the latter can be chosen independently, and it is of no importance 
to which subsystem the small interaction energy is assigned. If 
the interaction energy is important in the energy balance, it can 
be regarded as a separate energy reservoir; for example, the 
dipole—dipole interaction can be taken into account in this way 
(cf. §23.2). 


The operators of the energy fluxes between the subsystems 
are equal to 


. l ror 
== IAs H\= i »Y (Ew — Ey) Cop| ® lo pw) aa On Burda, 


aya’ 
Jg=Hy=— J. (23.53) 


The relations (23.53) give the balance equations for the dy- 
namic variables and enable us to construct the nonequilibrium 
statistical operator. Because of the slowness of the energy ex- 
change, the temperatures of the subsystems will vary slowly with 
time and we can confine ourselves to the stationary variant of the 
theory. Allowance for the fact that the process is nonstationary 
leads to terms of higher order of smallness in the expression for 
the energy flux. 


Following the general method, we construct the statistical 
operator 


0 = Q7! exp {— B, (Ay — piNy) — Bo (He — Ho s)} 


=Q'exp{— Bi (A, — BN) — B2 (Ae — w2N2) + 
+ |e%@i—B)A (dt ~, (23.54). 
where f; and B» are the inverse temperatures, yu, and pf are the 
chemical potentials, and N; and Np are the particle-number opera- 
tors of the subsystems. 


The operator Hi contains a small parameter, since the energy 
, exchange is assumed to be slow. We average the flux (23.53) over 
the distribution (23.54), confining ourselves to terms of second or- 
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der in the small parameter. We obtain 


(H,)=(@: —B,) [ dée* [ dv (AeA, (t)e™®), (23.55) 
0 


—00 


where (...): denotes averaging over the quasi-equilibrium distribu- 
tion 


o =Qr'e”, (23.56) 
B=B, (A, — wN1) + Bo (He — py), (23.57) 


where the interaction u has been omitted in H. 


The relation (23.55) has the appearance of a linear relation 
between the thermodynamic force B; — 8, and the flux (Hy); in fact, 
however, it is nonlinear in 8; — B,, since the averaging is per- 
formed not over the equilibrium distribution, but over the quasi- 
equilibrium distribution (23.56). 


The relation (23.55) is also valid in the case when the inter- 
action between the particles is taken into account in the operators 
H, and Hy. Then the operator (23.53) will include additional terms 
depending on the interaction potentials between identical particles. 


We shall calculate the average energy flux (23.55). Substitut- 
ing (23.53), into (23.55) and integrating over 7, we obtain 


0 
. 1 . 
(H;) = — | dt e® (B, _— Bo) »> in (Fu _ Eu, ) (Ew — Ey) x 
—oo apa’p’ 
aye aH) 
Guan’ ( _ t) 
aye ayy 


x Cap] ® Ja’y") (ayn, | P loin) ee) + By (Ea Ew) , (23.58) 


where we have introduced the Green function 


apap’ _ 
ayera yy (¢—4) 


—ift (t—t) tH (t—-t)) 
\) (23.59) 


= ay 0(¢ 4) | ad of bv. e # atb* brave # 


a) By By % 


which is a generalization to the case of a quasi-equilibrium en- 
semble of the two-time Green functions (15.48) studied in §16. 
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In the case of weak interaction, in the Green function (23.59) 
we may neglect the interaction in the Heisenberg picture for the 
operators, since in (23.58) there is already a factor of second 
order in the interaction. Therefore, the Green function (23.59) 


can be calculated directly by pairing the operators in accordance 
with Wick's theorem: 


i 
aqua’ —_ (3\7) = (Fat Ey-Fo—-Ep’) (f-#,) 
aH OH (¢ —?,) = (ih) 6(¢—#,)e* x 


X {nofty (1 + na) (1 ny) — notty (1 + ta) (1 = my)} X 
x6 6 67 67, (23.60) 


a0, HH, WH, @ ay 
where the upper sign is taken for Bose statistics and the lower 
for Fermi statistics, and n, and n, are the occupation numbers, 
ng (e1 aM) = 1)! ny = (eu) = 1)! (23.60a) 
Substituting (23.60) into (23.58), we obtain 


7) (pg lop ip, | (ap | O| ay’) |? 
(H,) = (B; ) fi? (Eu Ey y By (Eq _E a) + Be (Ey —E,y * 


0 
x [em (Eat Ey-EwEw) tet 


X {nary (1 + ne) (Lz nw) — natty (1 + no) (1 + my}. ~~ (28.61) 


Performing the time integration in (23.61), taking the rela- 


tion (16.32) into account and noting that the principal-value integrals 
give no contribution, we obtain 


(H,) = ah Ewa. {natty (1 nw) (1 ny) — natty (1 & na) (1 + nu) 
' (23 62) 
where 


woe = | (op | © | ap’) PO(E, +, Ey ~ E,,) (23.62a) 


is the transition probability per unit time in the Born approximation. 


We note that the factor 8; — 8, was cancelled in going from 
(23.61) to (23.62), although the nonlinear effect of the dependence 
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on 6; and 8, remained, since ng and n,1 depend on f; and n, and 
ny! on Boe 


For a nondegenerate gas with py = ue, we have 


Nofty (1 sz nw) (1 sz fy’) — Naty (1 xz fa) (1 co fy) = 


re) = Nef, (1 —e@ (Pi-P2) (Eu Ey), 
Naty, 


& Ng, (1 _ 


where we have used the fact that energy is conserved in a colli- 
sion: 
Fa + Eu = Ew + Ew. 


Consequently, 


(A) = S Eyott nary (1 — e712) (Fun), (28.62) 
ay 


Thus, we have obtained an expression for the energy flux that 
is nonlinear in the thermodynamic forces £; — 8. and agrees with 
the result which follows from the kinetic equation. 


The connection of Eq. (23.62) with the kinetic equation is ob- 
vious, since it can be written in the form 


Ony 


(Hy =— (th) =— YBa (23.63) 
vy 


where 


Ony 


—— >} Wop {Matty (1 fo) (1 + My) — natty (1 tna) (1 + ny)} 


aay’ 


(23.64) 


is the kinetic equation for the occupation numbers. The 
right-hand side of Eq. (23.64) is the collision integral. 


The kinetic equation (23.64) can be derived directly, if we 
average the operator 


: ce) 
tu = “of (2 Oy) 


over the statistical distribution (23.54) expanded in powers of the 
interaction, as was done in the calculation of (Hj). 
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It can be seen from Eq. (23.63) that, in the nonlinear theory, 
in place of a product of thermodynamic forces with fluxes, we have 
a sum of products of the energies of the subsystems with the col- 
lision integrals. 


For small 8; — By, expanding the exponential in (23.62b) in a 
series in 8; — 8, and retaining the linear terms, we obtain a linear 
relation between the thermodynamic forces and the flux: 


(Hy) = Lag, (81 — Be) (23.65) 
where 
Line, = »> s (E, a Ew) Woe Mal, (23 65a) 
aqua’! 


is the kinetic coefficient for the rate of energy transfer. 


The rate (23.58) of energy transfer can also be calculated 
easily in the case of low density of particles (or of elementary 
excitations). In order to write out the expressions (23.58) ex- 
plicitly, we need to calculate the Green function (23.59) for low 
density. Differentiating (23.59) with respect to t, we obtain an 
equation for the Green function (23.60): 


ia OBE OF Lda, | | ete) Ges, (8 — 


a’ HY Quy 
Q2ba 
aya’p’ (2) ayary’ = 
—- ap dott, (£) (orp, | H' "T onpes) t+ Puy! yy () 


=6(t)5 8 07 57 K 77, (23.66) 


aa, BY, aa, BB, aqua 


where H®) ig the two-particle Hamiltonian, F(t) is a term con- 
taining Green functions of higher order, which we shall not write 
out explicitly, and K is the average commutator of the operators 
agbpbyaa and ayby-byda. 


We shall consider the limiting case of a low-density gas, when 
we can confine ourselves to the binary-collision approximation. 
Then the term F(t) describing collisions of higher order can be 
omitted, thereby closing the chain of equations for the Green func- 
tions. The average commutator K in this approximation is equal to 


Kano = inG onan, (+ 0) & 


& natty (1 + no) (1 & ny) — not (1 + a) (1 +m). = (23.67) 
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In our approximation (n, « 1,n u< 1), we can assume the 
distribution to be a Boltzmann distribution. 


The solution of Eq. (23.66) has the form 


ane’! ] ( ae -E ){ ne aad } 
Gowan) = 7H 8) au |e GU, /\ aw, |e ay K wary 
(23.68) 
Substituting (23.68) into (23.58), we obtain 
0 
; YS (auloet aw 
(Hy=— | dte@,-B) chr Y {an|oe w)x 
—o0 apa’y’ 
i Lad ba Lad] 


X (a’p" | (hy (—t) — Ey) Foy (Ai(— #), he (— £)) | aby) X 
t 


_+ (2) 
x (au, [oe f 


Tatu’) x (arul|h,() — EB, |ap), (23.69) 
where 

H® = hy + hy +, (23.70) 
and h, and hy are the single-particle Hamiltonians of particles of 


the first and second type; their time argument indicates the Hei- 
senberg picture; 


Fow (Ey, Ew) = Kgua’p’ [Bi (E, _ Ey) + Bo (Ey, _ Ey"! 


. . (2) i (3) 
Foy MCs ta Ct)) = eA Fy hye MA 99 aay 


We note that, in the matrix elements 


(ap | (he (— t) — By) fap (Ar (— t), ho (—#)) | ou) 
and 


(aus | () ~ B,, Jan) 


we can omit the dependence on t, which is effectively equivalent to 
neglecting terms of order v*t?/V = (vt/L)? in comparison with 
unity, where v is the relative velocity of the colliding particles 
and V = L? is the volume of the system (cf. [214]). 


In fact, because of the factor e™, the integrand in(23.69) is 
appreciably different from zero only at times t ~ & -!. therefore, 
v't?/V ~ v3/ve*, whence it follows that, with the correct order of 
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the limits, when first V —o and then & — 0, the time dependence 
of the matrix elements can be neglected in our case. In this case, 
waves reflected from the boundaries of the volume are automati- 
cally excluded [214]. A similar procedure is discussed in the 
formal theory of scattering of Gell-Mann and Goldberger [84] (see 
Appendix J). 


It follows from the formal theory of scattering that, for large 
times considerably greater than the collision time tT, , the matrix 
elements of the pair-interaction operator with the two-particle 
evolution operator, Det/"4+ can be expressed in terms of the 
scattering matrix [85], i.e., for |t| > 7,, 


ty (2) 
+H 2 


on | De ay’? = 


a e*F (eaeu | Cau | Tle) fe + es.7a) 
(ap|T*la’p’) for —, 
where (ap|7|a’p’) are the matrix elements of the scattering T- 
matrix. Substituting the asymptotic expressions for the matrix 
elements into (23.69) and integrating over the time, we obtain the 
previous equation (23.62), but with the transition probability ex- 


pressed in terms of the T-matrix: 


Fuge 2 nl 7 
woe’ = | (ay|Tla’p’) P6(Ey + E, — Ey — Ey). (23.73) 


Therefore, all the previous conclusions are conserved for the 
low-density case. 


In particular, n, also satisfies the kinetic equation (23.64), 
but the transition probability (23.73) in (23.64) corresponds not to 
a small interaction, as it did before, but to a low density. 


That the entropy production is positive was proved earlier 
only for linear dissipative processes. We shall consider the en- 
tropy production for a nonlinear process of energy exchange be- 
tween subsystems. 


According to the general definition (20.13), the entropy in our 
case is equal to 
= — (Ino); = — (np,), (23.74) 
i.e., 
S= XB: (H;) +n Q. (23.75) 
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Differentiating with respect to time and using the fact that 
dinQ; = We 
dt — x By (Hi), (23.76) 


we obtain 


= Y6(H,) =: —B,) (A). 
; (23.77) 


We shall show that 


0 


a = (6; — Ba)? { eat { dt (H,e-"8H, (t)e8),>0. (23.78) 
0 


—0oo 


The inequality (23.78) has already been used earlier for the case 
when the averaging was performed over the equilibrium distribu- 
tion. 


Taking (23.62) into account, we write the entropy production 
(23.77) in the form 


dS 1X ae 
a7 2 by C— 8) (E,~ Fy) wat x 

x {Natty ( ck na’) (1 a Ny) _— Naty: (1 tk fta)(1 a ny} (23.79) 
consequently, 


=4 »} wat nt, (1n,)(1n,,) X 


apap’ 


X (6: — Ba) (Ey — By) (1 — eo P1-P2) (Fu-Fu) S09, (23.80) 


since, for any x, 
x(l—e~) 50 (23.81) 
and all the other factors in (23.80) are positive. 
Thus, we have proved that, in the nonlinear process considered, 
the entropy production is positive. 
23.5. Rates of Chemical Reactions 


Chemical reactions in a homogeneous phase are an example 
of nonlinear irreversible processes, similar to relaxation processes, 
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to which the method of the nonequilibrium statistical operator can 
be very simply applied. 


We shall assume that the chemical reactions occur sufficiently 
slowly, so that there is time for a spatially homogeneous state, 
with equal temperatures of the reagents and reaction products, to 
be established in the volume in which the reaction is occurring. 
We shall consider the simplest reactions in such a system. 


Suppose that only one binary reaction, between the molecules 
A and B with formation of the molecules C and D, occurs in the 
system, i.e., 


A+B2C+D. (23.82) 


We shall assume for simplicity that the reaction occurs in the 
gas phase. 


We take the Hamiltonian of the system in the form 


4 
H= DH, +4, (23.83) 


i=l 


where H; and Hy are the Hamiltonians of the reagents, and Hs and 
H, are the Hamiltonians of the reaction products; u is the inter- 
action leading to the reaction. For it, we take the model form 


f aay +t » ara ++ 
u= > @M 45 Pa Cartas + Dy a, dpe gr0 ay , (23.84) 


cr a 105 


+ . 
where a, br, cy, and d’, are creation operators for the mole- 
I 2 1 2 


cules A, B, C, and D in the states aj, @2, aj, and a5, and aa b 


a," 
cn and dy are annihilation operators for the molecules in the 
corresponding states. Thus, the second term in (23.84) describes 
the forward reaction of (23.82) and the first term describes the 
back reaction. The operator (23.84) is analogous to the correspond- 
ing interaction operator (23.52) considered in §23.4 of this chapter. 


The model nature of the Hamiltonian (23.83) consists in the 
‘oes 
fact that we are assuming the matrix elements ou to be known 
1-2 


from quantum mechanical calculations. Such a Hamiltonian is suit- 
able for the theory of chemical reactions in the gas phase, since 
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in a liquid, in collisions of the reagent molecules, part of the en- 
ergy will be transferred to the liquid in the form of elementary 
excitations and this process must be taken into account in the in- 
teraction operator. 


The operator of the total particle number 


N= XN (23.85) 


where 
N, = Dad aa, No = >) bd ba, 
a qa 


Ng= Dicaca, N= Ddadda, (23 85a) 
a a 
is conserved in time, since 


N=-r IN, H]=0, (23.86) 


although N,; varies in time as a result of the reaction, 
. l . 
Ni=aqINn Hl G=1, 2,3, 4). (23.87) 


All these fluxes are expressed in terms of one reaction-rate 
operator 


if (ans 
ee 1 Oy tpt rte tt 
J=M= Y, 4 fo", bicgdy —D, dye by} (23.88) 


fA | MyAy Oy 
tA 
)50)0"5 


or ; 

N,= iJ, (23.89a) 
where py; are the stoichiometry numbers in the equation for the re- 
action, i.e., vy =v, =1 and v3 =y,=-1. 


Corresponding to the conservation laws (23.89a), we have the 
statistical operator 


p= Q'exp{—B(H— Yui)| 


: 0 
= o"texp| 8 G —Yan + fetunio a}, (23.90) 
i 


i -0oo 
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where p,; and yp. are the chemical potentials of the reagents, and 
Mz andy, are those of the reaction products. Taking (23.89a) into 
account, we write (23.90) in the form 


0 
p ~oexp| — 6 [1 - > wiN;+ »» iV; { e J (t) | 
i i 


—00 


0 
=o'ex| -F (7 Snwi-4 fesnat|t (23.91) 
i —090 
where 
A=-— Davi (23.92) 


is the chemical affinity in the terminology of de Donder, which, 
in the linear approximation, plays the role of the thermodynamic 
force. 


The operator J contains a small parameter, namely, the ma- 
trix elements of the transition accompanied by the chemical re- 
action. 


We shall average the reaction rate (23.88) over the distribu- 
tion (23.91) and expand the statistical operator in the small pa- 
rameter contained in (23.88). We obtain 


0 | 
Gh= (Mi) = AB f dre [deren N, (ew), (23-98) 
~oo 0 
where (...), denotes averaging over the quasi-equilibrium distri- 
bution 


ep =Qrie”, B=B(H— XuN), (23.94) 


If in (23.93) we replace the averaging over the quasi-equilibrium 
state by averaging over the equilibrium state, we obtain a linear 
relation between the reaction rate and the affinity: 


(N1) = BALy, (23 93a) 
where 
oe 
Lig =Bo! | fe (NIN, (t+ itt))y dede, (23 .93b) 
—oo 0 


i.e., the relation obtained by Yamamoto [129, 130]. 
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We expand the formula (23.93) in powers of the interaction, 
but for any A. 


Taking into account that 


—Bt Bt - 
ée Me =e (Fa Mi) ge 
—-Bt - ~ 


we obtain 


—Bt 
e a‘ bre rd ,ee* = 
a; a a Go 


~exp{—B[(E, +8, —Ey— Ey) + Als ay boca. (23.95) 


In the Heisenberg picture for the operator Ni(t), we can neg- 
lect the interaction, since in (23.93) there is already a factor of 
second order in the interaction; the averages, therefore are easily 
calculated by Wick's theorem using (23.95). Performing the in- 
tegration over 7 and t in (23.93), as we did in expanding formula 
(23.55), we obtain for the chemical reaction rate the expression 


a’ 


J)=(N))= 2 ltn,\(len\— 
= (Mi) (ete "4% {a Ma, ( at )( 1) 


_ nitty (| ck ng, )(1 x ng,)}> (23 96) 


where 


S(E, +E Ey—Eg) | (28.97) 


is the reaction probability in unit time. 


In the right-hand side of Eq. (23.96) we have the summed 
collision integral of the kinetic equation (23.64), with the transi- 
tion probabilities (23.97). It is easy to convince oneself, as in 
the preceding subsection, that the occupation numbers satisfy the 
kinetic equation. 


For a nondegenerate gas, n, « 1, and the reaction rate is equal 
to a’ a’, 
(My=(1—e7*4) gg Ma, May (23.98) 


77 
0.05 


$23] RELAXATION PROCESSES 391 


where A is the chemical affinity (23.92). 


If the system is close to the state of statistical equilibrium, 


i.e., 
BIAT< 1, (23.99) 
then the reaction rate is equal to 
(Ni) = Ly 4 BA, (23.100) 
where 
Lew = wn n 
mu oie ma (23.101) 


is the kinetic coefficient having the meaning of the forward reac- 
tion rate. Thus under the condition (23.99), the total chemical 
reaction rate is proportional to the chemical affinity, and A is the 
thermodynamic force. 


The condition for chemical equilibrium is that the rate of the 
chemical reaction vanishes, i.e., that the chemical affinity is equal 
to zero: 


A=— Duw,=0. (23.102) 


For a mixture of ideal gases, the chemical potential is equal 
to [92] 


we=Bo inp; +X, (23.108) 


where . 
Pi= pe: (23.1034) 


is the partial pressure of the i-th component, p is the pressure, 
c; = N,/N is the concentration of particles of the i-th component, 
and x, is a function of temperature, easily calculated from the 
partition function of an ideal gas. If we take (23.103) into account, 
the chemical equilibrium condition takes the form of the law of 
mass action: 


-BL vx 
Hpae ! = K, (23.104) 


where K is the chemical equilibrium constant, which depends only 
on the temperature. 
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Taking (23.104) into account, we can write the kinetic coeffi- 
cient (23.101) in the form 


Lig gy, = Mees (23.105) 
where 
“n= e (x, +%) p > rot? 98 (Fa, + Ea) (23.106) 
@ 0.905 05 ue 


is the rate constant of the forward reaction. The relation (23.105) 
expresses the kinetic law of mass action. 


Taking (23.89a) into account, we can write the linear relation 
(23.100) between the relation rate and the chemical affinity in the 
form 


(Ni) _ dé 
vd = Lig i PAs (23.107) 


where we have introduced the parameter 
g = (Ni) = (Nido (23.108) 
Mi 


which is the progress variable, or degree of ad- 
vancement, of the chemical reaction, and (N;)) is the equi- 
librium concentration of the product i. 


The chemical affinity A can be expressed in terms of the de- 
rivative of the entropy with respect to the progress variable é 
of the reaction: 


$= In + 8(H)—B Ba) (28.109) 


In fact, 


B= — BY uN) =BAG-, 
i (23.110) 


since the derivative of In Q, and the terms with derivatives of 8 
and w; cancel, and (H) is assumed to be constant. Consequently, 


A= T(E) 


d€ (23.111) 
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In a state of statistical equilibrium, A = 0, since the reaction 
rate goes to zero. Close to equilibrium, we expand A in powers 
of the deviation of € from the equilibrium value é,: 


67S 
A=T(Fr),- A (23.112) 


Substituting (23.112) into (23.107), we obtain the relaxation equa- 
tion for the progress variable of the reaction 


&— Ey (23.113) 


T ? 


ae 
dt 


where 


T= >0 (23.114) 


re 
os 
L v (Ser) 
MN OF? E=0 


is the relaxation time of the reaction. Integrating (23.113), we ob- 
tain the law by which the progress variable of the reaction changes 
with time: 

& — & = (E (0) — &)) e-4/*, (23.115) 
i.e., the progress variable of the reaction tends exponentially to the 
equilibrium value &,. 


The relaxation time introduced in (23.114) corresponds to con- 
stant energy and constant particle number. Analogous relations 
can also be obtained under other thermodynamic conditions [27,131]. 


In the general case, the rate of a chemical reaction is nonlinear 
in the affinity, i.e., 


(Ni) = Lay, (l —e-*)- (23.116) 


The treatment given above is also valid for an arbitrary num- 
ber of components when different chemical reaction between them 
are possible. Then, 

N; = L; ‘ 1—e7 Pm), 
(Ni) pa iin! (23.117) 
where 


L- ; _ Gj Go vee ° 
Kew 2 Paap... & M) My Mg, os (23.118) 
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is the kinetic coefficient, 
Am = — Di biVin (23.119) 


is the chemical affinity, and vi, is the stoichiometric coefficient 
with which the substance i takes part in the m-th reaction. 


If (23.103) is taken into account, the chemical equilibrium con- 
dition 
Am = — 2 tivin = 0 (23.120) 


takes the form 


-BLv, x 
Tl pyin =e pK, (23.121) 


where K,, is the chemical equilibrium constant of the m-th re- 
action. 


The kinetic mass~action law in this case takes the form 


e ® = v 
Lay = % a crim, (23.122) 
where 
BE vs nts Zim aa’... “BU vnEg 
mem pe 2, Wala..@ ™  —™ — (23,122a) 
("2° 12°" 


and vj, > 0 everywhere, i.e., only the positive stoichiometric co- 
efficients are considered. 


We shall consider the entropy production in chemical reac- 
tions in a homogeneous system for the nonlinear case. 


The entropy for such a system is equal to (23.109), and, if 
we use (23.89a), its production is 


— — Bay, (I) = BAG). (23.123) 
i=] 


Substituting into this the expression (23.116) for the average reac- 
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tion rate, we obtain for the entropy production the expression 


dS 
> = Li PA (1 — e-P4) > 0, (23.124) 


which follows from the inequality (23.81). Consequently, the en- 
tropy production in a chemical reaction is positive. 


Up to this point, we have considered only the balance equa- 
tions for particles in chemical reactions. Analogously, one could 
also consider the energy balance. Although this is important for 
chemical reactions (see [132]), we shall not make this generaliza- 
tion here. The aim of this section was to show that the method 
of the nonequilibrium statistical operator can also describe non- 
linear processes in chemical kinetics. 


§24. The Statistical Operator for 
Relativistic Systems and Relativistic 


Hydrodynamics [5] 


24.1. The Relativistic Statistical Operator 


A phenomenological nonequilibrium thermodynamics for the 
relativistic case was developed by Eckart [133] for a one-com- 
ponent liquid (or gas) and was generalized for a mixture by Kluiten- 
berg, de Groot and Mazur [134]. It is described, for example, in 
[82]. 


Following [5], we shall apply the method of constructing non- 
equilibrium statistical operators, described in §21, to a relativistic 
system. Taking relativity into account only simplifies the problem, 
since it makes it possible to construct invariant quantities easily, 
and the statistical operator and the entropy which it determines 
must, in the relativistic case, be invariant under Lorentz trans- 
formations [135]. 


The energy-momentum conservation law in the relativistic 
case has the form 


v OT yy (x, t) 
ad x, (24.1) 
L= 
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where x is the set of coordinates x;, X), X3, and x, =ict; T y& t): 
is the relativistic expression, assumed known, for the symmetric 
tensor operator of the energy-momentum density. We shall con- 
sider a system which is characterized by only these conservation 
laws; in particular, the system has no electric charge or spin. 


Corresponding to the conservation law (24.1) is the local in- 
tegral of motion 


0 
T gy (x) = Ty (x) — { ef Ty (x, t)dt= 
3 0 
_ OT yy (x, t) 
=T,, (x) + »> [e —z, ic dt. (24.2) 


p=! —0o 


In (24.2), we have discarded the retarded solution, i.e., we. 
have used the causality condition. 


It is possible to use (24.2) to study stationary processes, al- 
though we shall proceed immediately to nonstationary processes, 
since these are treated even more simply in the relativistic case, 
because of the symmetry between the space and time coordinates. 


By the usual method, but taking the conservation law (24.1) 
into account, we construct operators depending on time only 
through certain parameters F,, (x, t) (v =1, ..., 4), which define 
the macroscopic state of the system: 


Byy(x, t) = — Fy CX, t) Tay (8) = — Fy (2, £) Tay (x) + 
0 


. OF y (x, 
+ fet Lex, t+ 4) Fey (x,t) +22 EO) 7, (x, 4) dt, = 


0 3 
OT if 
= Pyle) T(x) | et | —Fy(x, tt) ic Ye) 
—oo p=! 


OF ttt 
+ 2h r(x tbdt. 4.3) 


The parameters F,, (x, t), the physical meaning of which we 
shall elucidate later, are selected in such a way that the expres- 


sion 
Y J Bled 
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is Lorentz-invariant. Discarding the surface integrals, we obtain 
for this quantity the expression 


» J Byy (x, thdx = — ¥) Fy (x, t) Ty (x) dx + 


4 0 
+y { [et Ete 7, t)dxicdt, (24.4) 


u,Vv=1  —0o 
Using the usual technique, we construct the statistical opera- 
tor [5] 


o= Q"'exp| — »> | Byy (Xx, dx} = Q exp! »> [rc t)T yy (*%) dx — 


0 
-¥ | [ ex att T yy (x, t) dx ic an}, (24.5) 
wv 00 


the parameters F,, (x, t) being determined from the conditions 


CT gy ()) = (Tay (¥)) (24.6) 
where 
6,=Qy'exp! ¥) f Fux, t) Tw (x) ax} (24.7) 


is the relativistic local-equilibrium statistical operator. 


24.2. Thermodynamic Equalities 


We shall now elucidate the physical meaning of the param- 
eters F(x, t). We put 


F, (x, t) = — B(x, 2) iu, (x, 2), (24.8) 
where u, is a four-dimensional velocity, i.e., 
Duy (x, = 1. (24.8a) 
Vv 


This ensures the Lorentz invariance of the statistical operator 
(24.5), since f T,,(x)dx transforms as a four-vector, if the field 


is nonzero only in a finite region of space [136]. 
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We shall study the local~equilibrium state (24.7) 


» <Q" exp | - DY [ Ble, Oiuy (x, f) Toy () de}, (24.9) 
where 


Q,= Tr exp { ~ »} i B(x, f)iuy (x, £) Ty, (x) ax}. (24.9a) 


We transform to the moving frame in which the space com- 
ponents of the four-vector u, are equal to zero, uy = Uy = us = 0, 
uw, =i, ie., 
uy = 1,4, (24.10) 
which satisfies the condition (24.8a). Here and below, we use primes 
to denote components of vectors and tensors in this moving frame. 


In this accompanying frame, the statistical operator (24.9) has 
the usual nonrelativistic form 


0, = Qy ‘exp — { B(x, tH’ (x) dx}, (24.11) 


where 


H’ (x) = — Tia (x) (24.11a) 


is the Hamiltonian density in the moving frame. Formulas (24.11) 
and (24.11a) confirm the correctness of the definition (24.9). 


We choose u, in such a way that the variations of In Q; with 
respect to u;, Uy, and ug vanish, i.e., 


6inQ; __ _ 
Bi (et) = 0 (v = 1, 2, 3). (24,12) 


We have already applied a similar condition in §20, when we con- 
sidered an ordinary, rather than a four-dimensional, velocity. This 
condition ensured that the parameter v(x, t) was chosen to be the 
average mass velocity, as required to satisfy the thermodynamic 
equalities. The condition (24.12) means that we are defining the 
densities of the mechanical quantities on which the statistical oper- 
ator depends in a local frame moving with an element of the liquid. 
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We shall calculate the variation of (24.9a) taking (24.8a) into 
account: 


sinQi= — 6 Dy | Ble, £14 (Pay ()) — (Taal) SEH f buy (x, #) de, 


since 
3 
D u, du, + uz du, =0 (v = 1, 2, 3). 
V=el 


From the condition (24.12), we obtain 


Uy (x, f) _ (Tay (*)) =-—ic (Gy (x)) 
ug (*,t) (P44 ()) (H (x)) ’ 


(24.13) 
where 
Gy(*)=TT w(x), He) = — Ty(e) (24.14) 


are the densities of the momentum and energy respectively. 


If we introduce the usual three-dimensional local velocity 


_ 72 (Gy (x)) _ + (Tay (x)) _ 
v, (x, th=c “(CH (x)) = 1 -F x)) (v= l, 2, 3), (24.15) 


we can write the relation (24.13) in the form 


Uy (x, f) ivy (x, t) 


mish e«.? (24.16) 


or, taking (24.8a) into account, 


Uy (x, f) 


wy (x, t) = — w(x, ) = +. 


Thus, for the local velocities v,, (x, t) and u, (x, t), we obtain the 
well-known relativistic relations. 


(24.16a) 


It remains to elucidate the meaning of the parameter B (x, t). 
For this, we shall calculate the variation of the partition function 
(24.9a) with respect to 6 (x, t) at constant u, (x, t): 


4 
din Q \ 
dp cs 7 ~ divs (x, t) (Tay (x)), . (24.17) 


v= 
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whence, taking (24.13), (24.8a), (24.16a), and (24.14) into account, 
we obtain the thermodynamic equality 


bin Q; =(Ty(x)) V1 v? eat) t) — (H( (x)) j—- 2), (24.1 7a) 


Op (x, ¢) 


which is analogous to the first equation of the system (20.21a) and 
goes over into it in the nonrelativistic limit v(x, t) « c and for zero 
chemical potential p. 


It follows from (24.17) that 8 “ley, t) plays the role of the in- 
variant "proper" temperature, and the quantity 


Bo (x, (1 _ wey” 


Cc 
plays the role of the ordinary, noninvariant temperature. 


24.3. The Equations of Relativistic Hydrodynamics 


The statistical operator (24.5) enables us to obtain the equa- 
tions of relativistic hydrodynamics. For this, we obtain linear 
relations between the average energy-momentum tensor and the 
thermodynamic forces dF ,/dx,, assuming that the lattice are 
small: 


{T yy (x)) =(Tyy(*))— al fe (Tuy (x), Try, (%’, 1) ed dx’ ic dt,, 
uy 


Biv 99 


(24.18) 


where (Tuy, Tuv,) is a quantum correlation function, and (...), de- 
notes averaging over the local-equilibrium distribution (24.9). 


The expression (24.18) contains within itself all the irrever- 
sible processes that can occur in a system with one energy-mo- 
mentum conservation law, i.e., thermal conduction and shear and 
bulk viscosity, but is inconvenient for an isotropic medium, since 
processes of different tensor dimensionality are not separated in 
it. Below, we shall give another expression, not so general but 
more convenient, for the irreversible fluxes in an isotropic me- 
dium. 


In order to construct operators describing the irreversible 
fluxes, in the tensor Tuy’ we must separate out the part describ- 
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ing the convective motion with hydrodynamic velocity u,,; we have 
already defined the latter by the condition (24.12). 


We note that any vector F, can be decomposed into a sum of 
vectors, of which one is parallel to u,, and the other is perpen- 
dicular to it, i.e., 


Fy =far+fy 
(24.19) 
From the condition that Sy and u, are orthogonal 
pa Putty =O, (24.19a) 
taking (24.8a) into account, we find 
-1 
f= (> uF) (> ui) = > UF. (24.19b) 
a we u 


We shall express f,, in terms of the tensor 
Auy = Buy + UyUy, (24.2 0) 


where 6,, is the Kronecker symbol. The tensor A,,, is orthog- 
onal to u,: 


Di UyApy = 0. (24.21) 
U3 

Putting 
fu= DU Apes (24.22) 


we see that this vector is indeed the component of Fy, per pendic- 
ular tou,. In fact, multiplying (24.19) by A uy and summing over 
ww, using (24.21) we obtain the expression (24.22). 


The tensor A,,, plays the same role in the relativistic theory 
as the Kronecker symbol in the nonrelativistic theory. To elu- 
cidate its meaning, we transform to the coordinate frame rotating 
with the hydrodynamic velocity (24.10). In this frame, the tensor 
A up has the very simple form: 


Any = buy — Susdve, (24.224) 
or, in matrix form, 
100 0 
’ oO 1 0 0 24.22b 
“=o 01 0 (24 .22b) 
00 0 0 
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A similar division into principal components of the relative hy- 
drodynamic motion can also be performed for any tensor, and, in 
particular, for Typ: 


T yy = Elly + Putty + Pytty + Puy, (24.23) 
where 


DPyu,=0, DPyuwy=0. (24.23a) 
rh Vv 


The coefficients of the expansion (24.23) are equal to 


e= Yu, T u 
L, A wees 


Py=- pa AuwT yatta = "gy, (24.24) 
Puy = » Aun. Taw Avw, 
iv, 


as can be seen by direct inspection. We shall omit the arguments 
x and t wherever this can lead to no confusion. 


The quantities (24.24) have a simple physical meaning: ¢ is 
the density of the internal energy unconnected with the convective 
motion; Pic =q, is the heat flux; Puy is the stress tensor. All 
these quantities are operators or dynamic variables. 


In order to elucidate the physical meaning of the expressions 
(24.24), we write them in the frame moving with the hydrodynamic 
velocity. Using (24.10) and (24.22), we obtain 


/ 
E= —T iy, 


P= — iT + OusiTu, , (24.24a) 
Pry = T wv _ SusT ay —_ dv ys + SusOysT 4. 


Taking (24.14) into account, we can write these relations in the 
form 


Pu=cGy (u=1,2,3), Pi=0, (24.24b) 
Piw=Tw (uv, v=1, 2,3), Po=0. 


In the frame moving with the hydrodynamic velocity, all the 
quantities must coincide with their nonrelativistic expressions. 
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Thus, & does indeed have the meaning of the energy density, Pu 
is the energy flux in the accompanying frame, i.e., the heat flux 
divided by c, and Puy is the stress tensor. 


We introduce the viscous-shear stress tensor Tuy which, 
like Pyy, is orthogonal to u,, but has zero trace: 
Puy = Nyy + PAu (24.25) 
where 
p= x »y Puy: (24.25a) 
iv 
Then, 
2 tyytty = 0, (24.26) 
and, in addition, 
Lp =0, (24.26a) 


since 
Daw = Z (1+ uh) =3. 


Taking (24.25) into account, we write the expansion (24.23) of 

the tensor Ty, in its principal components, 
T yy = Cully + pAyy + Putty + Potty + Myv- (24.27) 

Thus, we have decomposed the tensor Tuv into three parts, 
having scalar, tensor, and vector character with respect to the 
operatorse,p, P,, and T,,. This separation, which is applied 
in phenomenological relativistic hydrodynamics (133, 134], enables 
us to separate the scalar, vector, and tensor processes. 


After local-equilibrium averaging, the first two terms in 
(24.27) have the meaning of the energy-momentum tensor of an 
ideal liquid and describe nondissipative processes. The next two 
terms give-the heat flux and the last term gives the viscous flux 
of momentum. These parts describe irreversible processes. 


For a local-equilibrium state, the average values of only the 
first two terms are nonzero: 


(Tuwde = (C6)r + Pd) bytty +P) Sue (24.28) 
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since in the accompanying frame the average values of the vectors 
and of the off-diagonal elements of the tensors are equal to zero 
(see §20.5), 


(Puyi=0,  (tyy) = 9. (24.29) 
We shall represent the statistical operator (24.5) in a form 
such that the scalar, vector, and tensor processes are separated 
in it. Taking into account (24.27) and the orthogonality of du,,/0x, 
tou 
u 9 


y Oly 


Oxy 
L 


which follows from (24.8a), we obtain 


aa pXe Tay oe ~ 2UBPs (8-' s= — ; Duy) —— DB + Bp diva, 


ut, =0, (24.30) 


(24.31) 
Ou 
diva = Vg 
mn p 
where 
) 
D=c Muy 5 (24,32) 
p 


is a scalar operator, having the meaning of a total (or barycentric 
derivative in relativistic theory. In fact, inthe moving frame 
(24.10), the operator D coincides with the time derivative in this 
frame: 


6) 
D= oF (24.32a) 


In the expression (24.31), which appears in the exponent of 
the statistical operator, terms containing operators of different 
tensor dimensionality have been separated. Taking (24.31) into 
account, we write the statistical operators in the form 


p= Q "exp! _~ d J ow. t) iu, (x, t) Ty, (*) dx — 


0 
1 Ouy, (x, + ty) 
-| fe B(x, t+ 1) [e's ta > Pa (es) X 
YL 
x (Be, t+ ) eee £ Dus, (x, t+ t,)) +p (a, fi divalx, t+ ,)- 


— e(x, 1B! (x, £+4,) DB(x, +4) | dtidx \. (24.33) 
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The quantities 


Ouy -; Of lD : ; 
ox,’ 2B Gx, PM diva 


play the role of the thermodynamic forces conjugate to the fluxes 
(tuy(*)), (Pu (x)), (p(x) — (p (x), 


and the quantity D8 can be expressed in terms of div.u by means 
of the equations of ideal hydrodynamics. In fact, for a local-equi- 
librium state, for the energy-momentum tensor we have, accord- 
ing to (24.28), 

(Tuy (x): = Aiyty + P8uv 


(24.34) 
where 
h=(e),+ Py 
(24.34a) 
is the heat function or enthalpy per unit volume, and 
p=(p) (24.34b) 


is the pressure. Equating the four-dimensional divergence of 
(24.34) to zero, 


Sep Pv (i = 0, (24.35) 


we obtain the hydrodynamic equation for a relativistic system with 
neglect of dissipative processes: 


Ohuy Oly Op 
Uy Bz, thy a tae =O, (24.36) 


where a summation over indices appearing twice is implied. Taking 
the scalar product of this equation with u, and taking (24.8a) into 


account, we find 
Ohuy Op — 
Gry 1H Ox, 0, (24.37) 


or, using the notation (24.32), 


—chdivu+D(p—h)=0. (24.38) 


In our case, p and h are functions of 8 and, consequently, 


a(p—h)\7! . i) . 
pp=(245*)) hedivu=p-P edivu, (24.39) 
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since 
p-h=—e, h=— ph. (24.398) 


Consequently, we can eliminate the quantity Dg in the exponent of 
the statistical operator (24.33): 


oO exe [ BG, 8) iy (x, 1) Ty (2) dx - 


0 Ou, (x, £+4,) 
~| { es cB (x, t+ mp Tay (x, f;) _t im _ 
—oo Lv : 


— Vi Pu lx, t1) (Bo! (x, t+ 1) EIA) — © Duy (x, t+t,))+ 
mv 


+p'(x, t)divu(s,t+t)|dtide', (24.40) 


where 
fo} 
p’ (x, ) = p(x, t)-see(x, 2). 


We now obtain linear relations between the average fluxes 
and the thermodynamic forces by assuming that the latter are 
small, confining ourselves to the linear terms and using the Curie 
theorem [27], according to which only fluxes of the same tensor 
dimensionality can be coupled: 


(Tuy (x)) ~~ >> | [ ex (pv (x), Ty, (x’, t)) B(x’, t+ ty) x 


Biv oo 
Ou, (x, t+t ) 
iy I 


x 


c dt,dx’ , (24.41a) 


(Pu (x)) =cu! Qu (x, t)) = 


-»¥ { | ef (P. (x), Py(x’, t))) B(x’, E+ t)) X 


Vv 


x (5 (x’, £+t,) wees —_" pu, (x, t+ t) cdtdx',  (24.41b) 
x. c 


(p (x)) — (p(x), = 


0 
~ j J ef (p’ (x), p’ (x’, t))) B(x’, £+2,)diva(x’, £+1))¢ dt,dx’. 
~% (24.41¢) 
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We shall use the spatial isotropy of the system and simplify 
the expressions for the correlation functions occurring in the re- 
lations (24.41a) and (24.41b). 


In the moving frame, the tensors (P', P') and (r', 7') have the 
usual form: 
(Pa, Ps) = Leds, (24.42) 
(sv, Tu.) = Lay | dun.dvv + byv, Sun, — + SuvOy.v, t ’ 
where L,and L, are scalar constants, yw, V, Wy, vy =1, 2, 3, and 
the time components are equal to zero; then dyy = Ayv, where the 
prime denotes the function (24.20) in the moving frame. 
Returning to the original frame, we obtain 
(Pu, Py) = LpAy, 
1 2 
(suv, Ty.) = Lay} Auudvy + Auv Avy, — 3 AuvAuy, \, 
The tensors (24.43) satisfy the conditions, following from 


(24.23a), that they be orthogonal to the four-velocity, and also sat- 
isfy the condition (24.26a) and spatial isotropy. 


(24.43) 


We find the scalars Lp and Ly by calculating the complete con- 
traction of the left- and right-hand sides of (24.43): 


Lp (x, #”, =z (P(x): P(x’, d), 
Ly(x, #/, =~ (n(x): a(x, 2). (24.44) 
In deriving the second relation of (24.44), we have made use of the 
fact that 

Tr A? = TrA=3, 
since 

pa AurAay = Ayy- 


Taking (24.43a) into account, we write the relations (24.41a)- 
(24.41c) in the form 


Crv@oy=— Dl fe tate x, wR’, 144) x 


BV; = 0 


I ‘du, (x’,t+t Ou, (x, t+t 
x 7 Binds u, ( : 1) + v, ( : + 1) _ 
2 Oxy, Oxn, 


2 Ou,, (x’,t+t 
- 3 AuvAuy, On (ETN) Je dt, dx’, 


xy, 
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0 


(Pi(o) = i [ ex Lp (x, x, t)) B(x’, f+ t)) x 


Vv — 00 


=) 7, 0 - 7 
x Buy (B (2, 4 1) SE — E Daslal t+) edtidy’ 
vy 


(p (x)) — (p (x))1= (24.45) 
0 
=—J fe Ly (x, #, 4) B(x’, + th) diva (x’, f+ tc dedx’, 
where 
Lp (x, x’, t)) = (p’ (x), p’ (x’, t))).. (24.45a) 


If we neglect the retardation and the spatial dispersion in 
(24.45), these relations go over into the linear relations of rela- 
tivistic hydrodynamics: 

| Ou, Ou 
(Tuy) = — ne »> 5 { Aunty, Ga + Zz 
WV, ' 


2 Ou 
w\ 2A ou | 
Hy 3 we Oxy, , 


(Py) = co (9) = he >> Any (p-’ se ~ - Duy) , (24.46) 
(p) — (py = — bcdivu, 


obtained, except for the last relation, by Eckart [133] (see also [82]) 
by the method of phenomenological nonequilibrium thermodynamics. 
In statistical nonequilibrium thermodynamics, in addition to these 
relations we obtain explicit expressions for the kinetic coefficients — 
the shear viscosity 7 , bulk viscosity ¢, and thermal conductivity: 


0 


n= BY [ ex (x (x): u(x’, t)) dtdx’, 
| 


>» 
I 
eo| 
— 
® 
gS 
a~) 
3 
a] 
*« 
S 
j= 
™ 
Q. 
x 


(24.47) 


The expression (24.46) for the heat flux contains the relativ- 
istic term (Du ,)/c, which shows that a heat flux in a one-com- 
ponent system is induced not only by a temperature gradient, but 
also by acceleration. 
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24.4. Charge Transport Processes 


Up to this point, we have considered only energy-momentum 
conservation. In the relativistic regime the number of particles 
is not conserved and if we treat particle-number transport we 
must take into account the appearance of particles as a result of 
various reactions, i.e., in the balance equations for the number 
of particles we must add sources, as in the theory of chemical 
reactions (see §23.5). 


In relativistic theory, apart from energy-momentum, the dif- 
ferent types of charge (electric, baryon, lepton, etc.) are con- 
served. We shall study the conservation law for charge of any 
one type (the generalization to different types of charge presents 
no difficulties): 


4 
t 
x ae ) = (24.48) 


where j,(x) is the density of the four-vector of a current with space 
components j,, j,, and j, (three-dimensional current) and with 
time component j, =—icp, where p is the charge density. 


Corresponding to the conservation law (24.48) is the local in- 
tegral of motion 


3 0 
rar as . Ojy (x, 2) 
jg (x) = jy (x) + ic x { ef at, (24.49) 
V=|—0o 
which transforms like the fourth component of a vector. 
We construct the quantity B,(x, t) transforming in the same 


way as j,(x), but containing the parameters y(x, t) (some auxili- 
ary scalar field) and f(x, t) (the inverse temperature): 


B,(x, t)=—iB (x, p(x, t)7,(*) = — iB(x, to(x, t) jy(x) + 
0 


+i [ex 


— 00 


d : . 
ap, BU E+ ty) OC, t+ 1) fae, ti) dy 


0 
= — ip (x, t) Q(x, t) j,(x) +2 Jew fats ti) sr B(x, t+ 41) 9 (x, t+t))— 


~ icp (x, t+ t,) (x, t+ t)) y yet dt,. (24,50) 
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The operator B,(x, t) is an integral of Liouville's equation as 
e—0. Its corresponding invariant is 


J Bete, idx =— | B(x, t) p(x, t) ijy(x) dx + 
0 
HS f fet ice, 0) Oe H+ Adole t+ 4))iedtde, (24,51) 


where we have discarded the surface integrals. 


In the statistical operator (24.5), we must also take into ac- 
count the invariant (24.51): 


0=Q7! exp | ~ { (x Byy (x, t) +— By(x, 0 ash. (24.52) 


The nonequilibrium statistical operator (24.52) can be applied 
in the study of energy-momentum and charge transport processes 
in a Spatially nonuniform system. We write it in explicit form: 


p=Q™' exp | | Bee, (> My (x, f) Ty (x) + = o(x, 2) is(#) )de— 


v 


ff (Si taste, 1) 1) Foe ed ttt) 1 


[lv 


+iv(x, fi) a Ble, £44) + 9(s, (+1) dt, dx \ (24.53) 


The quantities oF ,/ 0x, and ay / dx , play the role of the 
thermodynamic forces. If they are small, we obtain linear rela- 
tions of the type (24.41a)-(24.41c) for the average fluxes of energy, 
momentum and charge. Here it is convenient, as previously, to 
separate out the convective motion in T,,, by means of (24.23), and 
similarly in j,. If the particles possess spin, then, in addition to 
the conservation of energy-momentum (24.1) and of charge (24.48), 
we must take into account conservation of angular momentum, and 
this can be done by the same method. 


For ordinary gases, quantum-hydrodynamic effects are very 
small. Quantum hydrodynamics finds application in another field, 
namely, in the theory of multiple production of particles in colli- 
sions of fast nucleons with nuclei [137, 138]. 
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§25. Kinetic Equations 


25.1. Generalized Kinetic Equations [56] 


Up to this point, we have studied transport equations for the 
hydrodynamic regime, when the nonequilibrium state can be de- 
scribed macroscopically by a set of a small number of hydrody- 
namic or thermodynamic) parameters: the temperatures and 
chemical potentials of the components, the mass velocity, and so on. 
In our study of strongly nonequilibrium processes for systems 
with weak interaction in the spatially uniform case (§§23.4 and 
23.5), it was found that the average occupation numbers satisfy 
a kinetic equation [see Eq. (23.64)]. We shall show that this is 
not fortuitous and that the method of the nonequilibrium statisti- 
cal operator can also be applied, following the work of Pokrovskii 
[156, 157], to the kinetic stage, if we choose the parameters de- 
scribing the state of the system in the appropriate way. (For a 
discussion of the meaning of the kinetic and hydrodynamic stages, 
see pp. 301-302.) 


_ We shall consider a quantum-mechanical system with Hamil- 
tonian 
H=H)+M, (25.1) 
where Hy is the Hamiltonian of the free particles or quasi-particles, 


and H, is the Hamiltonian of the interaction, which we shall assume 
to be small. 


We shall assume that, to describe a nonequilibrium state for 
time scales that are not too short, a set of quantities (P,,), where 
the brackets denote nonequilibrium averaging, is sufficient. For 
example, for a spatially uniform state of a gas, we can choose 

P,=afa,, (25.2) 
so that 
(Pu) = (25%) (25.3) 
is the distribution function over the states k. For the spatially 
nonuniform case, we can choose 
Py =ap, Oy (25.4) 


so that 
(ag ge) (25.5) 
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is the distribution function characterizing a spatially nonuniform 
state of the gas. Thus, the distribution function (P,) can be re- 
garded as a thermodynamic parameter, and this enables us to ex- 
tend the general scheme of nonequilibrium thermodynamics to ki- 
netic processes too. Since a kinetic equation, generally speaking, 
is nonlinear, we must consider a nonlinear variant of the theory. 


We note that the operators P, often satisfy simple commuta- 
tion relations with the free-particle Hamiltonian 


[Ho, Px] = pa OgiP 1, (25.6) 


where @ are certain numerical coefficients determining the 
free evolution of the operators P,. Peletminskii and Yatsenko [36] 
constructed a generalized kinetic equation for the average values 
of such operators. 


In the particular case when the P, are chosen as in (25.4), and 
H,= pa E,aj a,, (25.7) 

we have 
[Ho, ag, g%e| = (Ens, ~ E,) Ans gte: (25.8) 


With the choice (25.2) we have ay = 9. 


In most problems, it is sufficient to consider only operators 
satisfying the condition (25.6), although it is sometimes con- 
venient to include also operators which do not satisfy this con- 
dition; we shall not consider such cases, 


The operators P, obey the equations of motion 


oP 1 i I 

ar = ap lPw H\=— ay Lani ay Pe Ay}. (25.9) 
Corresponding to the equations of motion (25.9) is the non- 

equilibrium statistical operator, constructed in accordance with 

the usual rules (see §21) and satisfying Liouville's equations in 

the limit « —0 


p= Qv' exp | -— MFO, 
Rk 


0 
=Q7'exp | _- vie f ev F, (t +#,) P, (t,) dt, ; (25.10) 


k — 00 
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or 


e=Q™ v0 - MPa Pat 
k 


0 
+ [ates U(r, (t+1,) Py (t) + Hee) p, (t))}, (25.11) 
00 k 


where the F(t) are certain parameters associated with the (P,). 
This dependence is determined from the supplementary conditions 


(Px) = (Pag (25.12) 
where the notation 
(...)= Tr(p...) (25.13) 


indicates averaging with the nonequilibrium statistical operator 
(25.11), and 


(oe )g = Tr(p,...) (25.14) 


denotes averaging with the quasi-equilibrium statistical operator 
pa = Q;'exp {~ 3 F(t) Pal, (25.14a) 
Q,= Trexp{— 3 Fa(t) Pel. (25.14b) 


The quasi-equilibrium statistical operator (25.14a) is constructed 
analogously to the local-equilibrium statistical operator (20.10), 
which was considered in §20, although the statistical operator 
(25.14a) can describe strongly nonequilibrium states and is not 
connected with the concept of a local temperature. 


For the nonequilibrium statistical operator (25.11), the rela- 
tions 


Fy OFg = Pela = — MP eds (25.15) 


Serve as an analog of the thermodynamic equalities, where 


O=@(...F,...)=InQ, (25.16) 


is the analog of the Massieu— Planck function. If k takes a continu- 
ous series of values, the sums in (25.14a) go over into integrals, 
and the functions into functionals. 
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The thermodynamic equalities can also be represented in the 
form 


os 
Seay 7 Fel (25.17) 
where 
S=@O+ x (Py) Fy (t) (25.18) 
is the entropy of the nonequilibrium state. 
The entropy production is equal to 
S= Xi (Pe) Fa, (25.19) 
since 
o=— x (P,) Fy, (2). (25.20) 


The fact that the relations (25.15)-(25.18) have the same form 
as the thermodynamic equalities does not mean that the nonequi- 
librium state described by the statistical operator (25.11) is close 
to a state of statistical equilibrium. 


The average value of (25.9), calculated with the operator (25.11), 


oF) Sen Pd + (Px, Hil). (25.21) 


is the generalized kinetic equation for (P,,), since the average com- 
mutator of P;, with the interaction operator can be expressed in 
terms of (P,,) by means of (25.11) and (25.12). The first term in 
the right-hand side of (25.21) expresses the free collisionless 
evolution of the distribution function (PLDs and the second term is 
the collision integral. 


In the exponent of the statistical operator (25.11) we eliminate 
the time derivatives of the parameters F,,(¢ +t,). We have 


dFr a -% sty (P,) 


EF my 3 By um (Pn) > Fey im Pn Mil). (25.22) 
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Further, we note that 


2 F 0p) (P1) = (| Ho» SF iPs]) =, (25.23) 


since pa F,P, commutes with Pgs Differentiating the identity 
(25.23) with respect to F,, we obtain 


\’ \7 0¢P 
Yeti (Pra) + YY Frittns 2222 = 0. (25.24) 
mi 


Taking into account that 


0 (P1) d?InQqg 9 (Pr) 


OF, OFROF, OF, ’ (25.25) 


we multiply (25.24) by dF, /9(P,,) and sum over k. As a result, we 
obtain | 


OF 
>» spy ow (Pd) + SY) Fm: = 0- (25.26) 
kl m 


By means of (25.26), we bring (25.22) to the form 
af oF) a mw Lawl (7) +d SURY 7 na (Pp AM1)). (25.27) 


This equation can be regarded as a kinetic equation in the 
variables F,,. 


Substituting (25.9) and (25.27) into (25.11), we write the non- 
equilibrium statistical operator in the form 


p= Q"'exp {— JF (f) Pat 
Rk 
0 
+ { at, oS (Paleo Ht, (4) Fe (E+ 4) + 


+2 CHE Sa (IP, Hily*" Pe “I, (25.28) 


where the superscript t + t, on the average means that the average 
is taken with the statistical operator (25.11) taken at time t + t,. 
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It can be seen from (25.28) that the integral term in the exponent 
is of at least first order of smallness in the interaction. 


We shall seek an expansion of the collision integral 
l 
Se= Fy (Pe MD) (25.29) 


as a series in powers of the interaction. Since the operator being 
averaged in (25.29) is itself of first order in the interaction, in the 
expansion of the exponential in (25.28) (see §22.2) we can confine 
ourselves to the first-order terms, so that we obtain an expan- 
sion exact up to and including terms of second order. The expan- 
sion of (25.29) starts from the first-order terms and has the form 


AP) ...)=S04 SP 4 ..., (25.30) 
where 
SY = + Pe 7 Dg (25.31) 
SP = Se? + Sk, (25.32) 
SP =— Yaz faye (un, Py), [Ai (ty), Prt Fi (é +4), (25.33) 


l —00 


0 
SiO = ~ Le [ dt, et ([Hy, Pal, Pilts)) EM Cant), Pn (EDD 
ml 0 (25.34) 


and we have introduced the usual notation for the quantum correla- 
tion functions: 


(B, C)= [ dv (B(e-*4 Cet — (C),) oy (25.35) 


A= x F, (t) Pg. (25.36) 


The formulas (25.31)-(25.34) already give the collision inte- 
gral of the generalized kinetic equation exact up to and including 
terms of second order in the interaction, although they can be 
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further simplified. In the collision integrals (25.33) and (25.34), 
we can omit the interaction in the Heisenberg picture for the oper- 
ators, since in these formulas there is already a factor of second 
order in the interaction. Moreover, in (25.33) we can put 


XP, (t+ t1) Pits) = Fi(f) Pr, (25.37) 


since, if the interaction is neglected, this sum is an integral of 
motion. In fact, (25.28) is an integral of motion when & — 0, and 
the integral terms in its exponent are proportional to the inter- 
action. Noting also that 


Ser [Hi (ty), PF, (De = = c= 4 Hy (t,) e°4, 


(25.38) 


and performing the integration over 7, we obtain 


0 
SP =a dt e* ((H, (t), (Hi, Pel Yq (25.39) 


—o 


i.e., this part of the collision integral is proportional to the Fourier 
component of the retarded Green function at w =ie, or to the spec- 
tral intensity of the time correlation function at zero frequency 

(see §16). 


We now transform sh by writing it in explicit form: 


, OF (t+? 
SLO) = ~% +r fat on dt (LA, P,| eta a x 


X (Ai (1), Pm (Eig (Pr (ti) — (Pr Ei) q) &4)g- (25.40) 
We shall prove that 


—o 


ay Saray CA, Pm ade (Pa &)—(@Putinp]=0, (25.40 


whence it follows that we can put t, = 0 everywhere in (25.40), ex- 
cept in H,(t,). 


With neglect of the interaction, we shall calculate the time 
derivative of the matrix 


1 


a (Pr) in Qg [ de (Pyen*4 (Py —(Pa)q) e™AYq. (25.42) 
0 


OF, ~-~«OF n OF 
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We have 
d O(Pp) y 8InQy dFm 
dt OF, sd OF, OFROFm dl 
im 
y 1 In Qq 
~ a) OF n OF g OF m Om Pj. (25.43) 
m, 


Differentiating the identity (25.23) with respect to F, and F,, we 
find 


1 @inQ, 1 din Q, a? In Qg 


OF, OFg Fm Cimh it 2b OF, OF my Um t Ld OF yp OFm, em = O- (25.44) 
I,m m m 


By means of (25.44), (25.43), and (25.42), we obtain 


d O(Pr) _ st YY (9 (Pn) 0 (Px) 
di OF, iB x ( OF, oem t oR, nm) (25.45) 
Differentiating the identity 
\  OFn O(Pm 
(Pm) ore = Ons (25.46) 
n 


with respect to t, multiplying the result by oF, /8(P,) and sum- 
ming over k, we find 


OF n_ OF 
+ O(Pi) it 7 Le Gen 9 (Pi) + a7 + tnd Omi (Pm) a5 ’ (25.47) 


whence, using (25.9), we obtain (25.41). Therefore, in (25.40) we 
can omit t; everywhere except in H,(t,). 
Noting also that 
(D 


1 
os 
[ de({H,, Pyle-"4(P,— (Pada) eg = ibs, (25.48) 
0 


we write (25.40) in the form 


0 
as(! 
sk —% {a ett (a (2), LPn aay O(Pay x). (25.49) 
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or, combining (25.39) and (25.49), we obtain 


0 
; as!) 
S?) = — cal dt e ( (a (¢), [4, P+ Postar Ye (25.50) 


The formulas (25.31) and (25.50) give the expansion of the col- 
lision integral in powers of the interaction to terms of second order. 
In this form, they were obtained by Peletminskii and Yatsenko [36] 
by another method. | 


25.2. Nonideal Quantum Gases 


As a simple example, we shall consider the construction of 
kinetic equations for nonideal quantum gases. In this case, the 
free-particle Hamiltonian is 


~y 242 
H,= ME,ata,, £,=7=, (25.51) 
k 


2m 


and the interaction Hamiltonian is 


Hy =e Y) O(Riko| Riks) at, ait, anions, 


b Ast (25.52) 
where 
D (fess | kik) = + (v (i — Bt)  v ( — &)) (25.53) 
is the matrix element of the interaction, and 
v (Rk) = J D(x) ef Be dy (25.54) 


is the Fourier component of the interaction potential. 


The matrix element (25.53) is symmetrized for Bose sta- 
tistics and antisymmetrized for Fermi statistics. This can be 
done conveniently, since for Bose statistics a permutation of the 
operators a Py and Oy’ equivalent to a permutation of the indices 


k, and k,, does not change the sign of the product, while for Fermi 
statistics, the sign is reversed. If we do not make this sym- 
metrization (or antisymmetrization), similar combinations of 
Fourier components will appear nevertheless in the final results. 
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As our basic operators, we choose 
P,=ata, =n,. (25.55) 
then 
[Ho, ne] =0 (25.56) 
and we have «= 0 in the relations (25.6). 


The commutator of the interaction operator with n, is equal to 


_1 ‘k) (af at aay — ata? 

[H,nel = V y © (Fek| Rik) (a8, a8 ay at ayanas,), (25.57) 
By kok, 
hy tho=k +k 


where we have taken into account the symmetry (or antisymmetry) 
properties of the matrix elements (25.53). 


It is now easy to calculate the collision integral (25.39), using 
Wick's theorem and the formula (16.32), 
0 
, I 
Si m— A [ dee LH,@, [Hy malDy= 


- ¥ w (Riko| ik) (A, ,, (1 F A") (IF A,)— 


a 
By kok, 


bi thyak th 
~(1 Fa, )(1 FA, ) Ay fig, (25.58) 
where 


w (Ieiks| Rik) = | @ (Fike | kik) PO(E, + E, Ey —E,) (25.59) 
is the transition probability in unit time in the Born approximation, 
and 

fin = (Ne) (25.60) 


are the average occupation numbers of the state k. The other col- 
lision operators (25.31) and (25.49) are equal to zero, 


1) (2 
SY = Sy = 0. 
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Finally, we obtain the kinetic equation for a quantum Bose or 
verm gas in the form 


she ye (kh,| AR) Aya, (1 Hy) (1 Ay) — 


& 1” ‘ki 
—(1 FA, )(1 FA, ary A Pa (25.61) 
where the plus sign is for a Bose gas, and the minus for a Fermi gas. 


The third approximation for the collision operator of quantum 
gases was obtained by Bogolyubov and Gurov [139] (see the mono- 
graph [140]) and the fourth by Bar'yakhtar, Peletminskii, and Yat- 
senko [141]. 


The kinetic equation for quantum gases with the collision oper- 
ator (25.61) was first obtained by Uehling and Uhlenbeck [142]. 
This problem was treated later by many.authors [143-145], who 
started from the Wigner mixed coordinate-momentum representa- 
tion (see §14.2). For more details on the derivation of the quan- 
tum kinetic equation, see the monograph by Fujita [146] and also 
[147-149]. 


Kinetic equations of the type (25.61) are applicable to nonde- 
generate quantum gases. For degenerate gases, the kinetic equa- 
tions must be constructed not for the particle distribution func- 
tions, but for the distribution functions of the elementary excita- 
tions. For example, a kinetic equation for the elementary excita- 
tions in a nonideal Bose gas was obtained by Bogolyubov [150]. 

For a nonideal degenerate Bose gas, the distribution functions 
(25.3) are insufficient, and one must also consider the functions 
(a,a_,) > i.e, 

P,={ata,, a,a_,}. 
This scheme is carried out in paper [151], by the method of Pelet- 


minskii and Yatsenko [36]. An analogous situation also holds in 
the theory of superconductivity. 


25.3. The Kinetic Equation for Electrons in a Metal 


We shall consider one more example of a quantum kinetic 
equation, the Bloch equation for electrons in a metal. In this case, 


H=H,+H,, (25.62) 
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where 
Hy = By Evsdioaes + Yi hogbg by (25 .62a) 
+o q 
is the Hamiltonian of the free electrons and phonons, and 
I h \'h + + 
= z—}) \bgt+6- ' 25.62b 
A, Vv XX, Ug (so-) (bg + bq) Gé,ue,0 (25 ) 
&,-kymg 


is the Hamiltonian of the interaction of the electrons with the lat- 
tice phonons (see the footnote to p. 168). 


To derive the kinetic equation for the electrons in the spa- 
tially uniform case, we choose 


P,=ata fn, 


bot kg = leg: (25.63) 
The kinetic equations for (n, g) has the form 
8 (tp, ! 
Cen) (Inns, Hil = S$ SPE eee (25.64) 
Noting that 


SP = + [nea Ai)), = 0, 
we write the kinetic equation (25.64) in the form 
, 0 
on 
Se | dbo (UH, (), [Hs Melle 
Vv » =| Uq P (Ng + 1) fie, (1 — fin) — Nq (1 — fin) fin} X 
Ry, q q 
ki-k=q 


X (Ex, —Ex—to)-> jl Oa PX 


x (Ny + 1) fiz (1 — fe.) — Nolin, (1 — fiz)}5 (Ex, — Ex + fq), (25.65) 


where 


hr= (tro) qs Ng = (Nag = (bq ba) (25.66) 


are the electron and phonon distribution functions. 
The equation (25.65) is the well-known Bloch equation on 


which is constructed the theory of the electrical conductivity and 
thermal conductivity of metals and semiconductors [152-155]. 
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In the same way, we can derive the kinetic equation for the 
phonon distribution function: 


oO = oe Na Hil) (25.67) 


where the right-hand side can be expanded easily by perturbation 
theory. This equation is considered in the book [153]. 


Equally simply, one can also obtain other kinetic equations, 
for example, the Peierls equation for phonons in a lattice [156], 
when the collisions are due to the effects of anharmonicity. 


A special case of the kinetic equations is the equation for a 
small subsystem interacting with a large one in an equilibrium 
state (i.e., with a thermostat). For such a subsystem, the prob- 
ability of a forward transition is not equal to the probability of the 
inverse transition, since exchange of energy with the thermostat 
is possible in the transition. Therefore, the transition probability 
is not simply the square ofthe matrix element of the perturbation, 
as in (25.59), but must depend on the temperature. The method of 
the nonequilibrium statistical operator is convenient for obtaining 
equations of such a type, as was shown by Pokrovskii [157]. Also 
considered in this paper was a particular case of the derivation 
of equations for spin systems with allowance for off-diagonal terms 
(the Redfield equations [158]) and of equations for average spin 
operators, i.e.; the Bloch equations [158] (see also [211]). Using 
the method of the nonequilibrium statistical operator, it is also very 
simple to derive master equations [231]. 


An important field of application of kinetic equations is that 
of completely or partially ionized plasmas and plasma-like media. 
To construct a theory of transport processes in such systems, it 
is necessary to go outside the framework of ordinary perturba- 
tion theory of powers of the interaction and consider the effects of 
polarization of the medium; otherwise, divergences appear in the 
kinetic equation. A kinetic equation for a plasma with allowance 
for the polarization was first obtained by Balescu [176, 177] by 
Prigogine's method [178], and by Lenard [179] by the method of 
Bogolyubov [1]. A fairly simple method of deriving this equation 
was given by Klimontovich [163]. By the same method, he developed 
a statistical theory of inelastic processes in a plasma [180]. 
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The kinetic theory of an electron liquid in metals was de- 
veloped by Silin [181, 182], who predicted spin waves in nonferro- 
magnetic metals. 


In this book, we shall not concern ourselves with the theory 
of transport processes in a plasma, since this is a large field in 
its own right. Besides, the method of the nonequilibrium statistical 
operator [2-5] has not yet been applied to a plasma, although it is 
possible’ to do this. 


§26. The Kramers — Fokker — Planck 
Equations [162] 


In many problems of nonequilibrium statistical mechanics 
(the Brownian motion of a particle in a liquid, relaxation in a sys- 
tem of oscillators, the theory of homogeneous nucleation, etc.), 
one considers the evolution of a small subsystem in contact with a 
large subsystem, to be called the thermostat, in thermodynamic 
equilibrium. In the case of weak interaction between them, this 
evolution is described by the Kramers-— Fokker — Planck equation, 
which was first derived by Kramers [161] by means of the theory 
of Markovian processes, starting from the Langevin equation with 
a phenomenological friction constant. Later, this equation was 
obtained by Kirkwood [13] for the particular case of Brownian mo- 
tion in a liquid. Kirkwood succeeded in deriving,an expression for 
the friction coefficient in terms of the autocorrelation function of 
the forces acting on the Brownian particle. The first to obtain the 
Fokker — Planck equation from the equations of mechanics (classi- 
cal and quantum), and also expressions for the coefficients in this 
equation in terms of correlation functions of the perturbing forces, 
were Krylov and Bogolyubov [169] as long ago as 1939, long before 
the work of Kirkwood [13] (see also the paper by Bogolyubov [169a}). 
Unfortunately, these important papers were not easily available, 
and because of this were not sufficiently widely known in their 
time. 


In this section, following the work of Bashkirov and the author 
[162], we shall give a derivation of the Kramers-— Fokker — Planck 
equation for the case of classical statistical mechanics, using the 
method described in §21. 
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26.1. General Method 


Suppose that we have N identical subsystems, in contact with 
a thermostat and not interacting with each other. The total Hamil- 
tonian of such a system has the form 


H= DH (pp g:) + H,(P, Q)+ LU (pi, qis P, Q), (26.1) 


where H,(p;, 4;) is the Hamiltonian of the i-th small subsystem with 
dynamic variables p; and q;, H2(P, Q) is the Hamiltonian of the 
thermostat, P, Q are the set of its dynamic variables, and U(p,, 

qd,» P, Q) is the interaction potential between the i-th subsystem 
and the thermostat. 


The macroscopic state of the complete system is character- 
ized by (in addition to the thermodynamic variables of the thermo- 
stat) the distribution function f (p, q, t) of the subsystems in phase 
space. Corresponding to this quantity is the dynamic variable 


n(p, 4) = Xi 5(p — p:)8(9— (26.2) 


which is the mixed density of the subsystems in phase space, so 
that 

f(p, q, t) =(n(p, 9))s (26.3) 
where (..-) denotes averaging with some nonequilibrium distribu- 
tion function, to be considered below. We note that the integral of 
(26.2) over the phase variables p and q is equal to the total num- 
ber of small subsystems | n(p, q)dpdq=N. In the particular 
case when the small subsystems are, for example, spherically 
symmetric Brownian particles, p,; and q; are the ordinary momen- 
tum p,; and coordinate q; of the i-th Brownian particle, and the 
expression (26.2) defines the density in the six-dimensional phase 
space 


n(p, q)= 18(p —p,) 5(q—4,), (26.2a) 
which was widely used by Klimontovich to construct kinetic equa- 
tions in the theory of a nonequilibrium plasma [163]. 


We shall first consider the general case, when (26.2) is the 
density in a multidimensional phase space the dimensions of which 
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are determined by the number of canonically conjugate dynamic 
variables p,, q; of one small subsystem. 


The mixed density (26.2) satisfies the equation of motion 


n(p, q)={n (p, 9), H}=— ii (p, q)- grb (p, 9), 


(26.4) 
where {...} is the classical Poisson bracket (2.10), 
, P, 
h (p, q)= (ee Ps Q +See \ nip, q), (26 .5a) 


. OFT, (p, oU , P, 
jo(p, 9) = — (oO | OO POY nip, q)-  (26..5b) 


According to the general method of constructing a nonequi- 


librium distribution function, to the conservation law (26.4) there 
corresponds the nonequilibrium distribution function 


0 
o=Q7'exp —pH +B { dpdqe [ateteln attsnate, 40| 
=Qv'exp|—pH +8 | dpdq@(p, q, t) n(p, q)— 
0 
—6 { dp dq { dt, e% [e(p, gg t+ t)Aalp, q t+ 


+o(p, 9g, t+t)n(p, q, t,))} (26 .6a) 


or, if we take (26.4) into account, 
p=Q ‘exp |—pH +B | dpdqa(p, q, t)n(p, q)- 


0 
Op(p, 9, f+t1) , 
—p{ dpdq | diye Seth IFN) is (p, gy t) + 


fe) ,9,¢t+h). . 
+ 29 'p ge ttt) ip t4) in(p, gt) +0(p, 4, E+E) Ap, 9, i}, (26 .6b) 


where ¢(p, q, t) is a function of (n(p, q)); it will be eliminated 
below and will not appear in the final results 


. This function is de- 
termined from the condition 


(n(p, 9)) =(n(p, 9) (26.7) 
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where (...) denotes averaging with the total distribution function 
(26.6b), and (...), denotes averaging with the local-equilibrium or 
quasi-equilibrium distribution function T 


p= Qr'exp }—BA +8 | dpdq@(p, q, t)n(p, q}. (26 .8) 


To eliminate the derivative y(p, q, t) from (26.6b), we differ- 
entiate both parts of the equality (26.7) with respect to the time. 
Then, for the left-hand side, we obtain 


ain (p, =a (p, )) — ohh (p, 9)) = 


~ _ OH; (p,q) 9 OH (p,q) 9 ~ 
= “ap ag SOP Q)) +55 ap St (Pp, 9)) & 


~ OH; (p, q) 0 OF, (p, 0 
= (— Seo De tee lB in(p, g)), (26.9) 


where we have neglected terms of the type 


(28 (p, 9 P, Q) 


i (20 (p, q, P, 2)" 


and aq 


and have made use of the equality (26.4) [cf. (26.24)]. We now dif- 
ferentiate the right-hand side of (26.8): 


Fale, D= Bf do! da’ o(P', 9, HIn(p, g(n(p’s, a—a’, a0), 


=B(p(p, g) -—@) (n(p, 9): = BO(P, g, t)(n(p, gr, (26 .9b) 


where we have neglected the term 


$= [ dpdgo(p, 4g, t) (nlp, ayn (26.10) 


which is of the order of magnitude of the average force in the local 
equilibrium state. 


It is better to call the distribution function (26.8) a quasi-equilibrium rather than a 
local-equilibrium distribution function, since it can describe strongly nonequilibrium 
states. In fact 

(Pp Tp t) 
P; = Qy' exp {-BH+B zy (p;. t) } = QF e BH i ef Pi ", 
t t 


and the single-particle distribution function exp[B (pj, qj, t)] can differ greatly 
from the equilibrium function. 
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Equating (26 .9a) and (26.9b), we obtain the collisionless kinetic 
equation , 


OH > 0 . _t OH , ) a , t) 
o(p, q, t t) = — Bii(m 9) 99 (Pp, HO) 4 1(p, 9) 99 (p, 4 


* se Se ee (26.11) 


which we could have written down immediately, if we had assumed 
that y(p, q, t) is a function of the single-particle distribution func- 
tion (n(p, q)); for this such an equation is obvious. 


Substituting (26.11) into (26.7b), we obtain 
p=Q"'exp{—pH +8 | dpdga(p, 4, t)n(p, 4)— 
0 
0 »9,t+t) v 
—p{ dp dg [ ty e* [ote getty (p,q, t,) + 
7 29 (p, G t+h) 7 26.12 
+See Sit ale, g td] == 26-12) 


or, inthe linear approximation in the interaction between the sub-~ 
system and the thermostat, 


0 
e=o-pib | dp dg [a get [BIR SAE CF (p, gt) i (Bg, td) + 


Op (p, 9, t+) (, . 
4 Sele g ttt) 7D D (is(p, gt — G(r, 9. ti))) |, (26.13) 
where 


af . OH , 
ji(p, q) = jo(p, g) — Hie D na (p, q) = OU (p, gq, P, Q) 


ap = ap (PS 9); 

(26 .14a) 
y ; aH; (p, U(p, 9, P, 
ip, 9) = jnlp, q) + ALE nip, g)=2— Pe LED nip, g). 

(26 .14b) 


We proceed now to the derivation of the equation for the dis- 
tribution function f(p, q, t) = (n(p, q)). For this, we average the 


exact mechanical equation of motion (26.4) over all the dynamic 
variables of the system; this gives 


OH ( » ] oH ’ 0 af 
at 3 2 o_O (ed) Ot 2 ip, ) — Sp (i (p, q)). 


(26.15) 


This equation is none other than an equation of Bogolyubov's 
chain [1] for the distribution functions. Ih fact, in the left-hand side 
of (26.15), we have a distribution function in the phase space of the 
subsystem, and in the right-hand side, a distribution function of 
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higher order in the phase space of the dynamic variables of both 
the subsystem and the thermostat. To decouple this equation, in 


its right-hand side we use the distribution function (26.13) obtained 
above. Then, 


0 
7 of , , 6] ‘ . t t 
Cii(p, 9) =i, DB | dp’ dq { ar, eet | Sot. Tt) x 


x Cit (p, q) (jt (p’, q’, ty) _ Ci (p’, q’, t,) >) + 
+P TEM Ci (p, glisle’s qt) Glo’, g, tM]. (26.16) 


We shall study the second term in the right-hand side of (26.16): 


0 
ra 0 9, (+t OU (p, q, P, 


OU (p’, 9’, P, Q, fos 
«(A Cen (p', g', )—Gile', a’, A), = 


0 
Og (p,q,t+t OU (p,q, P, Q) OU (p, q, P, Q, t 
--p| dt, es [ PUP EIEN Fp, 1 ena Reng — 
aU (p, g, P, Q)\ faglt+h) OU (p, ze Q, 
~f (p, 9, t).( iP 4 y (et) 1) (p B at) |= 


~— Bp f yen $128) q; t)X 


aU (p, q, P. Q) AU (p, a, P, Q th) 26.17a 
x (eg IN ( ) 
where we have neglected the correlation between the different 
small subsystems, which corresponds to a higher order of small- 
ness in the interaction U. 

We have replaced the local-equilibrium averaging (...), of 
quantities small in U by averaging over the conditional equilibrium 
distribution: 


(...0(p, Qi FP (p,q, t) 6 Dos (26 .18) 


(dom [dP dQ... ia 


[apa et (26.19) 


where 


Hy = Hy (p, q) + He(P, Q)+U (p, 9g, P, Q); (26 .19a) 
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the line over the average in (26.17a) denotes the averaging (26.10). 
In addition, we have neglected terms of second order in the "aver- 
age forces" 


(28 (p, 9, P, Q) and (ou (p, 9, P. Q) 
0g 0 Op 


which are very small. 


In particular, if, for example, the potential depends on q only 
through the difference Q — q, and the Hamiltonian (26.1) is an even 
function of @, then the average force 


(Siege 2) 


is exactly equal to zero, as is the case, for example, for a Brownian 
particle in a liquid. 


These arguments can also be used to calculate the local-equi-~ 
librium flux 


Cii(p, 4 = (2 1 nip, 9), = Sete EL) i (p, q) t), 


(26.20) 


which can also be equal to zero, but is, inthe general case, a small 
quantity; as will be shown below, taking it into account leads to a 
renormalization H; — H, + (U), of the energy of the subsystem. 


We can investigate the third term in the right-hand side of 
(26.16) in an analogous way. It is equal to 


0 
et, OP (P, 9, t+h) / OU (p, 4, P, Q oe tp a Q, t1) 
Bip, 4, t) | dt, ers 22 a1 44) (2p. 4. P,Q) OU KE, GR, Oty 
(26.1 7b) 
in the same approximation as (26.17a). 


Thus, 


Cii(p, q)) =( EPS) Fp, 9, 1) - 


ct, 99(p, @ t+t 
— Bi (Pp, 4, £) f anon olp 4 u 


0 
dU (p, q, P, Q wee ee Q, t 0g (p,q, t+) 
SUP GP Q) SUP GP DAN) 4 BF (p,q, t) | dds Og tte 


—0o 


aU (p, q, P, Q) aU (p, q, P, Q, ty) 
x (OP BN NE (26.21) 


x 
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and, analogously, 


(i (p, 9 DO, F(p, q, t) + BF (p,q, t) X 


, 29 (p, 4 t+t) /OU(p, 9, P, Q) — OU (p, g, P, Q th) 


0 
— Bhp, qt) { at, ett SOU EEN) OE BP) OP ONY 
™ (26 .22) 
We now eliminate the derivatives 99/8 q and 8g/8p from 
(26.21) and (26.22). Here we can confine ourselves to the zeroth 


order in the interaction potential, by putting 


F(p, q. t= fi(p, 9, t) = Qi! exp{—B(Ai (Pp, )-9(, 9.) (26.23) 
whence 
Op (p, 9, t+) _ Oi (p, 9) OInf(p, g, t+11) 


op P " (26.24) 
Op(p, 9, t+h) _ OA; (p, q) + kT 0 Inf(p, q, ¢+t1) 
oq ~ oq oq , 


Substituting the expressions (26.21) and (26.22) into the right- 
hand side of (26.15) and taking (26.24) into account, we obtain 


O} d(H, (p,q) +(U (p, g, P. Q))o) OF _ 9 (Hi (p, g) + CU (p, 9g, P, Do) 
ot Op 0q oq 


aU (p, g, P, Q) OU (p, 9, P, Q, 1) 
x ae Op )+ 


0 
et, (O81 (p, 9) Olnf(p, q, t+4) 


L (aU lp, @ P,Q) ip, a Pr @ AS] _ 
x ( ' Op 0q A 


0 ' 
0 dH; (p, 9) dinf(p, gq, t+t) 
~ op [i (p, 9, t) J atyen (MeO 4 pp Sine t AN) x 


aU (p, g, P, Q) U(p, g, P,Q HY) _ 
x ( oq Op ) 


0 
OH, (p, 9) Oinf(p, q, t +t) 
—pfip, qs t) { ater (E20 4 gr Peon ti) 


x (Ue. gq, P, Q) OU (p, a Q, at) |. 


3 (26.25) 


432 THE NONEQUILIBRIUM STATISTICAL OPERATOR [CH. IV 


This equation describes the evolution of the distribution func- 
tion of a subsystem with coordinates p and q in contact with a ther- 
mostat; it can be regarded as the Liouville equation for an open 
system. The right-hand side (the collision integral) shows that 
the evolution of the distribution function f (p, q, t) at time t de- 
pends on the state of the system at the previous times —o < 
t+t,<= 0. Equations of sucha type are usually called non-Mar- 
kovian. A Markovian equation is obtained from (26.25) in the par- 
ticular case when the attenuation of the time correlation functions 


QU au (41) (ge oUt) sete, 
9’ 


Op Op 


is so rapid that the factors multiplying them, of the type 


OM, | pp ainjll +h) 


do not have time to change significantly and can be taken outside 
the integrals over time. In the Markovian approximation, (26.25) 
has the form 


Sy Sh te ee (p, 4, P, Q))o) OF _ 
Op Og 


a (Hi (p, 9) + (Up, Pr Qn) of 
Oq Op 


0 OH, (p, af (p, 4 t 
= 3, [Lule (SPP hip, a, j+er teed) _ 
off fe, Of (Pr qt 
—Liy(p, q) (AED Fp, q, t) + kT Seo.) 
a OH, (p, at(p, 4, 1 
— [21 (p, q)( Ae) Fp, g, t)+ le 


Ly (p, )(SE2® Fp, g, H+ eT ht), (26.26) 
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where we have introduced the following kinetic coefficients: 


0 
e au ( +4, P, Q) ou (p,-9, P, Q, t) 
Li (p, qg) = [ at ex ( oo Op de 


0 
aU (p, gq. P, Q) BU (p, 9, P, Qt 
Lo(p, =p | dtet (QUB2F.) Bina PF Qd) | 


(26.27) 


0 
OU (p, g, P, Q) OU (p, 9, P, Q 2) 
Ly(p, q)=p f ate (2W2P O We. 4 Pay | 


0 
aU (p,q, P, Q) OU (p,q, P, Q, 2) 
La(p, q)=p { dtet (LAG P.O) Bima Pd) | 


The equation (26.26) obtained is the Kramers -— Fokker — Planck 
equation describing the behavior of a small subsystem in a thermo- 
stat. It can be regarded as the generalization of Liouville's equa- 
tion to the case of a nonisolated system. This equation has been 
obtained by many authors [161, 164-168] by means of the theory of 
stochastic processes, the kinetic coefficients being expressed in 
terms of the transition probability, which was regarded as a given 
characteristic of the random process. 


The application to this problem of the method of the nonequi- 
librium statistical operator has made it possible not only to der- 
ive the Kramers— Fokker — Planck equation, but also to obtain ex- 
pressions (26.27) for the kinetic coefficients occurring in it in 
terms of correlation functions of the forces acting on the subsystem. 


26.2. Particular Cases 


The simplest example of the problem under consideration is 
the Brownian motion of a heavy particle in a gas or liquid, when 
the small interaction between the particle and the fluid is due td 
the large difference between the mass M of the Brownian particle 
and the mass m of a particle of the fluid. 


In this case, the Hamiltonian has the form 


H= Vige + He(P, O+ YU (lae—Q)). (26.28) 
i i] 
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For the density (26.2a), we obtain an equation of motion of the 
type (26.4) with the fluxes 


i(p, N=F nlp. 9), 


. 1 OU (q — Q)) 
io (p, )=- ya “n(p, q): 


I 


(26.29) 


The nonequilibrium statistical operator (26.13) in our case 
takes the form 


0 
0 . gq, t 
e=9,—e8 | ap dq i dt, ef eer eee (p,q, t,); (26.30) 


here, the average local flux (jz): is equal to zero, since the fluid 
is assumed to be in equilibrium. 

Because of the large difference in the masses (M > m), the 
Markovian approximation (26.26) is completely adequate for the 
motion of the Brownian particles: 


of _ p of 26.31 
He. os. ca (F Het 3 oe) ( ) 


where 


t(q) <8 fo “OS q- Qi) mt 91) (26 .32) 


is the friction coefficient, expressed in terms of the correlator 
of the forces acting on the Brownian particle., 


By the same method, we can obtain the Kramers-Fokker- 
Planck equation for Brownian motion in a liquid that is nonuniform, 
in the temperature [57]. 


The relaxation of a harmonic oscillator weakly interacting 
with an equilibrium system of similar oscillators serves as an- 
other interesting example. 


In angle-action variables (a, J), the Hamiltonian of the total 
system has the form 


H=0% Tet U (ay, oy Gay Jy ees In) (26.33) 
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A feature of this system is the dependence of the interaction po- 
tential U both on the generalized coordinates a; and on the gen- 
eralized momenta J;. 


The density (26.2) in angle-action space has the form 
n(a, J)= x d(a—a,) 5(J— J). (26.34) 


By applying the general scheme to the system (26.33), we obtain 
the corresponding Kramers~— Fokker — Planck equation [161] (for 
more detail, see [162]; a generalization of the method is given in 
[204]). For the application of this scheme to the theory of homo- 
geneous nucleation, see the paper [205]. 


§27. Extremal Properties of the 
Nonequilibrium Statistical Operator 
‘[170, 189] 


The equilibrium distribution functions and statistical operators 
for all the Gibbsian ensembles correspond to the maximum of 
the information entropy for the different given external conditions, 
as was shown in §§4 and 10. The local-equilibrium distribution 
also corresponds to the maximum information entropy for given 
distributions of energy, momentum and particle number as func- 
tions of space and time. Ih §§21-26, we constructed nonequilibri- 
um statistical operators from quasi-integrals of motion, without 
connecting these distributions with an extremum of the informa- 
tion entropy. 


Attempts have repeatedly been made to construct the non- 
equilibrium statistical operator from the extremum of the infor- 
mation entropy [71, 72]; usually, however, only quasi-equilibrium 
distributions, which do not describe irreversible processes, have 
been obtained. In this section, we shall show, following the work 
of the author and Kalashnikov [170, 189], that one can obtain a 
statistical operator describing irreversible processes from the 
extremum of the information entropy, if we require the extremum 
of the information entropy for fixed thermodynamic coordinates, 
not only for the given moment of time, but also for all past times. 
It turns out that this statistical operator coincides with the non- 
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equilibrium statistical operator obtained using the quasi-integrals 
of motion and considered in §§21-26.T 


27.1. Extremal Properties of the Quasi-Equilibrium 
Distribution [170] 


Our subsequent account will be concerned with both the hy- 
drodynamic and the kinetic stages of a nonequilibrium process; 
therefore, we shall consider first the extremal properties of the 
quasi-equilibrium distribution describing such states. 


Let the nonequilibrium state be defined by a set of average 
values of certain operators P,, , where m is an index which can 
take continuous and discrete values. To describe the hydrodynamic 
stage of a nonequilibrium process for the P,;,, we mustchoose the 
operators of the densities (21.3a) of the energy, momentum, and 
particle number, or their Fourier components. To describe the 
kinetic stage, for the P,;, we can choose the occupation numbers 
(25.4) of the single-particle states. 


The quasi-equilibrium (or local-equilibrium) operator is de- 
termined from the extremum of the information entropy (10.1) 


Si = — Tr(p!ng) (27.1) 
under the supplementary conditions that 
Tr(PPn) = (Pm yi (27.2) 


be constant, and that the normalization be conserved 


Trp=1. ~ (27.3) 


In fact, the conditional extremum of the functional (27.1) cor- 
responds to the unconditional extremum of the functional 


L(p)=— Tr(ping)— py Fn Tt (0Pin) —(D — 1) Tre, (27.4) 


where F,, and ® —1 are Lagrange multipliers. From the con- 
dition 


bL (p) = — Tr {(Inp +@+ % PrFp(t)) 6p} =0 (2'7.5) 
m 
TAs shown in the paper [243], it is not necessary to require that the information en- 


tropy be an extremum at all times in the past. It is sufficient to require only that 
it be extremal in the infinitely remote past. 
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it follows that, corresponding to the extremum, we have the quasi- 
equilibrium statistical operator 


Pa = exp) -O~ & Prim (t)| = exp{— S(t 0)}, 


®M =InTr exp] — D Pink mn (i. (27.6) 
m 

In the particular case of the hydrodynamic regime, the pa- 
rameters F,, have the meaning of the thermodynamic parameters 
(21.6a), which depend on the time and space coordinates. In this 
case, the summation over m in formula (27.6) also implies integra- 
tion over x. In the case of the kinetic regime, the P,, can be chosen 
as in (25.3) or (25.4), and then the summation over m goes over 
into an integration over the momenta. 


The quasi-equilibrium statistical operator (27.6) is not an in- 
tegral of Liouville's equation and cannot give a correct descrip- 
tion of irreversible processes; nevertheless, the properties of the 
nonequilibrium statistical operator are closely connected with the 
properties of the quasi-equilibrium operator (27.6) (see §27.3 and 
Appendix ITI). 


In the case of statistical equilibrium, the quasi-equilibrium 
distribution (27.6) goes over into the Gibbsian distribution 


po = exp { — Dy — > FmPm\, (27.6a) 
in 
where 
Py= | H(x)de=H, Fo=8, 
P= i p (x) dx =P, Fi=— pv, 


P,= [ n(x)de=N, Fo= — p(u—F 0"), 


and this distribution corresponds not only to an extremum of the 
infor mation entropy but is also an integral of Liouville's equation. 


The thermodynamic entropy and the logarithm of the partition 
function (the Massieu— Planck functional) for the distribution (27.6) 
are connected by the relation 


S=@+ x (Pay F(t, (2+ = Tt Og ++) (27.7) 
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which can be regardedas the generalization to the quasi-equilibri- 
um case of the Legendre transformation of equilibrium thermody- 
namics. Taking the variation of the normalization condition for the 
operator (27.6) and using the relation (27.7), we obtain 


5D = — Xi (Pm Fm (2), 6S = 2 Fn (t)8 (Pm ‘is (27.8) 


whence follow the thermodynamic equalities 


60 


(Pm = — Seay (27.9) 
__§S__ 27.10 
Fn) = Sopa (27.10) 
and the Gibbs —Helmholtz relations 
S = @ ~ 0 ’ —_——_—_ 
dfn OG? e=S- LiPo 57 oP, Fe (27.11) 


The relations (27.7)-(27.11) differ from the equilibrium ther- 
modynamic equalities only in the replacement of the partial deriv- 
atives by functional derivatives, if the m are continuous indices. 


We shall find the relation between the second functional deriv- 
atives of S and ® and the quantum correlation functions in a quasi- 
equilibrium state, by differentiating the equalities. (27.9) and (27.10): 


8(Pm)y sO 8(Paly _ 


t 
GO ~~ WaW Fe 6Fm ty Pm Pm, 27-12) 
BFm(f) 8S oFa() (27.13) 
8(Pay 8 (Pa), 8 (Pm) 8 (Pin) 
6°@ 2S 
ye Se, (27.14) 


fet BF iy (t) BF ns (t) 8 (Pm )e 6 (Pa), 
where the correlation functions (P,,, P,,)' have the form 
l 
(P,, Py) = { du (P, (eS. OP, ets ¢. = (Pda) (27.15) 
0 


The relation (27.14) has been used already in §6 [see (6.24)]. 
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27.2. Derivation of the Nonequilibrium Statistical 
Operator from the Extremum of the Information 
Entropy [170, 189] 


The quasi-equilibrium statistical operator (27.6) corresponds 
to the extremum of the information entropy (27.1) for given (P,, )* 
for a fixed moment of time t. Consequently, it is a function of 
F m(t) (if the m are discrete indices) for a given moment of time 
t, and no account is taken of "memory" effects, i.e., the possible 
functional dependence of p on F,, (t + t') at past times -—o< t < 0. 
Irreversible processes are frequently characterized by such re- 
tardation, which leads to dispersion of the kinetic coefficients. 


We shall show that the nonequilibrium statistical operator 
which we applied in §§21-26 can be determined from the extremum 
of the information entropy (27.1) under the supplementary condi- 
tions that 

Tr (OP (t’)) = (Pm) (27.16) 


are given in the interval —« < t'< 0, i.e., not only for the given 
time t, but also for all past times, and that the normalization is 
conserved 
Trp=1. (27.17) 

In (27.16), Py» (t') indicates the Heisenberg picture, i.e., the 
evolution of the system in time in accordance with Liouville's 
equation. Thus, the supplementary condition (27.16) has a dynamic 
character and includes information about the evolution of the sys- 
tem, whereas the supplementary condition (27.2) has a static char- 
acter and includes information only on the state of the system at 
the given moment of time. 


This conditional extremum with the "memory" effect corre- 
sponds to the unconditional extremum of the functional 


0 
L(p)=— Tr (pInp)—(@-1) trp f at’ NGnlt, ¢) Te (OPn(t’)), 


—0oo m 


(27.18) 


where ®—1 and Girt, t') are Lagrange multipliers. It follows 
from the condition that the functional (27.18) be an extremum that 


8L(0)=— Tr {| ne ++ f av’ Gn (t, t’) Pa] bp | <0, (27.19) 


m —oo 
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whence we find 
0 
pmexp | -B- far Mant, Pay}. (27.20) 


The Lagrange multipliers are determined from the condi- 
tion (27.16) and the normalization (27.17). Taking the variation 
of the normalization condition with respect to G,, (t, t'), we ob- 
tain, taking (27.16) into account, 
i) , , 
Bethy =~ (Pm YY = (Pm). (27.21) 
If the P,, are integrals of motion, then P,, (t') = P,, and the 


statistical operator (27.20) must go over into the Gibbsian distri- 
bution (27.6a), i.e., the integral 


0) 
f G.,(t, t’) dt’ 


~oo 


must converge to a constant quantity F2,. This can be achieved 
by putting * 


Gm (t, {')= Fn et = ee" Fn -(e>0). 
Taking this property and the relation (27.21). into account, we can 
conveniently choose the Lagrange multipliers ‘in the formf 
Gn(t, t’) =0e Fy (b+ ®, (27.22) 


where F ,,(t + t') are parameters conjugate tothe (P,)*". We 
then obtain the statistical operator ; 


0 = exp —~D—e f dt! Y Fm (t+ 1’) Pa (t’) r (27.23) 
—o m 


which coincides with the nonequilibrium statistical operator (21.10a), 
(25.10) obtained earlier.£ In the calculation of the averages, the 
parameter e > 0 tends to zero after the thermodynamic limit has 
been taken. 


fOne can show that this choice is unique, if we impose only the requirement that the 
information entropy be an extremum in the remote past [243]. 

The normalization factor Q = exp ® of the distribution (27.28) was denoted previ- 
ously, in §§21 and 22, by Q = exp ®. 
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Thus, we have shown that the nonequilibrium statistical opera- 
tor (27.23) corresponds to an extremum (the maximum) of the in- 
formation entropy when the averages (P,,)" are given at all past 
times t, in the interval -o < t; <t. 


The nonequilibrium statistical operator can be written in a 
more compact form 


aman (27.24) 


where we have introduced the operation of taking the invariant (or 
quasi-invariant) part of an operator with respect to motion with 
the Hamiltonian H; as always, we denote this operation by a wavy 
line over the operators: 


0 
PrP m(t) =e | dt’e Pa(t!) Fa(t+t) = 


—0o 


= P_F,, ( -j dt’ et’ {P,, (t’) Fn (f +4) + Pm (t’) Fn (t +20}; 
27.25) 
ge itH 


P,(t)h=e * Pye *, 
: 1 : dF y(t 
Pm =a lPm Hi), F(t) = a2 


In the final results, ¢ — +0 after the volume of the system tends 


to infinity. Theoperators pF (})\ satisfy Liouville's equation 


s(PaFn O)+ a [(PnFm(t)), H] = 


Br 
0 
=e | dt’ e (Pa(t)Fn(t +t!) + Pall’) Fn(t+t)} (27.26) 


when €— +0. This is why we call (27.25) the invariant (or quasi- 
invariant) part ofthe products P,,F »(t) with respect to evolution 
with the Hamiltonian H. Thus, they are integrals of motion when 
&—++0. Itisclear that, in this limit, the statistical operator (27.24) 
constructed from the operators (27.25) will also be an integral of 
Liouville's equation. The operation of taking the invariant part, 
which smooths the oscillating terms, is used in the formal theory 
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of scattering to impose the boundary conditions excluding the ad- 
vanced solutions of the Schrédinger equation [84] (see Appendix I; 
we too shall use this operation to derive Lagrange multipliers 
(27.22) such that the nonequilibrium statistical operator (27.23) 

is a retarded solution of Liouville's equations. 


The parameters F(t) of the nonequilibrium statistical opera- 
tor are chosen so that F(t) and (P,,)* be thermodynamically 
conjugate parameters; this is achieved if on the F(t) we impose 
the conditions 


(Pa = (Pays (27.27) 
where 


(Prada = Tr(o,P,,) = Tr(e7S® P,,). 


Indeed, we then have 


60 
SimuO® — (Pm) = — (Pm) (27.28) 


eo 


and consequently, 
&D = — x (Pra) SF mn (t). (27.29) 
By definition, the entropy is equal to 
S=— Tr(p,Inp,)=O+ x (Pa) Fn (t), (27.30) 


whence follow, if we take (27.29) into account, the thermodynamic 
equalities 


6S = DF, (t)8 oy (27.31) 
F,, (t)= eG mae (27.31a) 


which are the same as for the quasi-equilibrium distribution (27.10). 


27.3. Connection between the Nonequilibrium and Quasi- 
Equilibrium Statistical Operators [184] 


The nonequilibrium statistical operator (27.24) is closely re- 
lated to the quasi-equilibrium statistical operator (27.6). It can 
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be constructed from the quasi-equilibrium operator, if we take the 
quasi-invariant part of the logarithm of the latter: 


nen ; eH _ iH 
pmexptiviel—exp |e [ dt’ ee * Inp,@@+t’e * | 


=exp{—S(f 0), (27.32) 


or 
0 
pmexp | ~¢ [ ate SE+t, n}. 


0 
=xp| St 0)+ [ ater SU+?, n}, (27.32a) 


where 

S(t, 0) =D+ x PF m (t) (27.33) 
is the entropy operator, and 
] . 
= IS, 0), H), 
S(t, t) = elt’H § (t, 0) e~ iH (27.34) 


S(t, y= FO + 


is the entropy production operator. 


The argument t + t' of p(t + t') denotes the time dependence 
through the parameters F,,(t + t'); the first argument of S(t + t’, t') 
denotes the time dependence through the parameters, and the sec- 
ond argument denotes the time dependence through the Heisenberg 
picture of the operators P _,(t'). 


We shall demand that it follow from the normalization (27.6) 
that (27.32) is also normalized. The relation (27.32) determines 
the following connection between the logarithms of the normaliza- 
tion factors of the quasi-equilibrium (27.6) and nonequilibrium 
(27.24) operators: 


0 0 
Pe [de OK+H/)=O()— f{ de de +7’), (27.35) 


—0oo 


if the conditions (27.27) are imposed on the functions F,, (t). 
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In fact, the variations of the left- and right-hand sides of 
formula (27.35) with respect to the functions F,, ¢ + t') are, re- 
spectively, equal to 


0 
ws , a! , 
éb=—e | dt’ Vy Pn UY bF nt +2), (27.36) 
—oo m 
0 0 1 
eb [ de D¢+P)=—e [at ot NP, oF (Ete). — (27.36a) 
—00 —oo m 


By virtue of the equalities (27.27), these variations are the same. 
Moreover, for the concrete choice of the functions F ,, (t), corre- 
sponding to the statistical-equilibrium distribution (27.6a), namely 
F,,(t) = F°,, we have 


0 = 0g = Po» O=0=). 


This proves the relation (27.35). 


The entropy production operator (27.24) can be written in the 
form 


S(t, 0) =X PnFn t) + Paitin (t)} + ® = 


= DPmF in (t) + (Pm (Prn)) Fm (Oe (27.37) 


In this case, the average entropy production S.can be written 
down as follows: . 


$=(S(, OY =D Ppy Fn (Oe (27.38) 


It follows from (27.38) that the quantities F,, (t) play the role 
of the thermodynamic forces, and (P,,)t that of the conjugate fluxes. 
As we have seen in §22.3, the fact that the entropy production is 
positive is connected with the choice of the retarded form of the 
integrals of motion (27.25). 


In a quasi-equilibrium state, we have 
(S(t, 0))g = Ji Pndq Fm (t) = Tr { = [S(, 0), HeS¢ o} =0,  (2'7.38a) 


where we have used a cyclic permutation of the operators in the 
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trace. Consequently, the entropy production operator (27.37) can 
be written in the form 


S(t, 0) =A D PnP) + Pnfm (1) (27.374) 
where 
AP ing = Pm — (Png AP = Pm — (Pmdq- 


It is easily verified that the nonequilibrium statistical opera- 
tor (27.32) is an integral of Liouville's equation when © ~ 0. Ih- 
deed, we have 


245, HIl= 
0 ] 
=—6 { ae’ ett’ dre SES Vi (Pn) — (Pn (t)Y) Fn E+) + 
00 0 m 


+ (Pint!) — (Pin (t’)Y) Fin (E+ UY ESED 9, (27.39) 


where ¢€—+0 after the volume V of the system goes to infinity. 
With this order of calculating the limits, the following relations 
hold [186]: 

lim (Pa (t)) = (Pa, 


2&0, V0 


lim (Py, (t’))’ = (Pn) 


&>0, V->00 


(27.40) 


In essence, we do not require that the operator satisfy Liou- 
ville's equation exactly; it is sufficient that the properties (27.40) 
be fulfilled for every operator. 


The introduction of the quasi-integrals of motion (27.25) can 
be regarded, in connection with the ideas of Bogolyubov on "quasi- 
averages" [171, 172], as the introduction of infinitesimally small 
forces into the Liouville equation, which then tend to zero in the 
calculation of the averages, after the volume of the system tends 
to infinity (see Appendix DI and the papers [186, 18'7]). 


27.4. Generalized Transport Equations [56, 170] 


In nonequilibrium statistical mechanics, to describe the evolu- 
tion in time of a nonequilibrium state, along with the thermody- 
namic equalities we need to know the equations of motion of the 
average values of the dynamic quantities, i.e., the generalized 
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transport equations (or generalized kinetic equations). We have 
already considered such equations, for the kinetic regime in §25, 
and for the hydrodynamic regime in §§21-24. 


The generalized transport equations describing the time evolu- 
tion of the averages (?P,,)! or of the functions F,, (t) associated 
with them can be obtained by averaging the equations of motion for 
the operators P,, over the nonequilibrium distribution (27.24); 
this, together with the conditions (27.27), gives 


d d 1 6(Pm)t . . 1 
“dt (Pm =a (Pm), = . OF 10 al Pm (t) = (Pm) = HR Pm Hy). 


(27.41) 


We call these equations generalized transport equations, including 
in this concept all possible balance equations of the theory of ir- 
reversible processes, for example, kinetic equations for different 
particles or quasi-particles (§§25 and 26), balance equations for 
the energy, particle number and momentum (§22), relaxation equa- 
tions (§23); etc. If there exists a small parameter, the right-hand 
side of Eq. (27.41) can be expanded in a series in powers of this 
parameter, and this leads, generally speaking, to integral equa- 
tions for F(t) or (Pm)! To obtain hydrodynamic equations, gra- 
dients of the thermodynamic parameters are takeni.as the small 
parameters (§22), to obtain relaxation equations, the differences 

of these gradients are taken as the small parameters (823), and 

to obtain kinetic equations we take the small parameter tobe the in- 
teraction between the particles or quasi-particles (§25). 


To conclude this subsection, we find explicit generalized trans- 
port equations for the simple specific case when the Hamiltonian 
has the form an 
H=H,.+V, (27.42) 


where V is a small perturbation. We have already considered this 
case in §25, following the paper [56]. We return to this example 
in order to demonstrate the convenience of using the entropy pro- 
duction operator (27.34) and to write the generalized transport 
equation (27.41) in explicit form. 


We suppose, as in §25, that the equations of motion of the 
operators Py, have the form 


- in . 
Pya= [Pm H+VjJ=—- Th Sonn Pn + Pm (wv) (27.43) 
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where @,,is a c-number matrix defined by the commutation rela- 
tions (25.6), and 


Pn) = 7 [Pm Vi. (27.44) 


In this case, taking (25.22) into account, we can write the en- 
tropy production operator (27.37) in the form 


. : 5F in . 
$¢,0=say | Pn Em) + Pm oy (Pi + 
m t 


+( + by Ont f) Pit 7 P n soy x a4 (Pr)')} (27.45) 


H 


The expansion of the operator S(t, 0) in powers of V starts 
from terms of first order in V, since the sum of terms in the round 
brackets in (27.45) is identically equal to zero because of the iden- 
tity (25.23). Consequently, 


$6, )=8 Bf PmonFu ld) +P m5 oye Prony}, 21.46) 


Thus, the integral term in the exponent in the expression (27.32a) 
for the nonequilibrium statistical operator is small and p can be 
expanded in powers of it: 


o=exp{— S(t, 0)} 
0 1 ; | 
= 1+ { at’ et [ de e-SEOS ELE MetSEO peso. 


(27.47) 


Now we can obtain explicit expressions for the right-hand 
side of the generalized transport equation (27.41) that are exact 
up to and including terms of second order in V: 


(Pry = iy Onn (Pay +(Pp yy + 
0 . 
+ | av et Si (Pn wr» Paw YY Fa +t) + 


? 5e / 6F pn 
+ fa eet Pn vn Pa Ct ED Bran yer + vane 1.48) 


448 THE NONEQUILIBRIUM STATISTICAL OPERATOR [CH. IV 


where the brackets (..., ...)! denote the correlation functions 
(27,15). 


In the important particular case when (P,,,,),=0, the gen- 
eralized transport equation (27.48) takes the form 


SZ (Pn) = — Yi (Pm Pa) Fa) 


0 
= »> | F Amn Pn)’ + dt’ et" (Pin {V)» P, (V) (t’))' F,+ t’) ; 
° _ (27.49) 
In the right-hand side of Eq. (27.49), time correlation functions, 
calculated over the quasi-equilibrium state, of the fluxes appear. 


They determine either the collision operator or the kinetic equa- 
tion or the kinetic coefficients. 


We remark that expansions of the type (27.47) make it pos- 
sible to write the entropy production approximately in the follow- 
ing simple form: 

0 
yO 7 net’ (C C ry 4\\t 
S= fai et’ (S(t, 0), SU+2, ey (27.50) 

Thus, the entropy production is determined by the correlation 

functions of the entropy production operators.t 


27.5. Géneralized Transport Equations and =. ~- 
Prigogine's and Glansdorff's Criteria for the “ - - 
Evolution of Macroscopic Systems [140] 


We shall consider the conditions to which we are led by the 
requirement that the entropy ina quasi-equilibrium state be a 
maximum, and shall show, following the paper [170], that these 
conditions give the criteria established by Prigogine and Glans- 
dorff [173, 174], for the evolution of macroscopic systems and 
lead, in the particular case when the kinetic coefficients are con- 
stant, to Prigogine's theorem of minimum entropy production [175, 
27] (see also [227]). 


For a generalization of the formula (27.50) see the paper [271], where it is shown 
that the exact expression for the entropy production can be represented in the same 
form, but with a modified definition of the correlation functions. 
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We shall consider the time derivatives of the functionals § 
{cf. (27.38)] and ®: 


= — & (Pn Fn (b). (27.51) 

We obtain 
S= DP)’ Fn (t) + (Pin)! Fin (O)}; (2.7.52) 
=— i {(P ra) Fin (Q) + (Pm) Fm (b)}. (27.53) 


Using (27.49), (27.9), (27.10), and (27.12), we can bring the 
first terms in the right-hand sides of formulas (27.52) and (27.53) 
to the form 


. 2 6’ . . 
= Pn Fn = — Yasrcaery bal Pn O= 
m m,n 


=~ MPm Pr) Fn) Fa; (27.54) 


oe 


. dS 
~~ Linowar ca yt (Pn) (PY = — ” . (27.55) 


They have the meaning of the rate of change of the entropy pro- 
duction due to change of the thermodynamic forces, and the rate 
of change of @ due to change of the (P,,)t, 


The condition that the entropy be a maximum in a quasi-equi- 
librium state means that the quadratic form 6°S is negative-def- 
inite, i.e., 


Yi 8 (Pa)! (P,) <0 (27.56) 
al 5 (PaO (Paye SI OM BD SO 


Hence, if we take (27.55) and (27.54) into account, it follows that 


40 Lo, (27.57) 


The first of these relations forms the content of the general 
criterion of the evolution of macroscopic systems [173, 174] (the 
Glansdorff—Prigogine theorem), which states that, in a real ir- 
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reversible process, a diminution d 7S / dt of part of the entropy 
production occurs. 


The second of the relations (27.57) is another formulation of 
the general evolution criterion according to which, in a real ir- 
reversible process, an increase dp #/dt occurs. This theorem 
was established in the paper [170]. 


We shall show now that, in the approximation linear in the 
thermodynamic forces, the generalized transport equations sat- 
isfy the relations 


a dpS | dpS _ ., pS 
S=-q + at =2—7 <9, (27.58) 
~  dp® a0 00 
O= at =2—-7 >9, (27.59) 


i.e., in other words, that these processes are accompanied by a 
diminution of the entropy production and by an increase of the 
rate of change in time of the functional ©. 


The relation (27.58) is Prigogine's theorem. of minimum en- 
tropy production [175, 27]. The theorem (27.59) éoncerning the 
maximum of the functional was proved in the paper: [170]. 


Proof. Let the deviations of the thermodynamic forces 
Fy (t) from their equilibrium values F®, arg 


Ae 


AFn=Fm(t)—Fao <3 (27.60) 
be small and assume that the relation between AF, and AP 


APy= (Pin) _ (Pro } (27.61) 
is linear, i.e., 
87D, 
A (Pm) = - Lr OF m (6) 6F n (1) AP ny (27.62) 
y 8S, 
AF n= py Payee 8 MPa. (27.63) 


The subscript 0 on the quantities Sp and 9 denotes that, after 
taking the functional derivatives, we must put F,,(t) = EF. in the 
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resulting correlation functions; (P,,)) denote averages over the 
equilibrium state. 


Further, it is obvious that 
2X PrFm=0 and 2 (Pm) Fn = 0, (27.64) 


where we put H = >) PF}, and for weakly equilibrium states there 
exists a linear relation between the fluxes and the thermodynamic 
forces: 


(Pay = 2s Linn MFrs (27.65) 
% 


where L,, are kinetic coefficients; it follows from this that the 
entropy production (27.38) is equal to: 


S= 3 Fn (Pm = 3 Lin AF im AF a. (27.66) 
m m,n 


Linear relations also hold for the rates of change Fin of the 
thermodynamic forces and the increments (P, ): 


Fn = Dy LinnA (Pn), (27.67) 


where Lhin are kinetic coefficients connected with the Linn by the 
relations 


Pp 8S, Pr 8S, 
Ema = >» , 8(P pt 8 (Pin)! bmn’ (P66 (P,)*” 
Ln = 6D, L? 6D, (27.6 8) 


OF, (1) 8F mm () OF, (b) OF, 
m’, n’ 


and satisfying the Onsager reciprocity relations 


Linn = Lim Linn = Lim (27.69) 
Using the relations (27.65) and (27.69), we obtain 


d,S . ; 
= »> Fm (t)(Pm)’ = y Lin AF im AF: 

‘ - (27.70) 
d $ 2 oe q . d s e 
28 WF) (By) = Vi in MFn Abn = 2, 
m 


mn 
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which, together with the first of formulas (27.57), proves the first 

of the inequalities (27.58). Analogously, using (27.63) and (27.69), 
we obtain 

dp® 

dt 


= — Yi (Pa) Fm (t) = — Y) Lind (Pm) A (Px), 


d,@® ‘a 1 . dp® 
oe = — Y) (Pn) En) = — Yn (Pn) AP.) = “EP, (27.71) 


which, together with (27.57), proves the second of the inequalities 
(27.58). 


Thus, the generalized transport equations satisfy the evolu- 
tion criteria of nonequilibrium phenomenological thermodynamics. 


Appendix I 


Formal Scattering Theory in 


Quantum Mechanics 


The formal theory of scattering is described in many textbooks and monographs 
[1-3], but it is far from always the case that sufficient elucidation is given of the very 
important question of how the limiting processes (making the dimensions L of the sys- 
tem go to infinity and making the parameter & characterizing the switching on of the 
interaction go to zero) are performed. What is very important is that the result de- 
pends on the order in which these limits are taken. This question is elucidated with 
complete clarity in the paper by Gell-Mann and Goldberger [4], of which we shall 
give a short account, since the question of the order of the limits is also fundamental 
in nonequilibrium statistical mechanics (see §21). 


In the quantum-mechanical description of scattering, the total Hamiltonian H 
of the colliding particles is divided into two parts K and V, where K is the Hamil- 
tonian of the noninteracting particles and V is the interaction between them. It is 
assumed that V tends sufficiently rapidly to zero as the particles move apart. The 
transition probability per unit time from one free state to another is sought. 


The complete system is described by the Schrédinger equation 


oF) _(K+V)¥ (t). (1.1) 


th ar 


An important feature of the problem is that the interaction V exists at every 
moment of time, although the scattering process occurs between states without inter- 
action. 


In the absence of the interaction, the Schrédinger equation has the form 


ih 21) = Ko (i, a2) 
and its stationary solutions are 
tty 
O()=Oe * , (1.3) 
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We need to calculate the differential effective cross section of scattering from 
the state }j to the state @; under the influence of the interaction V. The initial state 
©; is used for the characteristics of the true state Wj of the real system. Knowing 
H(t), we can find the probability that the system undergoes a transition to one of the 
final states @; by the time t. 


We now discuss the question of how to formulate correctly the scattering bound- 
ary conditions to the Schrédinger equation (I.1). Suppose that we observe the scat- 
tering process at time t = 0. We must formulate mathematically a physical procedure 
for preparing the quantum-mechanical state Vj up to the time t = 0 that the transition 
occurs, ise., fort < 0 (i.e., for fixing the energy and direction of the beam). 


If we simply assume that at some remote time t = T prior to the collision the 
wave function ¥j was equal to the wave function of the free state 


tH 


—== (t-T) 


Wi(j=e * @)(7), A=K+V, 


then such a boundary condition contains the nonphysical element of an “instantaneous” 
switching on of the interaction V att = T. In reality, the interaction is switched on 
gradually, and, therefore, such boundary conditions are inconvenient. 


We can impose boundary conditions in another way, by representing the incident 
wave train as an average over some time interval r in the past 


0 
1 tH (¢-T) 
= je ©; (T) aT 


Tt 


and making r go to infinity at the end of the calculations, i.e., performing a “time- 
smoothing" operation. Such a boundary condition is also ingfpvenient, since it leads 
to insufficiently well-defined expressions, which require ag inal procedures to make 
their meaning precise. 


The most convenient boundary condition is that the oe walle function ¥; for t< 0 
be put equal to . 


(1.4) 


where 6 -> +0 at the end of the calculations. Here, we are ‘also performing a “time- 
smoothing,” since 
0 
e { ear=1, 


—oo 


but the factor e®? distinguishes the "past," and so the averaging (1.4) has a "causal" 
character. 


We must, however, exercise care, since in addition to the limit & +0, we must 
also perform another limiting process L-» «(the functions $j are normalized to unity 
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in the large volume L*), The time r of the switching-on of the interaction is 6~? 
in order of magnitude and cannot be greater than the time of propagation of the wave 
packet over a distance L, i.e., than the quantity L/v, where v is the group velocity, 


e'< Lio; 


consequently, as L73-» 0 and 6! + ©, the quantity e173 must tend to zero. This 
means that we must first take the limit L?-» ©, and then 6 +0. 


Together with this rule for the limits L-» © and é -» 0, the condition (1.4) 
ensures the selection of the correct retarded causal solutions of the Schrédinger equa- 
tion. In fact, ife 7! < L/v, then waves reflected from the boundaries of the sys~ 
tem, i.e., incoming waves, are excluded, since the extent of the wave train in time, 
« , is shorter than the time necessary for it to propagate over the distance L. The 
great convenience of the boundary condition (I.4) compared with the Sommerfeld 
condition lies in the fact that the causality condition is imposed more automatically, 
without a detailed analysis of the outgoing waves. The boundary condition (1.4) can 
be justified by the method of wave packets [5]. A boundary condition analogous to 
(I.4) is applied to Liouville's equation in §21 of this book. It is clear that its meaning 
also consists in the selection of the retarded solutions (see Appendix II), 


We now calculate the probability of quantum transitions between states as a 
function of time. The probability that a system which is described by the wave func- 
tion ¥j(t) is found in the state ®; by time t is, according to the basic rules of quan- 
tum mechanics, 

wm, (t)=| Fey ) PN, 


J.5 
where (1.5) 
Fi )=(@,() ¥, (0) (I.5a) 

is the transition probability amplitude, and 
N,=(¥,O¥, 0) (1.5b) 


is a normalization constant, which, since the Hamiltonian is Hermitian, does not de- 
pend on time, 


Taking (1.3) into account, we can write Eq. (1.4) in the form 


- iHt 0 i 
tHE + (H-E,)T 
Wi(t)=e ” @ { et o* oa ©; dT (1.6) 


or, after performing the integration over T, 


¥i=e "  —~—— 0, (1.7) 


i 
e+ > (H—E)) 


The function o; satisfies the equation 


(H —E;)®;=VO,, (1.8) 
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and, therefore, Eq. (1.7) for t= 0 can be written in the form 


l 
¥ (0) =O) + Ta rien Vr @.9) 


In place of the explicit expression (1.9) for ¥;( 0), we can write the equivalent equa- 
tion 


VY; (0), 


1 
¥; (0) = @; + (Ey K) + eh (1.10) 


which is called the Lippmann—Schwinger equation. Iteration of Eq. (1.10) gives a 
series in powers of V. The factor 


1 
ter) = lin ———-—— 
Gn (i) avin (E; — K) + ieh 
has the meaning of a retarded Green function. 

By means of (1.10) we obtain for the transition amplitude the expression 


! 
Fi (0) = 8:5 + Te ey viene RH (2) (1.11) 


where 
R,; (e) =(@V¥; 0) (1.12) 


is the reaction matrix. The equation (I.11) is convenient in that it shows explicitly 
the existence ot a singularity of fij when Ej = Ej and 6 +0, 


The operator Rjj(&) is a smooth function of the energy after the passage to the 


limit, the entire singularity being contained in the factor 


] 
(E; — Ej) + ieh* 


However, the limit operation L3—> o still cannot be applied to Rij(E ), since, 
because of the normalization of 4; to unity in the volume L3, Ril) is proportional 
to L 3. Therefore, it is convenient to introduce the operator 


lim Rj; (e) L3 = Rij, (I.13) 
L000 


b> +0 
which no longer has singularities at Ej = Ej. 
To calculate the derivative of Fij at t = 0, we write (I.5a) in the form 


t 


fy (= (0: 2 (1.14) 


¥, @), 


whence it follows that 


fy O) = + (®; (E,-—H) ¥,(0)), (1.15) 
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or, if we use (1.8), 
; bota* i 
fy 0) = — = (@V¥, (0)) = — = Ry, (2). (1.15a) 


This relation justifies us in calling Rj the reaction matrix, since it is proportional to 
the rate of change of the transition amplitude Fi 


An expression for the rate of change of the modulus of the transition amplitude 
follows from (1.11) and (1.15a): 


d 1, 2 
= | fey 2) rl, = Ou Im Ry + Tey ere | Ri (e) 1-16) 


It remains to calculate the normalization constant Nj. It follows from the com- 
pleteness condition for the set of functions Bj, if we use (I.5a), that 


x | fey PF = Ny. (1.17) 


It follows from (I.16) and (1.17), and from the fact that the normalization constant 
Nj does not depend on time, that 


2 2e 
5 Im Ri + UaaEyrer | (e) |? =0. (1.18) 


From (1.17) and (1.11), we obtain for Nj the expression 


9 a! 1 
N= 1+ Sp lm Ry ()+ Yee yey aaa R (e) ? (1.19) 


i 


or, taking (1.18) into account, 
1 
- N;=1 + Im Ry; (e). (1.19a) 


Noting that Rj is of order L’*, we obtain that Nj tends to unity in our double limiting 
process, 


The differential effective cross section of the transition j->i (i # j) is equal 
to the transition probability per unit time (1.16) divided by the flux vL7%, where v 
is the relative velocity of the colliding systems. Therefore, it follows from (1.16) 
that 
2e 


o;= lim li ee 273-1 . 
1 S40L 30 (Ej -E? + Or | Re; (€) 7 L301}. (1.20) 


In the limiting process 6 > 0, the factor 
2e 
(Ej — E)? + e*h? 


tends to (29 / fi) 6 (Ej — Ej). The final states j lie in the continuous spectrum, so that 
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. 


one observes transitions not to a given state i, but to a small interval of final states; 
therefore, we must average (I.20) over a small interval of final states. This operation 
corresponds to the “coarse-graining” in statistical mechanics. In this averaging, 

5 (Ej — Ej) is removed and in its place appears p(E,)L8 —the density of states in mo- 
mentum space in a volume V per unit energy interval at energy Ej. Finally, 


where oj; is already calculated over a small range of final states (usually over an ele- 
ment of solid angle). 


Up to this point, we have assumed that j #i, i.e., that the initial state is not 
the same as the final state. It is obvious that a single state alone cannot influence the 
transition probability that we have calculated, but the change of wj; in time is im- 
portant for calculating the change of occupation of the initial level. 


It follows from Eq. (1.16) for i = j that 


d 2 2 
Nj dt Wy] tao =F Im Ryf (e) + ch | Rjj (e) |?. (1.22) 


Now, on the contrary, in the limit L-> ©,& —»+0 the second term in (1.22) is vanish- 
ingly small compared with the first. 


Taking the limit 6 ++ 0 in (1.18), we obtain 


—2Im Ryy l Day 
ase Mel 8 25 (8) - En, (1.23) 
ix] 
i.e., the relation 
2 
» 617g Im yp (1.282) 
ix] 


which gives the connection between the imaginary part of the scattering-matrix. 
and the total effective cross section. This relation, which stems from the conserva- 
tion of the normalization, is known as the optical theorem. 


The boundary conditions for the quantum-mechanical collision problem can be 
formulated by means of the introduction of infinitesimally small sources selecting the 
retarded solutions of the Schrédinger equation [6]. 


We note that the Schrédinger equation (I.1) is invariant under the time-rever- 
sal transformation, i.e., under the replacements t ->—t and i —i and reversal of the 
magnetic field. In addition, the solution of Eq. (1.1) is sensitive to the introduction 
of an infinitesimally small source violating this symmetry. 


The boundary conditions selecting the retarded solutions of the Schrédinger 
equation in formal scattering theory, in the variant of Gell-Mann and Goldberger [4], 
can be obtained if, following [6], we introduce into (I.1) for t <0 and infinitesimally 
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small source violating the symmetry of the Schrédinger equation with respect to time 
reversal: 
OF, (t) 1 


ag A ¥e = —e (Fe ()-O (1), (1.24) 


where & -> +0 after the volume of the system tends to infinity, and &(t) is the wave 
function of the free motion of the particles, with Hamiltonian K. The infinitesimally 
small source (1.24) has been introduced in such a way that it is equal to zero when 
W(t) = Gt), i.e., in the absence of the interaction. It does indeed violate the sym- 
metry of the Schrédinger equation with respect to time reversal, since in this trans- 
formation the left-hand side of Eq. (1.24) changes sign, while the right-hand side re- 
mains unchanged. The sign of & is chosen so that we obtain the retarded rather than 
the advanced solutions. 


We write Eq. (1.24) in the form 


£ (eV e(t, )) = cc O(4, 9), (1.25) 
where 
We ( Dae Aw, (), Ot, =e FF wD. (1.25a) 
Integrating (1.25) from — ~to t, we have 
t 0 
W, (=e { tis) HA-MM E (4) Gt = 6 { et eHtA MEP) df. (1.26) 


Putting t = 0 in (1.26), we obtain the scattering-theory boundary condition in the Gell- 
Mann—Goldberger form 


0 
W, (0) =e. oft o-HEIIK & (4) a, (1.27) 


—0o 


which we have already studied above. 


Appendix IT 


MacLennan’s Statistical Theory of 


Transport Processes 


MacLennan's derivation of a statistical theory of transport processes [1, 2] is based 
on the introduction of external forces of a nonconservative nature, which describe the 
influence of the surroundings or of a thermostat on the given system, i.e., the influence 
of energy- and particle-reservoirs and movable pistons in contact with the system. 

We shall describe this method briefly, since it is similar to the method of the non- 
equilibrium statistical operator [3-6], described in §21, and leads to the same results. 
A comparison of these two methods enables us to treat the same problems from differ- 
ent points of view and to gain a better understanding of their physical meaning. 


We shall consider classical systems with total Hamiltonian H,, — the Hamil- 
tonian of the universe in MacLennan's terminology. One must not attach any great 
significance to this term; as before, we shall be interested in the evolution of a small 
subsystem accessible to our measurements, and questions of the structure of universe 
will not be touched on. We have 


Ha-H+Hs+U, (11.1) 
where H is the Hamiltonian of the system under consideration, Hg, is the Hamiltonian 


of the surroundings, and U is the Hamiltonian of the interaction of the system with the 
surroundings. 


The distribution function #f, of the total system obeys Liouville's equation (2.11) 


fu _ 
at + {Fur Hy} ™ 0, (TI.2) 


where { soot is the classical Poisson bracket (2.10). The distribution functions of the 
system under consideration and of the surroundings are, respectively, equal to 


f= [ fudls, ga i f, aY, (11.3) 


461 


462 APPENDIX II 


where dr, and dV are phase-volume elements of the surroundings and of the given 
system. If f,, is normalized, then f and g are also normalized: 


[ rar=1, f ear.=1, 


(1.4) 
f fu aT als =1. 
We shall obtain an equation for f by integrating (II.2) over the phase space dF, 
of the surroundings: 
of 


Leg M+ [ta Has + [ th Udls=0, 


(1.5) 


since H depends only on the variables of the system under consideration. The third 
term in this equation goes to zero, since the integrand is equal to a divergence in the 
phase space of the surroundings. The last term can be simplified if we introduce a 
function X describing the correlation of the system with the surroundings: 


fu=feXx. (11.6) 
Then, 
OF O(fFa) _ 
a th H+ =0, (11.7) 
where 
aU 
Fo=- aT 
a [ex aq, (11.8) 


dg and pe are the coordinates and momenta of the system, and a summation over 

a is implied in (11.7). The quantity F, has the meaning of a "force" representing the 
action of the surroundings on the system. If there is no correlation between the sys- 
tem and the surroundings, i.e., X = 1, then 


U dls, 
09a g § 


i.e., the force F, is conservative and its effect can be represented by an additional 
term in the Hamiltonian. But in the general case, the force F, is nonconservative. 


Fag=- 


We note that the derivation of Eq. (II.7) from Eq. (I.2) is analogous to the de- 
rivation of the chain of coupled equations in the Bogolyubov— Born—Green—Kirkwood— 
Yvonne (BBGKY) method [7]. 


We introduce minus the logarithm of the distribution function, n = —In f: 


fae". (11.9) 
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Then Eq. (II.7) can be written in the form 


on On OF a 
op t fn A} + Fg Opa = ODg, ’ (II.10) 


or, if we introduce the total derivative of the dynamic variable 7 


20 On pon 
then Eq. (11.10) can be rewritten in the form 
dy OF, 
“dt Opa’ (11.12) 


It can be seen from this equation that if the forces F, depend on the momenta, the 
total derivative of 7 is nonzero. 


For what follows, we must establish the form of the external forces occurring 
in the right-hand side of Eq. (11.12). We shall assume that they are determined by the 
thermodynamic variables (the temperature, chemical potential, and velocity) char- 
acterizing the surroundings, and not by the details of the microscopic state of the 
latter. Then the term 0FQ/dt in Eq. (11.10) is connected with the flux of entropy into 
the system. For it we can take the expression 


Opa is (#) ds, (11.13) 


where jg(x) is the entropy flux density (including the work performed on the system), 
and ds is an element of the surface bounding the system; 


i, (x) =B(x, f) lin (x) — (1 (x, ¢) ~ > mo (x)) f(x) — 0 (x, ft): 7 (x)], (11.14) 


jy), j(x), and T(x) are the dynamic variables of the fluxes of energy, particle num- 
ber, and momentum (see §19). 


Some instructive arguments for such a choice of entropy sources can be given 
by considering a system of discrete sources [8]; however, this is, in essence, the basic 
assumption of MacLennan's theory, namely, the assumption that the influence of the 
surroundings can be characterized by the functions B(x, t), u(x, t), and v(x, t). In 
the expression (11.14), the first term corresponds to the contribution of the energy flux, 
the second to the contripution. of the particle flux, and the third arises from the work 
done. 


Below, for simplicity, we shall first consider the case when only energy ex- 
change with thermostats occurs, i.e., when the equation for 7 has the form 


Ae ~ [or t) i, (x) ds. (11.15) 
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We transform the surface integral in (II.15) into a volume integral, taking the energy 
conservation law (19.16) into account: 


oF) +V+4, (x) =0. (11.16) 


After integrating by parts, we obtain 


an ~£ [ae nH (x de— | Lig): VB (x) +H (x) Pe \ ae. (1.17) 


This equation for n has many solutions, since we can always add a solution of the 
homogeneous equation 


an =0 
“dt (11.18) 


In order to obtain the particular solution of interest to us, we must specify a further 
initial condition. We suppose that at t = — «the system was in statistical equilibrium 
and was described by the Gibbsian canonical ensemble: 


lpm —co =O + PH. (1.19) 


The initial condition (11.19) corresponds to the usual situation in which one starts from 
the equilibrium state of the system and brings it into a nonequilibrium state by means 
of an external perturbation, as in the indirect methods of linear-response theory (see 
the beginning of Chapter IV). It can be verified that the solution of Eq. (1.17) with the 
initial condition (11.19) has the form 


nimat | B(x 1) H («") dx — 


- | I [ins (2) VB (a #4 1) BE deat. (1.20) 


It is assumed that B(x, t) > B ast» —- rapidly enough forthe integrals to converge. 
The function 


fee" (1.21) 
is the required distribution function. 


In the more general case when exchange of particles and momentum with the 
surroundings is also taken into account, we obtain the formula (21.10e) of Chapter IV. 


Thus, MacLennan's method [1, 2] and the method of the nonequilibrium statisti- 
cal operator [3-6] lead to the same expressions for the distribution function. 


Appendix [IT 


Boundary Conditions for the 


Statistical Operators 


x 


In the theory of nonequilibrium processes, we study solutions of the quantum 
Liouville equation for the statistical operator p . 
0p | 
“ar + aH Lo HI=0, (1.1) 


, 


or of the classical Liouville equation for the distribution function f 
art {f, H} = 0, (11.2) 


where { .0., ws} is the classical Poisson bracket. We shall show, following [1], how to 
formulate boundary conditions to the Liouville equation by means of infinitesimally 
small sources. Below, we shall discuss the boundary conditions for the quantum case 
only, since the classical case is analogous. 


The formal solution of Liouville's equation (IIt.1) is found very simply: 
p(t) =U (t. to) 9 (to) U* (4, fo), (11.3) 


where p(t,) is an arbitrary statistical operator at the initial time tp, and U(t, tg) is the 
evolution operator. However, the formal solution (II[.3) can be useful only if the sta- 
tistical operator p(t)) at the initial time is well chosen. For example, if the state 

is close to statistical equilibrium, then in the Kubo theory one chooses ty = — © and 
P(— ~) to be in the form of the equilibrium statistical operator. But in the general 
case, the formal solution (III.3) is of little use for describing a nonequilibrium pro- 
cess. Consequently, the fundamental problem of nonequilibrium statistical mechanics 
is not the determination of exact formal solutions of Liouville's equation, but the 
choice of the correct boundary conditions for it and the construction of solutions in 
the sense of quasi-averages, as in the quantum theory of collisions. 
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A state with the given average values <P,,> can be described by the quasi- 
equilibrium statistical operator 


py = exp j —~O— S) PnF mn (1) b=rexp {— S(#, 0)}, (111.4) 
m 


where 


@ = InTr exp { — > PmnFm (t) } (TII.5) 
m 


is the Massieu—Planck function, and F},(t) are parameters conjugate to the average 
values 


(Pm), =Ttr (09? mn): (11.6) 
The quasi-equilibrium operator (II.4) ensures that the thermodynamic equalities 
for its parameters @, F(t), and S = — (In pq) q: are satisfied, i.e., that 
a7 7 (my Sopa (111.7) 
Fay 7 SPmar 5 Pat ~ Fin (O); 


i.e., the parameters F,,(t) and (Pm)4 are indeed thermodynamically conjugate. T 
However, the statistical operator (TII.4) does not satisfy Liouville's equation and does 
not describe irreversible processes, As we shall see below, it can be used to formulate 
boundary conditions to Liouville's equation (II.1), in the same way as the free- 
particle wave function is used to formulate boundary conditions to the Schrédinger 
equation in the quantum theory of scattering. 


The quantum Liouville equation (IIf.1), like the classical equation (II.2), is 
symmetric under the time-reversal transformation (in the classical case, this means 
the replacement t -»—t and the reversal of the momenta of all the particles and of 
the direction of the magnetic field). However, the solution of Liouville's equation 
is unstable with respect to small perturbations violating this symmetry of the equation. 


Following [1], we introduce into Liouville's equation an infinitesimally small 
source satisfying the following requirements: ‘ 


The quasi-equilibrium statistical operator (I1l.4) ensures that the thermodynamic 
equalities for its parameters , Fy,(t), and (Pino are satisfied, i.e., that 


1. The source violates the time-reversal symmetry of Liouville's equation, or 
in other words, violates the complete isolation of the system. In addition, it 
tends to Zero as & 0, this limit being taken after the thermodynamic limit- 
ing process. 


If the indices m take on a discrete series of values, the functional derivatives in 
(111.7) go over into ordinary partial derivatives. 
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2. The source selects the retarded solutions of Liouville's equation. This con- 
dition determines the sign of &, i.e., if we introduce a source as in (1.24), 
then 6 > 0 and 6 +0. The advanced solutions would give not an increase 
but a decrease of entropy [2]. 

3. The source vanishes for p equal to the quasi-equilibrium statistical operator 
Pq (10.4). In the particular case of statistical equilibrium, the source must 
be absent. 


Two methods can be suggested for introducing an infinitesimally small source, 
satisfying these requirements, into Liouville’s equation. 


The first method consists in introducing an infinitesimally small source 

into the right-hand side of Liouville's equation (II.1) 
tt a [Pe H1= © (0-04) 

where 6 -+0 after the thermodynamic limiting process in the calculation of the aver- 
ages. The equation (II.8) is analogous to Eq. (1.24) of the quantum theory of colli- 
sions. This is the only form which satisfies, in addition to the conditions 1-3, the re- 
quirement that the source be linear in pg. The infinitesimally small source in (111.8) 
does indeed violate the time-reversal symmetry of Eq. (If.1) since under time reversal 


the left-hand side of Eq. (IT1.8) changes sign while the right-hand side remains un- 
changedT. 


We write Eq. (IM.8) in the form 
, 


= (ep, (, )) =ee%p, (t, 0), (1.9) 


where 


Pe (t, t) =U (t, 0) pg (¢, 0) U (t, 9), 


py (4, =U" (t, 0) 0, (4, 0) Ut, 0), (11.10) 
U (t, 0) =exp {<5} 


(H does not depend on time) and we have introduced the notation 
0, =P. (40) 9, =0, (t, 0). (111.11) 
Integrating Eq. (I11.9) from — eto t and assuming that 


lim e® 9 (, )=0, 
t—> —00 


TIt can be shown [9, 10, 11] that the introduction of infinitesimally small sources into 
Liouville's equation is equivalent to the boundary condition 


e ie (p(t + tL)— Dg (t+ t, Ne “fh —_— 0 


ast; >—e after the thermodynamic limiting process. 


468 APPENDIX II 


we obtain 
t Oo | 
p, (t, t) =e | e i-#) On(E) i) dt, =e et’ p,(¢ +4, t+) dt’. (1.12) 


Consequently, the required nonequilibrium statistical operator has the form 


0 
9, = 0, (6,0) =6, (6 0) =e | et a (t+t, Y) dt, (111.13) 


—co 


where the wavy line denotes the operation of taking the quasi-invariant part. The sta- 
tistical operator (II.13) was obtained earlier from different considerations in a paper 
by Kalashnikov and the author [3]. By means of integration by parts, the nonequi- 
librium statistical operator (III.13) can be written conveniently in the form [3] 


I 


rt) é -1) S(ttt, 
et [dre SOMOS He DSi A), 
0 


0 
0, = Pg t J dt (1.14) 


where 


dS (t, 0) 
at 


S(t, ’) =U* (#, 0) S (#, 0) U (t, 0) 


S(t, 0)= +7 IS (6, 0), A 


(111.15) 


is the entropy production operator. 


We choose the parameters F(t) occurring in the expression for the entropy 
operator from the condition that the averages of the Pry, calculated with the non- 
equilibrium statistical operator (III.13), coincide with their averages over the quasi- 
equilibrium statistical operator (II.4): 


(Pm) = (Pm) (11.16) 
where 


t_ ° 
(...) _lim Tr (Oe «+ +). (111.17) 


Then (Pm) t and F(t) become conjugate parameters, since 


60 


t_ t 
Sow ~~ (Pmiga= — (Pn (111.18) 


By means of the nonequilibrium statistical operator (T1I.13), we can calculate 
the average value of any operator A: 


(A) = lim Tr (ped) = <A> (111.19) 
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In Bogolyubov's terminology [4, 5], such averages are called quasi-averages. If we 
apply the averaging operation (11.19) to the operators P;,, then, taking (II.16) into 
account, we obtain the transport equations 


< (Pm)y = (Pm) = lim Tr (PePm) = <Pm>. (T1.20) 


Consequently, the transport equations are equations for quasi-averages. 


The second method of introducing infinitesimally small sources is based 
on the fact that the logarithm of a statistical operator satisfying Liouville's equation 
also satisfies Liouville's equation 


Olnp 1 _ a. 
3 +3, Un o. H)=0; (111.21) 


this is connected with the properties of Poisson brackets (both quantum and classical). 
Consequently, infinitesimally small sources can be introduced not only into (II.1), but 
also into (11.21). 


If we demand that the infinitesimally small source satisfy the conditions 1-3 and, 
in addition, be linear in In p, we obtain 


Oln pe 
ot 


1 
+ > [In ee H|=—e(Ino, —In P,)> am.29) 
where & — +0 after the thermodynamic limiting process. In fact, the source in (III.22) 
violates the time-reversal symmetry of Eq. (IIl.21) and accords with the other condi- 
tions 1-3. We write Eq. (ITI.22) in the form 


d 
Fa (e°' In p, (#, t)) = ee In p, (t, #). (11.23) 


Integrating (11.23) from — »to t, we obtain 


t 0 
inp, =e [ & in (¢,,1,)di, =e [etn p (ttt tte) dl, (111.24) 
— vo —~ 


and, consequently, the nonequilibrium statistical operator that we seek has the form 


Q 


P, =O, (b, 0) = exp {in p, (e, O)} = exp I~ e fate inp (i+, , (11.25) 
where & +0 after the thermodynamic limiting process in the calculation of aver- 
ages. 


The nonequilibrium statistical operator (ITJ.25) was obtained earlier from other 
paper [2-6]. After integration by parts, it can be written conveniently in the form 


0 
Oe = exp {— ST) 0 S(t, 0) + [ ate H Sa4t’, f)h. (111.26) 


—o 
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The parameters F,,(t) occurring in the expressions for the entropy operator S(t, 0) and 
the entropy production S(t, 0) are determined, as before, from the conditions (T.16). 


The statistical operator (111.25) has some similarity with MacLennan's statistical 
operator [8]. The latter can be obtained from (11.25) after integration by parts, if 
the conservation laws are taken into account and the surface integrals discarded. The 
difference between this method and MacLennan's method lies in the fact that we 
consider infinitesimally small perturbations of Liouville's equation, and not, as Mac- 
Lennan does, finite real perturbations induced by a thermostat. One could say that 
the introduction of the boundary conditions to Liouville's equation is an idealized con- 
vention for taking into account the influence of the thermostat. 
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